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Introduction

The geometric and dynamic theory of the limit set generated by the it-
eration of finitely many similarity maps satisfying the open set condition
has been well developed for some time now. Over the past several years,
the authors have in turn developed a technically more complicated geo-
metric and dynamic theory of the limit set generated by the iteration
of infinitely many uniformly contracting conformal maps, a (hyperbolic)
conformal iterated function system. This theory allows one to analyze
many more limit sets, for example sets of continued fractions with re-
stricted entries. We recall and extend this theory in the later chapters.
The main focus of this book is the exploration of the geometric and dy-
namic properties of a far reaching generalization of a conformal iterated
function system called a graph directed Markov system (GDMS). These
systems are very robust in that they apply to many settings that do not
fit into the scheme of conformal iterated systems. While the basic theory
is laid out here and we touch on many natural questions arising in its
context, we emphasize that there are many issues and current research
topics which we do not cover: for examples, the detailed analysis of the
structure of harmonic measures of limit sets provided in [UZd], the ex-
amination of the doubling property of conformal measures performed in
[MUG6], the extensive study of generalized polynomial like mappings (see
[U7] and [SU]), the multifractal analysis of geometrically finite Kleinian
groups (see [KS]), and the connection to quantization dimension from
engineering (see [LM] and [GL]). There are many research problems in
this active area that remain unsolved.

Our book is organized as follows. In the very short first chapter we
describe the basic setting for GDMSs. Essentially, one iterates a family
of uniformly contracting maps which are indexed by the directed edges
in a multigraph which may have infinitely many vertices and infinitely

vii



viii Introduction

many edges. (This includes the finite graph directed systems of simil-
arities introduced in [MW2, EM] and expounded by Edgar in [E].) One
generates points in the limit set by performing an infinite directed walk
through the graph. This leads to a natural map from the coding space
or space of infinite walks through the graph to the points of the limit
set.

Chapter 2 forms a self-contained unit and can be read independently
of the rest of the book. Here we develop the symbolic dynamics and ther-
modynamic formalism for subshifts of finite type with infinitely many
symbols. Thus, we are given an incidence matrix A and we consider the
space E of all infinite sequences of symbols such that A has value 1 on
all pairs of consecutive terms and the shift map on E. This formalism
includes the action on the coding space described in the first chapter.
One of our main goals is to develop the theory and properties of vari-
ous measures and functions on the symbol space. To a function f on
the symbol space is associated its topological pressure with respect to
the shift map. Of course, this is a standard thing to do, but care must
be taken because we have infinitely many symbols and the space E is
not compact. In the first section we determine some conditions under
which the topological pressure may be approximated by the more usual
pressures when the system is restricted to subsystems on finitely many
symbols. Next, we determine conditions under which there exists an
invariant Gibbs state for the functions f. We present some results of
ourselves and of Sarig which state that for a reasonable class of func-
tions f which we call acceptable, there is an invariant Gibbs state for
f if and only if the matrix A is finitely irreducible. We also determine
some conditions under which f has a unique invariant equilibrium state.
In the third section we develop the properties of the transfer or Perron—
Frobenius operator associated to f. In order to fully analyze our system,
we provide some results from functional analysis in the fourth section.
We prove an exponential decay of correlations, a central limit theorem
and a generalized law of the iterated logarithm in section 5. In section
6, we vary the function f with a complex parameter . We show that
various operators are then holomorphic, which implies under appropri-
ate assumptions real analyticity of the pressure function. In section 7,
we show that for certain functions f, the associated conjugate Perron—
Frobenius operator has a Borel probability measure as an eigenmeasure.
This allows us to conclude that if A is finitely primitive then there is a
Gibbs state for f.
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In Chapter 3, by using the tools developed in Chapter 2, we put
the thermodynamic formalism for infinite subshifts of finite type into
the context of GDMSs. We begin with F', a Holder family of weight
functions associated to the GDMS. By using an associated topological
pressure and Perron—Frobenius operator, we determine conditions under
which there is an F-conformal measure. This very general definition of
F-conformal measure not only generalizes the usual notion of conformal
measure, but forms a basic tool for later use in obtaining the geometric
properties of the limit sets.

In Chapter 4 we deal in detail with geometric and fractal properties
of conformal GDMSs. We begin by proving various kinds of distortion
properties of conformal maps in IR with d > 2. We then deal in this
chapter with the various basic notions of dimension for the limit set:
Hausdorff, upper and lower Minkowski or box (ball) counting dimension
and packing dimension and the corresponding Hausdorff and packing
measures. We deal with the Hausdorff and packing dimension of various
natural measures supported on the limit set and some geometric prop-
erties of the limit set, e.g. porosity. Finally, we obtain the multifractal
analysis of various conformal measures supported on the limit set. We
emphasize that it is in this chapter that we must transfer many res-
ults from the abstract coding space to the limit set. As a point may
have more than one code, this leads to several delicate issues in geomet-
ric measure theory. Therefore, the roles of distortion properties of our
system of maps and the geometric properties of our seed sets, e.g. a
relatively reasonable boundary, “the cone condition,” play a crucial role
in obtaining the necessary estimates of our analysis.

Chapter 5 is devoted to various illustrative examples including Klein-
ian groups of Schottky type, expanding repellers and a number of one-
dimensional systems with prescribed geometric features.

In Chapter 6 we start to present the special case of a GDMS, a con-
formal iterated function system (CIFS). We study the real-analytic ex-
tension of the Radon-Nikodym derivative of an invariant measure with
respect to a conformal measure, the classical example being Gauss’ meas-
ure for the shift map on continued fractions. We estimate the rate at
which the Hausdorff dimension of the limit sets generated by the finite
subsystems of a CIFS approximates the dimension of the limit set. We
determine conditions under which the limit set is uniformly perfect. In
Section 4 of this chapter we begin the discussion of geometric rigidity
by dealing with the limits set of a CIFS whose closure is connected. In
essence the rigidity in this section means that in case d > 3 either the
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Hausdorff dimension of the limit set is larger than 1 or else in case d > 3
the limit set is a subset of circle or line and in case d = 2 it is a subset of
an analytic Jordan curve. In the next section we improve on this rigidity
by showing that if d > 3 then essentially either the Hausdorff dimension
of the limit set J exceeds the topological dimension k of the closure of J
or else the closure of J is a proper compact subset of either a geometric
sphere or an affine subspace of dimension k.

In Chapter 7 we deal with dynamical rigidity stemming from the work
of Sullivan (see [Su3]) on conformal expanding repellers in the complex
plane. We ask the fundamental question when two topologically con-
jugate infinite iterated function systems are conjugate in a smoother
fashion. The answer is that such conjugacy extends to a conformal con-
jugacy on some neighborhoods of limit sets if and only if it is Lipschitz
continuous. This turns out to equivalently mean that this conjugacy
exchanges measure classes of appropriate conformal measures or that
the multipliers of corresponding fixed points of all compositions of our
generators coincide.

In Chapter 8 we study PIFS, parabolic iterated function systems.
These are systems that are almost conformal except that we allow finitely
many of the maps to have a parabolic or neutral fixed point instead of
being uniformly contracting. A prime example of such a system is given
by the system of three conformal maps in the plane whose limit set is
the residual set in Apollonian packing. We analyze these systems by
showing how to associate a conformal iterated function system to the
parabolic system and how the properties of the parabolic limit set and
measures may be derived from this associated conformal system. It is
interesting that the parabolic system may consist of finitely many maps,
but the associated conformal system is infinite. By moving from the
finite to the infinite, the analysis becomes easier.

In Chapter 9 we provide a detailed quantative analysis of the dynam-
ical behavior of parabolic maps (in dimension d > 2) around parabolic
points and we apply it to provide a complete characterization of con-
formal measures of finite parabolic systems in terms of Hausdorff and
packing measures. This simultaneously provides the answer to the ques-
tion about necessary and sufficient conditions for these two geometric
measures to be finite and positive.

In first section of the Appendix we collect some basic concepts and
theorems from ergodic theory and in the second section contains a com-
pressed exposition of some topics from geometric measure theory which
are of interest here.
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We have also provided two indexes, one for terminology and the other
for special symbolic notation, and some references. We thank Cambridge
University Press for the enormous help provided in bringing this project
to fruition. We thank Larry Lindsay for his corrections to parts of
the manuscript. Of course, we bear responsibility for all errors and
omissions and ask foregiveness of all whom we have overlooked in our
credits. Finally, we wish to thank the National Science Foundation for
its support for our research during the preparation of this book.
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Preliminaries

Graph directed Markov systems are based upon a directed multigraph
and an associated incidence matrix, (V, E,i,t, A). The multigraph con-
sists of a finite set V of vertices and a countable (either finite or infinite)
set of directed edges F and two functions i,t : F — V. For each edge e,
i(e) is the initial vertex of the edge e and ¢(e) is the terminal vertex of
e. The edge goes from i(e) to t(e). Also, a function A: E x E — {0,1}
is given, called an incidence matrix. The matrix A is an edge incidence
matrix. It determines which edges may follow a given edge. So, the
matrix has the property that if A,, = 1, then ¢(u) = i(v). We will con-
sider finite and infinite walks through the vertex set consistent with the
incidence matrix. Thus, we define the set of infinite admissible words

EY ={we E>: Apiwisy =1 foralli > 1},

by E7% we denote the set of all subwords of E® of length n > 1, and
by E7 we denote the set of all finite subwords of ES°. We will drop
the subscript A when the matrix is clear from context. We will consider
the left shift map o : E°° — E°° defined by dropping the first entry of
w. Sometimes we also consider this shift as defined on words of finite
length. Given w € E* by |w| we denote the length of the word w, i.e./
the unique n such that w € E™. If w € E* and n > 1, then

Wn = w1 ...wy.

A Graph Directed Markov System (GDMS) consists of a directed multi-
graph and incidence matrix together with a set of non-empty compact
metric spaces {X,},ev, a number s, 0 < s < 1, and for every e € E,
a 1-to-1 contraction ¢, : Xy) — Xj) with a Lipschitz constant < s.
Briefly, the set

S = {¢e : Xi(e) = Xi(e) fecE

1



2 Preliminaries

is called a GDMS. The main object of interest in this book will be the
limit set of the system S and objects associated to this set. We now
describe the limit set. For each w € E%, say w € E7, we consider the
map coded by w:

bw = ¢w1 ©---0 (bwn : Xt(wn) - Xi(w1)~

For w € E, the sets {¢w‘n(Xt(wn))}n21 form a descending sequence
of non-empty compact sets and therefore (1, ~; ¢u|,, (Xt(wn)) # (). Since
for every n > 1, diam(qﬁw“ (Xt(wn))) < s"diam(Xt(wn)) < s™ max{diam
(Xy) : v € V}}, we conclude that the intersection

M bul (X))
n>1

is a singleton and we denote its only element by 7(w). In this way we
have defined the coding map m:

m: EY — @Xﬂ
veV

from E* to @
set

vev Xv, the disjoint union of the compact sets X,. The

J = Jg = m(EY)

will be called the limit set of the GDMS S. We will also deal with the
sets coded by words starting with a given vertex v,

Jo =m({w € E™ ri(w1) = v}).
Obviously Jg = @vev Jy. From now on we will assume that
Voe Fdbe E Ay = 1. (1.1)
We extend the functions ¢,t to E* by putting
i(w) =i(w1) and t(w) = t(wp)-

For each v € V, let S,(00) be the set of limit points of all sequences
{xn}oLy, where z,, € e, (X¢(e,)), for some mutually distinct edges e,
with i(e,) = v. Put

S(c0) = U Sy (00).

veV

We shall prove the following.
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Lemma 1.0.1 If limceg diam(¢c (X)) = 0, then for every v € V
Ty =Ty USu(00) U | u(Siw) (),
weE}
where B = {w € E* : i(w) = v}.
Proof. Tt follows from the assumption of our lemma and (1.1) that
S,(c0) C J,,. Thus, if w € EY, then
G (St (0)) C Gu(Jy(w)) € P (Je(w)) C T

Hence, the inclusion

Ty USu(00) U | u(Siw () € Ty
weE?}
is proved. Let E° = {w € E* : {(w;) = v} and E, = {e € E :
i(e) = v}. In order to prove the opposite inclusion to that just given,
fix € J,. Then there exists a sequence {w(™1}>°, of points in E

such that z = lim,,_, W(w(")). If the sequence of the first coordinates
of the words w(™ is infinite, then z € S,(c0) and we are done. So,
suppose that the set of the first coordinates is finite. If the set of second
coordinates is infinite, then there exists e; € E, and y € Sy(.,)(c0) such
that z = ¢, (y) and we are done in this case too. So, suppose that the set
of second coordinates is also finite, but the set of the third coordinates
is infinite. Then there exist e; € E,, e € F such that A.,., = 1 and
Y € Si(e,)(00) such that = ¢e, ¢, (y) and we are done. If this procedure
halts after finitely many steps, say n, our proof is complete since then
T € Gees...cn (Ste,)(00)), where ejes...e, € E;. Otherwise, we will
produce a word w € E° such that dist(z, ¢y, (X¢(,))) tends to zero
which implies that z = w(w) € J,. O

We end this short introductory chapter by distinguishing two special
subclasses of GDMSs. We call a GDMS simply a graph directed sys-
tem(GDS) if A ., = 1 if and only if t(e1) = i(ez). If, moreover, the set
of vertices V' is a singleton, then the GDS is called an iterated function
system. The GDSs with finitely many edges have been introduced in
[MW?2] (see also [EM]). The infinite (the set of edges is infinite) iterated
function systems have been introduced in [MU1] (see also [MU2]).



2

Symbolic Dynamics

This chapter is of abstract character. By this we mean that we consider
a 0-1 incidence matrix A : I x I — {0,1} where I is a countable alphabet
and

E* ={wel”:Ayuw,, =1 foralli>1}

is the space of all A-admissible infinite sequences with terms in I. Thus,
in this chapter we are considering a directed graph with vertices the
elements of I and a directed edge from i to j if and only if A;; = 1. So, in
this chapter A determines which vertices may follow a given vertex. The
notation E*, |wl|, w|, and the shift map o : E* — E* have the same
meaning as in Chapter 1. We do not consider graph directed Markov
systems here although one may think of the alphabet I as the set of edges
of a multigraph. Let us remark that we use the notation EF* instead
of I$° in order not to have so many subscripts. Let us fix some more
notation and definitions. Given w, T € I°°, we define w AT € I U T* to
be the longest initial block common to both w and 7. For each v > 0,
we define a metric d,, on I, by setting dn(w,7) = e~ 7. These
metrics are all equivalent and induce the same topology and Borel sets.
A function is uniformly continuous with respect to one of these metrics
if and only if it is uniformly continuous with respect to all. Also, a
function is Holder with respect to one of these metrics if and only if it
is Hélder with respect to all; of course the Holder order depends on the
metric. If no metric is specifically mentioned, we take it to be d.

In this chapter we present various aspects of the thermodynamic form-
alism of a continuous potential on a shift space generated by a countable
alphabet. Our approach has been developed in several papers culminat-
ing in [MU3] and stems from that of Ruelle [Ru] and Bowen [B1], cf. also
[Wa] and [PU]. The case of a countable shift has also been considered

4



2.1 Topological pressure and variational principles )

(see e.g. [Gu], [GS], [PP], [Sar] and [Zar]). Our definition of topological
pressure is more traditional than that proposed in these works. It fits
better with our geometric applications and needs no compactifications
of the shift space. In particular we are able to construct Gibbs states
and equilibrium states of unbounded potentials.

2.1 Topological pressure and variational principles

The incidence matrix A is said to be irreducible if for all i,j € I there
exists a path w € E* such that wy = ¢ and wy,| = j. This is equivalent
to saying that the directed graph is strongly connected: for any two
elements a,b of I there is a finite path starting at ¢ and ending at b.
This is also equivalent to saying that the left shift map, o, on E* = I}
is topologically mizing: for any two non-empty open subsets U,V of I
there is a non-negative integer n such that o™ (U) NV # (. We say A is
primitive if there exists p > 1 such that all the entries of AP are positive,
or in other words, for all 7,j € I there exists a path w € EP such that
w1 =i and w),| = j. The matrix A is said to be finitely irreducible if
there exists a finite set A C E* such that for all 4,5 € I there exists a
path w € A for which iwj € E*. We note the following fact. If A is
irreducible, then A is finitely irreducible if and only if there is a finite
set of letters F' such that for every a € I, there are p,q € F such that
Aqp = Age = 1. Finally, A is said to be finitely primitive if there exists
a finite set A C E* consisting of words of the same length such that for
all 7,7 € I there exists a path w € A for which iwj € E*. Notice that a
finitely irreducible matrix does not have to be primitive nor conversely.
Notice also that the set A (associated either with a finitely irreducible
or finitely primitive matrix) can be taken to be empty provided E*°
consists of all infinite words from I. Given a set F' C I, we put

Er ={we E* :w; € F foralli>1}.

A sequence {a, }52; consisting of real numbers is said to be subadditive
if aptem < an + ay for all myn > 1. For the sake of completness we
provide the proof of the following well-known elementary fact.

Lemma 2.1.1 If a sequence {a,}22, is subadditive, then lim,_ o an
exists and is equal to inf, an/n. The limit could be —oo, but if the ay’s
are bounded below, then the limit is nonnegative.



6 Symbolic Dynamics

Proof. Fix m > 1. Each n > 1 can be expressed as n = km + ¢ with
0 <i<m. Then

an _ Qitkm _ Qi | Om _ % | kam a4 am

n it+km ~ km  km — km  km  km @ m
If n — oo then also k — oo and therefore limsup,, ., %* < %=. Thus
limsup,,_,, % < inf %=, Now the inequality inf 2= < liminf, . %=
finishes the proof. O

Given a function f : Ef — IR we define the standard nth partition
function by

n—1
ZEfH= Y el s S0,
wEENNFN TEWNF] ;5o

where (WN F| = {7 € EF : 7|, = w}. If F = I, we simply write [w] for
[wN F]. We will need the following.

Lemma 2.1.2 The sequence n +— log Z,,(F, f) is subadditive.

Proof. We need to show that the sequence n — Z,(F, f) is submultiplic-
ative, i.e. that Zy,4n(F, f) < Zn(F, f)Z,(F, f) for all m,n > 1. And
indeed,

Zern(Fa f)

mn—1

= Z exp( sup Z f(o?(7)))

weEEmtnAFmin TelwnF] 5T,

m—1 n—1
= Z exp( sup Z floi(r)) + Z f(o? (™ (1))
weEmtnnfFmtn TE[WNF] j=0 §=0

S exp( s S SN+ s S Fo (7))

wEEmMAnAFmtn TelwnF] 55, TelwnF] 55y

IN

n—1

m—1
S0 e sup Y@+ swp S fled(7)

weEMNE™ pc EROF™ TE[WNF] =0 YE[pPNF] j=0

IN

m—1 m—1

Z exp( sup Z flo? (7)) - Z exp( sup Z fe?(%)))

weBmmEm  TEWNF] 520 pcEnnFn  YEPNF] 555
= Zm(F, ) Zn(F, f).



2.1 Topological pressure and variational principles 7

We can now define the topological pressure of f with respect to the shift
map o : Y — EF to be

Pr(f) = lm %loan(F, £ :inf{%loan(F, N @)

If F = I, we suppress the subscript F' and write simply P(f) for P;(f)
and Z,(f) for Z,(I, f).
We let S, f be the nth partial orbit sum of f with respect to o:

n—1

Snf=) fool.
j=0

First, we shall provide a characterization of topological pressure ex-
pressed in the style of a Poincaré exponent.

Theorem 2.1.3 For every continuous function f: EF — IR, we have

Pp(f) =inf {t celR: Z eXp<SUP(S|w|f|[w]))67t|w| < oo} -

weF*NE*

Proof. Fix t > Pp(f). By the definition of pressure there exists n; > 1
such that for every n > ny

S exp(sup(Snfl[mF]))<(Pp(f)+

WEFW r"Eﬂ

tl:;F(f))n

and therefore
> exp(sup(Snflwnry))e”" < exp (%@ '
wEF‘IL
Consequently,
Z Z exp(sup(Sn flwnry))e ™" < oo.
n>0 weFrNE™

Suppose in turn that ¢ < Pp(f). By the definition of pressure, if n is
large enough,

(PF(f) + ﬂ) n < log Z eXp(SUP(Snf“wﬂF]))

2
welrm

and therefore,

exp (Mﬂ) < D exp(sup(Suflwnr))e "

2
welrm
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Consequently,

3 S exp(sup(Suflwnm))e ™ = co.

n>0wekrn
O

There are several things concerning pressure which may differ radically
from the case when the alphabet is finite. However, there is a reason-
ably wide class of functions introduced in [MU3] for which the pressure
function is fairly well behaved.

Definition 2.1.4 (see [MU3]) A function f : E* — IR is acceptable
provided it is uniformly continuous and

osc(f) = S_g?{sup(fhi]) —inf(f|;)} < oo.

Note that an acceptable function need not be bounded. We shall prove
the following.

Theorem 2.1.5 If f : E*° — IR is acceptable and A is finitely irredu-
cible, then

P(f) =sup{Pr(f)},
where the supremum is taken over all finite subsets F' of I.

Proof. The inequality P(f) > sup{Pr(f)} is obvious. Let A wit-
ness that A is finitely irreducible. To prove the converse suppose first
that P(f) < co. Put ¢ = #A and p = max{|jw| : w € A} and T =
mill{infzgﬂglfoaj|[w] twE A}, where [w] = {7 € E® : 7|,| = w}.
Fix ¢ > 0. By the acceptability of f, there exists I > 1 such that
|f(w) = f(7)] <e¢ ifw); =7|; and M = osc(f) < co. Now, fix k > [. By
subadditivity, %log Zx(f) > P(f). Notice that there exists a finite set
F C I such that

1
Llog Z4(F, ) > P(f) — . (2.2)
We may assume that F' contains A. Put
k—1
F=3fool.
§=0
Now, for every element 7 = 71,7,...,7, € FFNEF x ... x FF N EF
(n factors) one can choose elements oy, as,...,an—1 € A such that 7 =

TIOQ1ToQD . . . Tn—1Qn—_1Tn, € E*. Notice that the function 7 — 7T is at
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most g™ !-to-1 (in fact u"~!-to-1, where u is the number of lengths of
words composing A. Then for every n > 1,

kn+p(n—1)

qn—l Z F,f
i=kn
7l
> eXp(supion
TG(F’“FWE’“ [T0F] =0
7l
> exp 1an foodl
TG(F’“FWE’“
> exp (Z inf fli;,) +T(n— 1))
TE(F’“OE’“)”

=exp(T(n—1)) Z exp Z inf )

re(FrnER)n  i=1
> exp(T(n—1)) Z exp (Z(supﬂ[ﬂ.] —(k=1e— Ml))
TE(FFNEF)" i=1

=exp(T'(n—1) — (k—1)en — Min) Z eXpZSllp7

Te(FkNEk)™ i=1

[7i]
n

=e T exp(n(T —(k—1)e— Ml)) Z eXP(SUPﬂ[T])

TE(FFNEF)

Hence, there exists kn < i, < (k + p)n such that
1
Z(F.f) 2 e exp(nlT = (k= l)e = M1 = log ) Zu(F. /)"

and therefore, using (2.2), we obtain

—|T| le M+ logp
R > —
Pr(f) = nhm o logZ (F,f) 3 €+ B B

+P(f) —2¢ > P(f) — Te

provided that k is large enough. Thus, letting ¢ N\, 0, the theorem
follows. The case P(f) = oo can be treated similarly. O

We say a o-invariant Borel probability measure fi on E is finitely sup-
ported provided there exists a finite set F' C I such that g(E¥) = 1.
The well-known variational principle for finitely supported measures (see
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[B1], [Ru], comp. [Wa] and [PU]) tells us that for every finite set F' C I

Pr(f) = sup{hs(0) + / fdii},

where the supremum is taken over all o-invariant ergodic Borel prob-
ability measures fi with i(F*°) =1 and hj (o) is the entropy of i with
respect to 0. Applying Theorem 2.1.5, we therefore obtain the following.

Theorem 2.1.6 (1st variational principle) If A is finitely irreducible
and if f: E°° — IR is acceptable, then

P(f) = sup{(hy(o) + [ ).

where the supremum is taken over all o-invariant ergodic Borel probab-
ility measures fi which are finitely supported.

For n > 1, let o™ be the standard partition of E°° into cylinders of length
n:
a” ={[w] : |w| =n}.

If n = 1, we write also « for a!. If 3 is a countable measurable partition
of E*° and [z is a probability measure, then the entropy of ji with respect
to the partition 3 is Hz(8) = — 3" g5 i(B) log fi(B). Our next theorem
is the following.

Theorem 2.1.7 (2nd variational principle) If f : E* — IR is a con-
tinuous function and i is a o-invariant Borel probability measure on
E> such that [ fdj > —oo, then

hy(o) + /fdﬂ < P(f).
In addition, if P(f) < oo, then there exists ¢ > 1 such that Hz(a?) < oco.
Proof. If P(f) = 400, there is nothing to prove. So, suppose that

P(f) < oo. Then there exists ¢ > 1 such that Z,(f) < oo for every
n > q. Also, for every n > 1, we have

S allel) sup(Sufli) = [ Sufdn=n [ fai> .

lw|=n



2.1 Topological pressure and variational principles 11

Therefore, using the concavity of the function h(x) = —z log x, we obtain
for every n > g,
+ [ sud
< ¥ W) (sup Sofl) — log fi([w])
|wl=n
Z 1esup5nf|[w]h(ﬂ([w])efsupsnfl[w])
1eSUP Sn f| [w] /:’L([W])ei sup S, f| [w]
|w| n
h(Zn(

Z exp( SupS fliw)) = log Zu(f).

Therefore, Hﬂ(a") <log Z,(f) +n [(—f)dit < oo for every n > ¢, and
since in addition o is a generator, we obtain

w1 (i /W))

< lim —logZ (f)=

n—oo N

As an immediate consequence of Theorem 2.1.6 and Theorem 2.1.7, we
find the following.

Theorem 2.1.8 (3rd variational principle) Suppose the incidence mat-
riz A is finitely irreducible. If f : E*° — IR is acceptable, then

P(f) = sup{hy(0) + / fdii},

where the supremum is taken over all o-invariant ergodic Borel probab-
ility measures fi such that [ fdj > —oo.

We end this section with the following useful technical fact.

Proposition 2.1.9 If the incidence matriz is finitely irreducible and the
function f is acceptable, then P(f) < oo if and only if Z1(f) < oo.

Proof. Let A C E* be a set of words which witnesses the finite ir-
reducibility of the incidence matrix A. Let s = max{|a| : « € A} and
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let
|| =1

M = min i[n?C Zfoaj ta €A

Forn > 1and w € I, let W = wioqwaas ... wy_105,_1Wn, Where all
Qi,...,0,—1 are appropriately taken from A so that w € E*. Thus,
n < |@| < n+4 s(n—1). Similarly as in the proof of Theorem 2.1.5,
the function w +— @ is at most ¢"~'-to-1, where ¢ = #A. Since f is
acceptable, we therefore get

n+s(n—1) n+s(n—1)
Y ZiH)=q"" D) D exp sup Zforf”
i=n i=n weE?
[@]—1

>Zexp sup Zfoaj
weln [ } 7=0

> Z exp me (flfw,) + M(n—1)
welm™

> eM(n—1) Z exp Zsup f|[w —osc(f)n

welm™

:exp(—M + (M — osc(f))n) (Zexp(sup(f“e])))

ecl
= exp(—M + (M — osc(f))n) Z:(f)".

From this it follows that if P(f) < oo, then also Z;(f) < oo. The
opposite implication is obvious since Z,,(f) < Z1(f)™. O

2.2 Gibbs states, equilibrium states and potentials

If f: E*° — IR is a continuous function, then a Borel probability meas-
ure m on E* is called a Gibbs state for f (cf. [B1], [HMU], [PU], [Ru],
[Wa] and [U1]) if there exist constants Q > 1 and Py, such that for every
w € E* and every 7 € [w]

. ()
M= T o ) R =

If additionally m is shift-invariant, it is then called an invariant Gibbs

state.
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Remark 2.2.1 Notice that the sum S, f(T) in (2.3) can be replaced by
sup(Sjw| fliw)) or by inf(S),| flw)). Also, notice that if m is a Gibbs state
and if i and m are boundedly equivalent (meaning there is some K > 1
such that K—1 < ji([w])/m([w]) < K for allw € E*), then i is a Gibbs
state for the potential f. We will use these facts from time to time.

We start with the following.

Proposition 2.2.2

(a) For every Gibbs state m, Pz = P(f).

(b) Any two Gibbs states for the function f are equivalent, with
Radon-Nikodym derivatives bounded away from zero and infin-
ity.

Proof. We shall first prove (a). Towards this end fix n > 1 and, using
Remark 2.2.1, sum (2.3) over all words w € E™. Since }_, _, m([w]) =
1, we therefore get

Q—le—Pmn Z exp(SUD Snf|[w}) <1< Qe_an,n Z eXp(Sup Snf“w])

|wl=n lw|=n

Applying logarithms to all three terms of this formula, dividing all the
terms by n and taking the limit as n — oo, we obtain —Ps + P(f) <
0 < =P + P(f), which means that Pz = P(f). The proof of item (a)
is thus complete.

In order to prove part (b) suppose that m and v are two Gibbs states
of the function f. Notice now that part (a) implies the existence of a
constant 7" > 1 such that

1< MWD g

for all words w € E*. Straightforward reasoning gives now that v and
m are equivalent and T~ < 5—7’7’1 <T. O

As an immediate consequence of (2.3) and Remark 2.2.1 we get the
following.

Proposition 2.2.3 Any uniformly continuous function f : E*° — IR
that has a Gibbs state is acceptable.
For w e E* and n > 1, let

Ey={reE": A, =1}and EY ={r € " : A; ., =1}.
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We shall prove the following result concerning uniqueness and some
stochastic properties of Gibbs states. Stronger stochastic properties will
be proved in Section 2.5

Theorem 2.2.4 If an acceptable function f has a Gibbs state and the
incidence matriz A is finitely irreducible, then f has a unique invariant
Gibbs state. The invariant Gibbs state is ergodic. Moreover, if A is
finitely primitive, the invariant Gibbs state is completely ergodic.

Proof. Let m be a Gibbs state for f. Fixing w € E*, using (2.3),
Remark 2.2.1 and Proposition 2.2.2(a) we get for every n > 1

m(o™"([w]))
= Z m([ﬂ"}]) < Z Qexp<sup(sn+|w|f|[7w]) - P(f)(n + |w|))

TEEY TEEY

< Y Qexp(sup(Snflry) — P(f)n) exp(sup(Siu) fliw) — P(f)lw])
TEEY

< Y QQ([r)Qm([w]) < Q*m(lw])
TeEEY

(2.4)

Let the finite set of words A witness the finite irreducibility of the incid-
ence matrix A and let p be the maximal length of a word in A. Since f
is acceptable,

T = min{inf(Ss|f[jo)) — P(f)la] : o € A} > —o0.

For each 7,w € E*, let o = a(r,w) € A be such that Taw € E*. Then,
we have for all w € E* and all n

n-+p n+p
S e (W) =D Y wrw]) = Y wl[re(rw)w])
=n =n TEE:-*" TEE™

> Y Q  exp(inf(Sir iy ja(rw)l el fraw))

reEn
— P(f)(I| + la(r, )| + |w])) (2:5)
> Q" Y exp(inf(Snfliy) — P(f)(n)
TEE™

+ i (S| om0 [ flja(rwy) — PO, w)))
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> Q7 "eT exp (inf(Sju) flw)-P(Hlwl) Y

TeEn

x exp (inf (S, f|-)-P(f)(n))
> Q2T (w]) Y exp(inf(Sn flim) — P(f)(n))

TeEn
> Q% m(wW)Q " Y (7))
TEE"|

= Q %eTm([w)).
Let L be a Banach limit defined on the Banach space of all bounded
sequences of real numbers. It is not difficult to check that the formula
f(A) = L((m(c7™(A)))n>0) defines a finite, non-zero, invariant, finitely
additive measure on Borel sets of £ satisfying

Q73eT
p

Since m is a countably additive measure, we deduce that fi is also count-
ably additive.

Let us prove the ergodicity of fi or, equivalently, of m. Let w € E™.
For each 7 € E*, we find:

m(4) < i(A4) < Q*m(A). (2.6)

n+p

Y (o~ ([ N [w]) = m(walw, 7)7])

i=n

(2.7)
> Qe ([r])mm([w]).

Take now an arbitrary Borel set A C E*°. Fix ¢ > 0. Since the nested

family of sets {[7] : 7 € E*} generates the Borel o-algebra on E*, for

every n > 0 and every w € E™ we can find a subfamily Z of E* consisting

of mutually incomparable words such that A C |J{[7] : 7 € Z} and for
n<i<n+p,

Y e () N[w]) < (W] No(4)) + ¢/p.

TEZ

Then, using (2.7) we get

n+p ntp
e+ Z m(lw]No™(A)) +e > Z > m(lwlnoTi(7))
> Yo w3

> Qe m(A)m([w]).
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Hence, letting € \, 0, we get

n+p
Y (Wl no(A) = Qe  m(A)m(w).

i=n
From this inequality we find

n+p n+p

S m(e T (EX\B)N[W]) = Y m(w]\ o (B) N [u])
n+p

= Z m(w]) —m (e~ (B) N [w])

< [p+1-Q  eTm(B)n(w)).

Thus, for every Borel set B C E*°, for every n > 0, and for every w € E™
we have

n+p

Y oo (B)N[w]) < (p+1-Q %" (1 —m(B)m(lw]).  (29)

=N
In order to conclude the proof of the ergodicity of o, suppose that
o™ Y(B)=Bwith0 < m(B) <1. Puty =1-Q 2T (1-m(B))/(p+1).
Note that 0 < v < 1. In view of (2.9), for every w € E* we get
m(BNw]) = m(ec™"(B)N[w]) < ym([w]). Take now 1 > 1 so small that
vn < 1 and choose a subfamily R of E* consisting of mutually incom-
parable words and such that B C [J{[w] : w € R} and m({[w] : w €
R}) < p(B). Then i(B) = ¥cpm(B N [w]) < Yyeqrm(w]) =
ym(U{[w] : w € R}) < yni(B) < m(B). This contradiction finishes
the proof of the existence part.

The uniqueness of the invariant Gibbs state follows immediately from
the ergodicity of any invariant Gibbs state and Proposition 2.2.2(b).
Finally, let us prove the complete ergodicity of fi or, equivalently, of

m in case A is finitely primitive. Essentially, we repeat the argument
just given. Let A be a finite set of words all of length ¢ which witnesses
the finite primitiveness of A. Fix » > 1. Let w € E™. For each 7 € E*,
we find the following improvement of (2.6).

(o~ " (7)) N w]) > > m([war])
a€EATNEI: Ay o) =Aagrr =1 (210)
> Q73 T ([r])m([w]).

Take now an arbitrary Borel set A C E*°. Fix € > 0. Since the nested
family of sets {[r] : 7 € E*} generates the Borel o-algebra on E>°, for
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every n > 0 and every w € E™ we can find a subfamily Z of E* consisting
of mutually incomparable words such that A C |J{[7] : 7 € Z} and

3" (o~ () N w]) < m(lw] N o (A)) +e.

Then, using (2.10) we get

e+m(w] N g~ (ntar) (A) > Z Q3" T ([r])m([w])

> Q7 e i (A)m([w]).

Hence, letting € \, 0, we get
ﬁl([wJ No~ "D (A)) > Q(r)yi(A)m([w]),

where Q(r )= 3 exp(rT). Note that it follows from this last inequality
that Q Q( ) < 1. Also, from this inequality we find (o= (" +am) (B0 \

wl) = m(lw\o~ " (B)Aw]) = () —m(o~ O (B)Nw]) <
(1 Qm( ))m([w]). Thus, for every Borel set B C E*°, for every n > 0,
and for every w € I™ we have

o= (B) A W) € (1- Q1 —m(B))m(w)).  (211)

In order to conclude the proof of the complete ergodicity of o suppose
that o~"(B) = B with 0 < m(B) < 1. Put v = 1 — Q(1 — m(B)).
Note that 0 < v < 1. In view of (2.11), for every w € (E™)* we get
m(B N w]) = m(e~1«+)(B) N [w]) < ym(w]). Take now n > 1 so
small that 77 < 1 and choose a subfamily R of (E")* consisting of
mutually incomparable words and such that B C |J{[w] : w € R} and
m(U{lw] : w € R}) < pi(B). Then m(B) < Y cpm(BN[w]) <
Soervi(w)) = yi(U{l] : © € RY) < ynm(B) < m(B). This
contradiction finishes the proof of the complete ergodicity of m. O

There is a sort of converse to part of the preceding theorem. We need
the following lemma first. The next two results are due to Sarig [Sar].

Lemma 2.2.5 Suppose the incidence matriz A is irreducible and m is an
invariant Gibbs state for the acceptable function f. There is a positive
constant K such that for everyp € I,

K < min Z expsup f|[q], Z expsup f|[q]
a€l:Ap,=1 a€l:Aqp=1
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Proof. Let m be an invariant Gibbs state for f. Suppose p,q € I,
Apq =1, and 7 € [pql. Since m is a Gibbs state for f, we have |f(x) —
fl)| < 2logQ, for z,y € [a],a € I. This implies for every a € I,
expinf f[,) < exp f(z) < expsup fl[,), for all x € E* with 2, = a.
Also,

Q" exp(f (1) + f(a(r)) —2P) < 1i([pg]) < Qexp(f() + f(a(r)) —2P).
Thus,
Qe exp f(r) exp f(o(7)) < m([pa)) < Qe™*" exp f(r) exp f(a(7)).

Therefore,

Qe expinf f[y,) expinf f|;; < m([pq))
< Q'e P expsup f|(, expsup f|jg.-

m(p)= Y. m(pa) <Q'e*Fexpsup fl; Y expsup flg.

a€l:Ap,=1 a€l:Ap,=1

Since expsup f|p] < Qe"m([p]), we find

Q%" < Y expsup fl.
a€l:Ap,=1
If, in addition, /0 is invariant, m([p]) = m(c~([p])) = X.era,,-1
m([ap]). But,

Q e P sup fly < mlo " ([p])

<Q% N expsup [l expsup [l
a€l:Ayp=1

Therefore,

Q% < Z expsup f|q]-

a€l:Ayp=1

O

Theorem 2.2.6 Let the incidence matrix A be irreducible. If an accept-
able function f has an invariant Gibbs state, then the incidence matrix
A is finitely irreducible.

Proof. Tt suffices to show there is a finite set of letters I’ such that for
every letter p there are a,b € F such that A,, = Ay, = 1. Enumerate the
elements of I = {a,, };2,. Since ) . expsup f|[4) < 0o, there is some ko
such that Zj>k0 expsup f(q,) < K where K comes from lemma 2.2.5.
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Let FF={a;: i < ko}. Now, it follows from the preceding lemma that
every letter is followed by some element of F' and every letter is preceded
by some element of F'. Since A is irreducible, it follows that A is finitely
irreducible. (]

Recall that for w,7 € I°°, we defined w A 7 € I°° U I'* to be the longest
initial block common to both w and 7. We say that a function f : E*° —
IR is Hélder continuous with an exponent o > 0 if

Va(f) = SUP{Va,n(f)} < o0,

n>1

where
Van(f) = sup{| f(w) = f(7)[e*" "V s w,7 € B> and [w A 7| > n}.
Note that if ¢ is Holder continuous of order « and 6, € E°°, then

Vi (9)da (0,%) = Va(g)e 1! > e=2|g(0) — g(¥)].

Also, note that each Holder continuous function is acceptable. We say
that two functions f, g : E*° — IR are cohomologous in a class ‘H if there
exists a function v : E*° — IR in the class H such that

g—f=u—wuoo.

We shall now provide a list of necessary and sufficient conditions for two
Holder continuous functions to have the same invariant Gibbs states.
The proof is analogous to the proof of Theorem 1.28 in [B1] (see also
[HMU]).

Theorem 2.2.7 Suppose that f,g: E*° — IR are two Hélder continu-
ous functions that have invariant Gibbs states fif and [ig respectively.
Suppose also that the incidence matriz A is finitely irreducible. Then
the following conditions are equivalent:

(1) fif = fig-
(2) There exists a constant R such that for eachn > 1, if o™ (w) = w,
then

Sy f(w) — Spg(w) =nR.

(8) The difference g — f is cohomologous to a constant R in the class
of bounded Hélder continuous functions.

(4) The difference g — f is cohomologous to a constant in the class
of bounded continuous functions.
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(5) There exist constants S and T such that for every w € E> and
every n > 1

|Snf(w) = Sng(w) — Sn| < T.
If these conditions are satisfied then R =S =P(f) — P(g).
Proof. (1) = (2). It follows from (2.3) that

o p(Sf(w) = P()E))
= exp(Skg(w) — P(9)k))

for every w € E* and every k > 1. Suppose that ¢™(w) = w. Then for
every k =1In, | > 1, and every h, S;,h(w) = 1S, h(w) and so

Q7 < exp(l[(Snf(w) — Sng(w)) — (P(f) — P9))n]) < Q*.

Q <@Q?

Hence, there exists a constant 7' > 0 such that for all positive integers [,
190 f(w) = Sng(w) = (P(f) = P(g))n| < T.

Therefore, letting [,/ oo, we conclude that Sy, f(w) — Spg(w) = (P(f) —
P(g))n. Thus, putting R = P(f) — P(g) completes the proof of the
implication (1) = (2).

(2) = (3). Define
n=f-g-R.

Since the incidence matrix A is irreducible, there exists a point 7 € E*
transitive for the shift map o : F*° — E°°. Put

L={o"r):k>1}

and define the function v : I' — IR by setting

k—1

u(e®(r)) =Y nlo’ (1)

J=0

Note that the function u is well defined since the points o (7), k > 1, are
mutually distinct. Taking the minimum of exponents we may assume
that both functions f and g are Holder continuous with the same order
(. Let A witness the finite irreducibility of the incidence matrix A. Let
|A| = sup{|a| : a € A} and S = sup{|S|yn| : @ € A}. Fix k > 1,
some point a € A such that 7xam € E*, and consider the periodic point
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w = (7|xa)®. Then by our assumption

u(a® ()l = | Y (00’ (1) = (f(o? () = g(o? (w))) + Rk

j=0
|a]—1

+ ) (900" w) = f(6"w)) + Rlal
j=0
k—1 _

=12_((f(e’(r)) = f(o’ (w))) — (9(c” (7))
7=0

_ k—1
<D V(P PED 1Y Vs(g)e ) 4 s
. =~

o P
< (Va(f) + Vs(9))

Iijg:ﬁ'+'s < 0.

Assume now o*(7)|, = o!(7)|, for some k < | and some r > 1. Let
w = T|(c*(7)|1—x)> € E>. By our assumption Z _ (0 (W) = 0.
Hence,

-1 -1
= 0@ (@) =D e’ () = (e’ (w))
i=k i=k
-1
< |f(a? (7)) — f(o?(w))| + |g(0” (7)) — g(c? (w))]
j:k( g g ) 213)
-1

V
<D o) S = S

In particular, it follows from (2.13) that u is uniformly continuous on
I'. Since I' is a dense subset of E°°, we therefore conclude that u has
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a unique continuous extension on E*. Moreover, it follows from (2.12)
and (2.13) that u is bounded and Holder continuous. Since g(y)— f(y)—
R = u(y) — u(o(v) for all v € T, this holds for all . The proof of the
implication (2) = (3) is therefore complete.

The implications (3) = (4) and (4) = (5) are obvious.

(5) = (1). It follows from (5) and (2.3) that for every w € E*, say
w e E™

Texp((S+P(g) — P(f))n)
(M) B . (2.14)
< ;1 ol < < Q% exp((S+P(g) P(f))n).
)

Suppose that S # P(f) — P(g). Without loss of generality we may
assume that S < P(f)—P(g). But then it would follow from (2.14) that
for every n > 1

1=jp(B®) = > fif([w]) < Q%" exp((S +P(g) — P(f))n)

|w|=n

which yields a contradiction for n > 1 large enough. Hence S =
P(f) — P(g9). But then (2.14) implies that the measures fiy and fig
are equivalent. Since in view of Theorem 2.2.4 these measures are er-
godic, they must coincide. The proof of the implication (5) = (1) and
simultaneously the entire proof of Theorem 2.2.7 is complete. (]

A potential is simply a continuous function f : F* — IR. We call a
o-invariant probability measure fi an equilibrium state of the potential f
if [—fdp < oo and

+/fdﬁ =P(§). (2.15)

We end this section with the following two results.

Lemma 2.2.8 Suppose that the incidence matrixz A is finitely irreducible
and that an acceptable function f : E>° — IR has a Gibbs state. Denote
by iy its unique invariant Gibbs state (see Theorem 2.2.4). Then the
following three conditions are equivalent:

(a) [po —fdiiy < .

(b) > ierinf(—f|p) exp(inf fl;;) < occ.

(c) Hy, (o) < oo, where o = {[i] : i € I} is the partition of E* into
initial cylinders of length 1.
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Proof. (a) = (b). Suppose that [ —fdjiy < co. This means that
Y icr f[i —fdjiy < 0o and consequently

oo>Zlnf f|[z]),uf( h>Q™ 1me f|[z eXp(mff|[z P(f ))

i€l iel
= Qilefp(f) Z inf(ff|m) exp(inf f|[i]).
el
(b) = (c). Assume that Y, ;inf(—f[;;) exp(inf(f];;)) < co. We shall
show that Hj, (o) < co. By definition,

Hy, () =Y —fip([i])og i ([i]) < > —fip([i]) (inf (1) P () ~log Q).

i€l il

Since ) ;o7 ity ([i])(P(f) +1log Q) < oo, it suffices to show that > .., —fif
([7]) inf(f[)) < co. And indeed,

Z —fig([d]) inf(flr) Zuf ) sup(—£/p)

i€l i€l

<Z/,Lf ) (inf (= f1i) + ose(f))-

el

Since ), fir([i])osc(f) = osc(f), it is enough to show that

Z/“Lf )inf(—fli)) < o0

icl

Since fif is a probability measure, lim; .o fif([¢]) = 0. Therefore, it
follows from (2.3) that lim; .o (sup(f|;) — P(f)) = —oo. Thus, for
all 7 sufficiently large, say i > k, sup(f|;) < 0. Hence, for all i > F,
inf(—flj;)) = —sup(f]f;) > 0. So, using (2.3) again, we get

Z'uf ) inf(—flr) <ZQ€XP inf(f[r) — P(f)) inf(—fl)

i>k i>k
= Qe "> "exp(inf(f|y)) inf(— f|)
i>k
which is finite due to our assumption. Finally, we find H, (o) < o0.

(c) = (a). Suppose that H, () < co. We need to show that [ —fdjiy <
00. We have

oo > Hp, (a) = Z —fiy([i]) log (fs ([3]))
iel

> —jg([i]) (inf(f]19) — P(f) +1og Q).

i€l
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Hence, > ;; —fis([i]) inf(f[[;) < co and therefore

/" fdjiy = L/ —fdivy < 3 sup(—fli)iig (i)

iel i€l
= > —mf(flp)is () < oo
i€l
O

The next theorem shows that the assumption [ —fdjis < oo is sufficient
for the appropriate Gibbs state to be a unique equilibrium state.

Theorem 2.2.9 Suppose that the incidence matriz A is finitely irredu-
cible. Suppose that f : E*° — IR is a Hélder continuous function with
a Gibbs state and that [ —fdjiy < oo, where fiy is the unique invari-
ant Gibbs state for the potential f (see Theorem 2.2.4). Then fiy is the
unique equilibrium state for the potential f.

Proof. In order to show that jis is an equilibrium state of the potential
f consider v = {[i] : ¢ € I}, the partition of E* into initial cylinders
of length 1. By Lemma 2.2.8, Hj,(a) < oo. Applying the Shannon-
McMillan—Breiman theorem, Birkhofl’s ergodic theorem, and (2.3), we
get for fij-a.e. w € B

by (0) > bz (0,0) = Tim —logiig(fol,])

> lim f—(IOgQJrS flw) =P(f)n)

n—oo

= Jim —28, /(@) + () = [ ~fdns +P()
which, in view of Theorem 2.1.7, implies that fif is an equilibrium state
for the potential f.

To prove uniqueness of the equilibrium state we suppose that 7 is an
equilibrium state for the potential f : E*° — IR and ¥ # jiy. Applying
the ergodic decomposition theorem, we may assume that o is ergodic.
Then, using (2.3), we have for every n > 1

0= nltslo) + [ (£ = P(£)D) < Hp(a™) + [ (S0 PO
~ _ 1 _
_ wz;nz/([w]) <log o([w]) — m /M (Snf — P(f)n)dz/>



2.2 (1bbs states, equilibrium states and potentials 25
<= > o([w]) (log#([w]) = (Suf () = P(f)n))
|lw|=n

for a suitable 7, € [w]

= — Z ) (log[#([w]) exp(P(f)n — Sy f(7w))])

|lw|=n
<= Y i[w)) (logF([w]) (s (WD) ™M)
|lw|=n
([w])
~tos - 32 #(ihior (5).

|wl=n

Therefore, in order to conclude the proof, it suffices to show that

o (5 sonoe (ZEDY)
nli“olo( 2. ”lg(ﬂfw))) |

|lw|=n

Since both measures © and jiy are ergodic and o # [if, the measures ¥
and fiy must be mutually singular. In particular,

e <{‘” <P uf(<[(f;|| < S}) -0

for every S > 0. For every j € Z and every n > 1, set

—JdweE®: e (wla]) oJt1
Ry ={ver=i s Sl <o),

Notice
%f“wbbg(;ffﬁﬂf))-/ o (i) 7)< 3 vtk

Now, for each k = —1, -2, —3,... we have

_wzna([wmo< ) S o) ¢ S e

1<k j>1

(e 28
+) je It

jz1
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Thus, we have for each negative integer k,

limsup | — Z 17([w])log( ([w]) ) < kJije_j'H.

n— oo lwl=n :uf([w]) i>1

Now, letting k go to —oo completes the proof. O

2.3 Perron—Frobenius operator

In this section we collect some basic properties of the Perron—Frobenius
operator. This operator is ultimately applied (see Theorem 2.7.3 and
Corollary 2.7.4) to prove the existence of Gibbs states. It is also used
to demonstrate several stochastic laws of Gibbs states and the real ana-
lyticity of topological pressure. The key facts in this section making
possible further work are Theorem 2.3.4 and Theorem 2.3.5. We start
with the following technical result usually referred to as a bounded dis-
tortion lemmea.

Lemma 2.3.1 If g : E® — € and V,(g) < o0, then for allm > 1, for
all w,7 € E* and all p € E" with A, ., = A, =1, we have

Va(9) d

|Sng(pw) — Sng(pT)| < o —1 al(w, 7).

Proof. We have
Sng(pw) — Sng(pr)| < i lg(a*(pw)) — (o (p7))|
i=0
<3 e Va(g)da (o (o), 0 (07))
=0

n—1

< e*Vu(g) Z e =0 d, (w,T)
i=0
_ 1 Va(9)
=Val(9) 1— e_ada(wﬂ')ea — 1da(w»7')~

We set
1) = o (58,

e —1

We suppress the dependence on . From now on throughout this section
f: E* — IR is assumed to be a bounded Holder continuous function
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with an exponent 3 > 0 and is assumed to satisfy
> " exp(sup(fl)) < oo (2.16)
ecl

Functions f satisfying this condition will be called in the sequel sum-
mable. We note that if f has a Gibbs state, then f is summable.
This requirement allows us to define the Perron—Frobenius operator Ly :
Cy(E™®) — Cy(E>), acting on the space of bounded continuous func-

tions Cy(E*°) provided with || - ||o, the uniform norm, as follows:
Li@w) = > exp(flew))glew).
e€l:Acy; =1

Then [|Lf|lo < > c;exp(sup(fli))) < oo and for every n > 1,

LH@w) = Y exp(Suf(rw))g(rw).

TEE™ A 0w =1

The conjugate operator £} acting on the space Cy (E°°) has the following
form:

£3(n)(9) = n(L1(9)) = [ £5(g)a

From now on throughout this section we also assume m is a probability
measure defined on the Borel subsets of E* which is an eigenmeasure
of the conjugate operator L} : Cy (E>°) — Cy(E£°°). The corresponding
eigenvalue is denoted by A. Since Ly is a positive operator, A > 0.
Obviously E}”(M) = A"m. The integral version of this equality takes
on the following form

/ Z exp(Sn f(Tw)) g(Tw)dm(w) = )\"/gdﬁz, (2.17)
TEE™: 'rnuq*l

for every function g € Cy(E°). In fact this equality extends to the space
of all bounded Borel functions on E°°. In particular, taking w € E*, say
w € E™ a Borel set B C E* such that A, r, =1, for every 7 € B, and
g = 1, we obtain from (2.17)

wiws) = [ 3 exp(S.0(0) Lun(ro)din(o)

-/ exp(Suf(wp)) dim(p) (2.18)
{p€B:Au, p; =1}

_ /B exp (S f (wp) ) diin(p)
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Remark 2.3.2 Note that if (2.18) holds, then by representing a Borel
set B C E* as a union | ¢ pn[wBy], where B, = {a € E* : Ay, o0, =
1 and wae € B}, a straightforward calculation based on (2.18) demon-
strates that (2.17) is satisfied for the characteristic function 1p of the
set B. Neaxt, it follows from standard approximation arguments that
(2.17) is satisfied for all m-integrable functions g. Finally, we note that
m is an eigenmeasure of the conjugate operator L3 if and only if formula
(2.18) is satisfied.

Theorem 2.3.3 If the incidence matriz is finitely irreducible, then the
eigenmeasure m is a Gibbs state for f. In addition, \ = e’/

Proof. It immediately follows from (2.18) and Lemma 2.3.1 that for
every w € E* and every 7 € [w]

((w]) < AT exp(Suf (7)) = T(f) exp(Saf(7) — nlog ). (2.19)

where n = |w|. On the other hand, let A be a minimal set which witnesses
the finite irreducibility of A. For every o € A, let

Ey={r € E® :war € E*}.
By the definition of A, |J,c, Fa = E>. Hence, there exists v € A such
that m(E,) > (#A)~!. Writing p = || we therefore have

(o)) 2 () =30 [ exp(Suepfwrn)din(o)

—x o | 5D (S (7)) exD (S, (1)) ()
PEE>:Ay, o =1
> A" exp(min{inf(S)a| fljo)) : @ € A} — plog A)

x / exp (S f(wyp)) dif(p)

EE>®: Ay, =1

=C\™ " /E exp(Sy f(wyp))dm(p)
> CT(f) " A", exp(Snf (7))
> OT(f)" (#8) ™" exp(Snf(r) —nlog ),
(2.20)

where C' = exp(min{inf(S|4|f|a]) : @ € A} — plogA). Thus m is a
Gibbs state for f. The equality A = /) follows now immediately from
Proposition 2.2.2. O
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In most of our work concerning the Perron—Frobenius operator and its
applications we will deal with the following normalized version of it.

ﬁo = e_P(f)Ef.

The first result concerning the normalized Perron—Frobenius operator is
the following.

Theorem 2.3.4 If a function f: E*° — IR has a Gibbs state with ratio
bounding constant Q, then for every n > 1 and every w € I"™

Ly(1)(w) < Q.
Thus, for all g € Co(E>), [I£5(9)llo < Qllgllo-

Proof. Let v be a Gibbs measure for f. In view of Lemma 2.3.1 and
the definition of Gibbs states we get

LyMw)= Y exp(Suf(r) - P(f)n)

TECT (W)

< Y Quilrll) £ Quie(W) < Q.

TETT (W)

O

We emphasize that in Theorem 2.3.4 we assumed only the existence of a
Gibbs state and not an eigenmeasure of the conjugate Perron—Frobenius
operator. We shall now prove the following.

Theorem 2.3.5 Suppose A is a finite set of words witnessing the finite
irreducibility of the incidence matriz. Let M be the mazimal length of a
word in A. Then there exists a constant R > 0 such that

n+M

S Li()w) = R,

j=n

forallm >1 and all w € E*°.

Proof. 1t follows from (2.17) and Theorem 2.3.3 that [ L§(1)dm =1
for all k > 1. So, for every k > 1, there exists y(k) € E* such that
LE(M)(y(k)) > 1. Since A is finite and f is Hélder continuous, we have

N = min{exp(inf(S|q f|(a]) — |a|P(f)) : & € A} > 0.
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Let n > 1 and let 7 € E*°. Thus,

n+M n—+M

Yoomm =Y > en(Sfen) - P,

J=n weBI:A, =1

For each w € E™ choose a(w, ) € A such that wa(w, 7)7 is admissible.
Thus,

n—+M

Z ﬁ%(]l)(T) > Z exp(snﬂa(w,'r)\f(wa(w)T)T) - P(f)(n + |a<w77)|))

weE™

> Z eXp(Snf(wa(w,T)T) - P(f)n)

wer™
x exp(Sja(w,n|f ((w, 7)) = P(f)|a(w, 7)|)
>N Y exp(Suf(walw, 7)) — P(f)n).

weE™

Noting that if A =1 then

W'n"f(n) 1

exp(Snf(woz(w,T)T) - P(f)n) > (Tf)~* eXp(Snf(wv(n)) - P(f)n),

we have
n+M ]
> Li)(r) = N > exp(Snf(wy(n)) — P(f)n)
j=n WEEM: Ay, y(n); =1

> N(TF)7' L5 (M) (v(n)) = NT(f)~".

O

Remark: if in theorem 2.3.5 we assume A is finitely primitive then
there is a constant R > 0 such that L (1)(w) > R for all n and w.

Theorem 2.3.6 If the incidence matriz is finitely irreducible, then the
conjugate operator L fixes at most one Borel probability measure.

Proof. Suppose that m and ; are such two fixed points. In view
of Proposition 2.2.2(b) and Theorem 2.3.3, the measures m and m; are
d?’hl
dm *

equivalent. Consider the Radon-Nikodym derivitive p = Tempor-

arily fix

weFE" say weE"™
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It then follows from (2.18) and Theorem 2.3.3 that

) = [ en(Sutr) - P(m)din)

_ / exp(Sp_1f(o(wr)) = P(f)(n - 1))
TEE>®:Ay, =1

x exp(f(wr) — P(f))dm(r)

:/ exp(5n71f(U(W7')) —P(f)(n— 1))
TEE®:A(5(w

Nn—171=1

X exp(f(wT) - P(f))d’fh(T).
Thus,

inf (exp (w1 —P(f)))i([ow]) < 1m([w]) < sup(exp(flw—P(f)))m([ow)).

Since f : E*° — IR is Holder continuous, we therefore conclude that for
every w € B>

oy 7h]

n=20 i ([o(w)ln—1]

) = exp(f(w) — P(f)) (2.21)

and the same formula is true with /m replaced by ;. Using The-
orem 2.3.3 and Theorem 2.2.4, there exists a set of points w € E*
with m measure 1 for which the Radon-Nikodym derivatives p(w) and
p(o(w)) are both defined. Let w € E* be such a point. Then from
(2.21) and its version for m; we obtain

plw) = lim (M)

e m([w|n])
~ lim ( i ([wln]) .'ﬁll([U(Wﬂn—l]) .ﬁl([a(w)|n_1])>
n—oe \ 1y ([0(w)|n-1])  m([o(w)[n-1]) (@)

= exp(f(w) = P(f))p(o(w)) exp(P(f) — f(w)) = p(o(w)).
But according to Theorem 2.2.4, ¢ : E*° — E* is ergodic with respect
to a o-invariant measure equivalent with m. We conclude that p is
m-almost everywhere constant. Since m; and m are both probability
measures, mi; = m. O

2.4 Tonescu-Tulcea and Marinescu inequality

In this section we prove in our context the famous Tulcea-Ionescu and
Marinescu inequality (see Lemma 2.4.1). It is our aim to obtain a
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spectral picture and the rate of convergence of the iterates of the Perron—
Frobenius operator and, in the next section, some important stochastic
laws. Let

Ho={g: E® — C: g is bounded and continuous}
and for every a > 0, let
Ho = {9 € Ho: Valg) < 0}
The set H, becomes a Banach space when endowed with the norm

[g9lla = llgllo + Val(g)-

The subclass of H,, consisting of summable functions will be denoted by
‘H?,. The main technical result of this section, called the lonescu-Tulcea
and Marinescu inequality, is the following.

Lemma 2.4.1 Let f : E* — IR be a summable Holder continuous func-
tion with an exponent B > 0 and suppose f has a Gibbs state. Then the
normalized operator Ly : Hy — Ho preserves the space Hg. Moreover,
there exists a constant C' > 0 such that for every n > 1 and every
g € Hg,

1£5(9)lls < Qe™™[lglls + Cllgllo.

Proof. Let 7,p € E®, 7| = p|i and Ti41 # pr+1 for some k > 1. Then
for every n > 1

Ly(9)(p) — Ly (9)(7)
= Z exp(Sn f(wp) — P(f)n)g(wp) — Z

wEE™: Ay, py =1 weE™: Ay, p =1

x exp(Sn f(wr) = P(f)n)g(wr)
= Y exn(Suflwp) —P(f)n)(g(wp) — g(wr))

wWEE™: Ay, py =1

+ > gwn)(exp(Suf(wp) = P(f)n)

weE™: Ay, p =1

— exp(Sn f(wr) = P(f)n)).
(2.22)
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But |g(wp) — g(wT)| < Va(g)e ?™*) and therefore, employing The-
orem 2.3.4, we obtain

> exp(Suf(wp) — P(f)n)lg(wp) — gwr)|
wGE”:Awn‘,lzl
< LH()(p)Va(g)e P +H)
< QVi(g)e "M < eQllgllsdg (p, 7)
Now notice that there exists a constant M > 1 such that |1 — e*| <
M]|z| for all z with |z| <log(T(f)). Since by Lemma 2.3.1 |S,, f(wp) —
Spf(wr)| < dg(p,7)1og(T(f)) < log(T(f)), we can make the following
estimate:
|exp(Sn f(wp) = P(f)n) — exp(Sn f(wr) — P(f)n)]
= exp(Sn f(wp) — P(f)n)[1 — exp(Snf(wT) — Snf(wp))l
< Mexp(Sn f(wp) = P(f)n)|Snf(wp) = S f(wT)]
< Mexp(Sn f(wp) = P(f)n) log(T(f))ds(p, )
= Mlog(T'(f)) exp(Sn f(wp) = P(f)n)ds(p, 7).
So, using Theorem 2.3.4 again, we get

> lg(wr)llexp(Snf(wp) — P(f)n) — exp(Sn f(wr) — P(f)n)]|

weE™: Ay, p =1

<lglloMlog(T(f))dp(p.7) > exp(Snf(wp) —P(f)n)

WEE™: Ay py =1
= llglloM log(T'(f))ds(p, 7)L5 (1) (p) < MQlog(T'(f))l|gllods(p,T).

Combining this inequality, (2.23) and (2.22), we get

1£5(9)(0) L5 (9)(7)] < ™" Qllgllads (p, )+ MQog(T(f))llgllods (p, 7)-

Combining in turn this and Theorem 2.3.4 we get

1£5 (9l < Qe™"[lglls + Q(M log(T(f)) + 1)l[gllo-

(2.23)

O

Remark 2.4.2 We remark that the proof of Lemma 2.4.1 used only a
“weaker” property of Gibbs states, namely the right-hand side inequality

of (2.3).

If the unit ball in Hg were compact as a subset of the Banach space
Ho with the supremum norm || - ||p, we could use now the famous
Tonescu-Tulcea and Marinescu theorem (see [ITM]) to establish some
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useful spectral properties of the Perron—Frobenius operator £y. But this
ball is compact only in the topology of uniform convergence on compact
subsets of £*° and we need to prove these spectral properties directly
as we cannot apply the Ionescu-Tulcea and Marinescu theorem. Next,
we introduce and important fixed point v for Lg.

Theorem 2.4.3 Suppose a summable Hélder continuous function f :
E> — IR with an exponent B > 0 has a Gibbs state and the operator
conjugate to the normalized Perron—Frobenius operator Ly fizes a Borel
probability measure m. Then the operator Lo : Hg — Hg has a fized
point ¢ < Q such that [pdm = 1. If, in addition, the incidence matrix
A is finitely primitive then ¢ > R, where R is the constant produced in
Theorem 2.3.5.

Proof. In view of Lemma 2.4.1, ||[£F(1)||g < Q + C for every n > 0.
Thus,

n—1
%Zﬁg(n) <Q+C (2.24)
j=0 5

for every n > 1. Therefore, by the Ascoli-Arzeld theorem, there exists

a strictly increasing sequence of positive integers {nj}r>1 such that the

sequence {nl—k Zyial E{)(Il)}]pl converges uniformly on compact sets

of E* to ¢ : E* — IR. Obviously, |[¢||s < Q + C and, in particular
1 € Hg. Since m is a fixed point of the operator conjugate to Lo,
[ Li(1)dm = 1 for every j > 0. Consequently, [ 1 Z;:Ol L) (M)dm =
1 for every n > 1. So, applying Lebesgue’s dominated convergence
theorem along with Theorem 2.3.4, we conclude that [¢dm = 1 and
1 < Q. Assuming in addition that the incidence matrix A is finitely
primitive, using Theorem 2.3.5, we simultaneously get 1) > R. It remains
to show that Lo(v)) = v. Indeed, using Theorem 2.3.4, we get for every
k > 1 that

’I’kal 1 nkfl

1 ) )
Lo | — cym) | —— £y
o a X am) -5 X g

0

1 n
- [£o* (1) — Lo(T)],
k

0

A
|
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Thus,

nEg—1 neg—1

1 . 1 .
Lo | — L) | — — L2(1) =0 2.25
o\ 2 B | - 2 A (2:25)

uniformly. Therefore, in order to conclude the proof it suffices to show
that if a sequence {gx}72; C Ho is uniformly bounded and converges
uniformly on compact sets of E* to a function g, then Lo(gx), k& > 1,
converges uniformly on compact sets of E* to Ly(g). To see this, first
notice that ||g|lo < B, where B is an upper bound of the sequence
{gx}32,. Now, fix € > 0. Since f has a Gibbs state, the series M =
Dier exp(sup(f“i]) — P) converges, where P is the pressure of f and
therefore there exists a finite set I, C I such that

€
> 2Bexp(sup(fly) —P) < 5 (2.26)
€I\l

Fix an arbitrary compact set K C E*. Then for every ¢ € I, the
set iK = {iw : w € K and A;,, = 1} is also compact and so is the
set, Uz‘elg tK. Since {gr}72, converges uniformly on compact sets to g,
there exists ¢ > 1 such that for every n > q, ||(gn — g)|Uj€I€ ik llo < 557
Applying this, Theorem 2.3.4 and (2.26), we get for every n > ¢ and
every w € K that

[L0(9)(w) = Lo(gn)(W)| = [Lo(g — gn) (W)
> |gn(iw) — gliw)| exp(f(iw) — P)

€11 Ajw, =1

+ ) galiw) — g(iw)| exp(f (iw) — P)

P€I\I: Az, =1

< Y o) - P)

€11 Ajw, =1

+ > lgaliw) - gliw)|exp(f(iw) - P)

P€I\I: Az, =1

< ﬁ Z exp(sup(fhi]) - P) +2B Z eXp(SuP(f“i]) - P)

i€l i€\ Le: Ay =1

IN

IN
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From now on we assume in this section that the incidence matrix A is
finitely primitive. Then ¢ > R and therefore the weighted normalized
Perron—Frobenius operator T : Hy — Hy given by the formula

T(g) = imgw (227)

is well defined. It is straightforward to check that T(Hg) C Hg (i.e./
1/¢ and the product of any two functions in Hg are again in Hg).
The basic properties of the operator T" which follow from Lemma 2.4.1,
Theorem 2.3.5 and Theorem 2.4.3 are listed below.

Theorem 2.4.4 Suppose a summable Holder continuous function f :
E* — IR with an exponent 3 > 0 has a Gibbs state and the matriz A
is finitely primitive. Defining the balancing functions

Un(w) = exp(Sp f(w) — Pn)%, n>1,

we have for all g € Hg and alln > 1
(a) T"(9)(w) = 55 L6(9¥)(w) = Xrcpnia
(b) T™(1) =1 and ||T"||o = 1.
(¢) M = sup, > {||T"[|s} < oo.
(d) T*(fiy) = fig. In particular the closed subspaces H) = {g € Hy :
fif(9) =0} and Hy = {g € Hp : fif(g9) = 0} are T-invariant.
(e) Hg = R1L&HY (9= pap(g)l+ (9 — fi(9)1)).

Denote

1 Un(TW)g(TW).

Tnwl

0,
Hy' ={geHg:llglls < 1}

We shall prove the following.

Lemma 2.4.5 For each n > 0 let
by = sup{||T"(9)l|5 : g € Hy'}.
Then lim,,_,o b, = 0.
Proof. Define for every n > 0
a, = sup{||T"(g)lo : g € Hy'}.

It immediately follows from Theorem 2.4.4(b) that the sequence {an }n>1
is nonincreasing. We shall show first that

lim a, = 0.

n—oo
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Let A be a finite set of words of length ¢ witnessing the primitivity of
the incidence matrix A. For every a € A fix a word @ € E°° such that
@, = a. Suppose now on the contrary that ¢ = lim,_ a, > 0. By
Theorem 2.4.4(c), sup,;>gbn, < M < oco. Therefore, there exists k > 0
such that if w|y = 7|, then

IT"(9)(r) = T"(g9)(w)| < a/2 (2.28)

for all g € Hﬁ and all n > 0. Let @ = min{a, 1}. Since the measure fis
is regular, there exists a compact set Y C E* such that fif(Y) > 1— %.
Fix now g € Hg’l and n > 0. Suppose that T"(g)(t) > a/4 for all
7 €Y. Since [T"gdjiy =0 and since ||T"(g)||o < ||g|lo <1, we find

a a\ a_a a\ a
0= [ T"gdji Trgdis>-(1—-=]—-=>=(1-=]) ==
/y ngJr/yc g“f—4( 8) 5= 4( 4) 8
_—
a a
=-—-——>0
8 16

This contradiction shows that T"(g)(7) < a/4 for some 7 € Y (depend-
ing on g and n). Fix this 7. Notice now that for every w € E* there
exists a(w) € A such that p(w) = 7|pa(w)w is in E*. Tt follows from
(2.28) that

<-a<ap—

1w

T"(g9)(p(w)) < T"(g)(7) + (2.29)

(NS
>~

Put p = g + k. Since p(w)|x = 7|k, applying Lemma 2.3.1 we get

up(p(w))
up(T)

= exp(Sgsrf(p(w)) — Sqruf (7))

2

> 5 xB(Su (o) — 5. ()

< eD(S S0 () — 5,510())

> R2Q2T(f)! exp(S, f( (w)w)) exp(—gsup(f))

> R2Q T(f) % exp(Sq f(a(w)) exp(—gsup(f))

> R*Q°T(f)? exp(max{S,f(@) : a € A}) exp(—gsup(f)),
where sup(f) < +oo due to (2.16). Denoting the last (constant) ex-

pression appearing in this formula by U, we get up(p(w)) > Uup(r) >
U inf(up|y) > 0 since u,, is positive continuous and Y is compact. Thus,
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using (2.29), we get

T"(T"g)(w) =T"g(p)up(p(w)) + > T"g(n)up(n)
n€o—7 (w)\{p(w)}

a
<(an—2)wl@)+a X w)
neo—P(w)\{p(w)}
a

a. .
= an — gup(ﬂ(w)) < ap— gUlnf(Up|Y)'

Similarly we get T?(T"g)(w) > —an+ U inf(u,|y) and in consequence,
[[T?*7gllo < a,, — $U inf(uply) or

a. .
||Tng||0 S an—p - §U1nf(up|y)

for every n > p. Taking the supremum over all g € Hg’l, we find
an < an—p — §UIE(uply). So, a = lim, oo ap < limy, oo (an_p -
2V inf(uply)) = a — 2U inf(up|y) < a. This contradiction shows that
lim,, o0 an = 0.

Fix now € > 0 and then an integer v > 1 so large that a, < 55 and
Qe_B”M < €/2 for all n > v. Then, in view of Lemma 2.4.1 for every

n > 2v and every g € Hg’l we get

IT"glls < [IT"*(T"9)lls < Qe " =*||T"g||5 + CIIT"gllo

€
SerCayge.

So, b, <e. O

Theorem 2.4.6 Suppose that f: E*° — IR is a summable Hélder con-
tinuous function, say with an exponent 3 > 0. Suppose also that the
normalized conjugate Perron—Frobenius operator Lf has a Borel prob-
ability fized point my. Assume that the incidence matriz A is finitely
primitive. Then there exist constants M > 0 and 0 < v < 1 such that
for every g € Hg and every n > 0

(a)
1T (9) - / g diiglls < " |glls

and

(b)
1£6(9) — (/gdmf)l/f\\ﬁ < My"|lglls



2.4 Ionescu-Tulcea and Marinescu inequality 39

where T' is the operator defined by (2.27), ¢ is the fized point for Lo and
fiy is the unique invariant Gibbs state of the potential f whose existence
and uniqueness follow from Theorem 2.2.4 and Theorem 2.3.3.

Proof. Lemma 2.4.5 says that lim,,_, HT|’7ElOB |3 = 0. Thus, there ex-
ists ¢ > 1 such that HT|‘71_(%H5 < (1/2). By induction we have ||T|3f%||ﬁ <
(1/2)™. Consider now an arbitrary n > 0 and write n = pg + 7,
0 < r < g—1. Then, using in addition Theorem 2.4.4(c), we get for
every ( € H%

n—r

IT"Clls = TPHT"Ollp < (L/2)PIT"Cllp < M(1/2)P = M(1/2)

n—q+1

< M(1/2) 4 =M(1/2) 7 (1/2)%

and therefore for every n > 0, |T[}0lls < M(l/?)%’y”, where v =
)

(1/2)%/a < 1. If now g € Hg, then g — jiy(g) € Hj and |lg — iz (g)|s
lglls + 117 (9)lls < 2[lglls. Thus, for every n >0

1T (g — A (9)lls < 22710y gl

and the proof of Theorem 2.4.6(a) is complete. Part (b) is an immediate
consequence of part (a). O

IN

The next proposition, the last result of this section, explains the real dy-
namical meaning of the fixed points of the normalized Perron—Frobenius
operator L.

Proposition 2.4.7 Assume that the operator conjugate to the normal-
ized Perron—Frobenius operator Ly = e*P(f)Cf has a Borel probability
fized point m. Let

Fiz(Ly) ={g € L1(m) : Lo(g) = g,/gdm =1, and g > 0}
and let
Allm) = {g € Ly(m) : gimoo ' = gm,/gdﬁl =1, and g > 0}

denote the invariant absolutely continuous probability density functions.
Then Fix(Ly) = AI(m).

Proof. Tt follows from (2.21) that for every ¢ € I and every w € E*
with A;,, =1, we have

dmoi

(w) = exp(f(iw) = P(f)),

dm
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where we treat i : {w € E*® : Aj,, = 1} — E* as the map defined
by the formula i(w) = iw. Therefore, the Perron-Frobenius operator L
sends the density of a measure i absolutely continuous with respect to
7 to the density of the measure fi o 0~'. The proposition follows. [

2.5 Stochastic laws

In this section, in a fashion somewhat similar to section 3 of [DU1], we
reap some of the fruits coming from the work done in the two preced-
ing sections. Let I" be a finite or countable measurable partition of a
probability space (Y, F,v) and let S : Y — Y be a measure preserving
transformation. For 0 < a < b < o0, set Fg = Vu<i<o S~IT. The
measure v is said to be absolutely regular with respect to the filtration
defined by T, if there exists a sequence G(n) \, 0 such that

/sup sup |v(A|TG) — v(A)ldv < B(n).
Y a A€y,

The numbers 3(n), n > 1, are called coefficients of absolute regularity.
Let « be the partition of E*° into initial cylinders of length 1. Using
Theorem 2.4.6, and proceeding exactly as in the proof of [Ry, §3 of
Theorem 2.5] we derive the following (with the notation of previous
sections).

Theorem 2.5.1 The measure fiy is absolutely regular with respect to
the filtration defined by the partition «. The coefficients of absolute
reqularity decrease to 0 at an exponential rate.

Theorem 2.5.1 says in particular that the dynamical system (o, fif) is
weak-Bernoulli (see [Or]). As an immediate consequence of this theorem
and the results proved in [Or] we get the following.

Theorem 2.5.2 The natural extension of the dynamical system (o, fif)
is isomorphic with some Bernoulli shift.

It follows from this theorem that the theory of absolutely regular pro-
cesses applies ([IL], [PS]). We sketch this application briefly. We say
that a measurable function g : E°° — IR belongs to the space L*(o) if
there exist constants d,, M > 0 such that | ||gH3+6 dfiy < oo and

[ o= B ol 1377 g < pan>
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for all n > 1, where Ejg, (g|()™) denotes the conditional expectation
of g with respect to the partition («)” and the measure fiy. L*(0) is
a linear space. It follows from Theorem 2.5.1, [IL] and [PS] that with

fr(g) = [ gdiiy, the series
7 =ctlo)= [ (o= ta)) di
2> [ - mro)lsoo" ~ o) diy

is absolutely convergent and non-negative. The reader should not be
confused by two different meanings of the symbol o: the number defined
above and the shift map. Then the process (g o 0™ : n > 1) exhibits an

exponential decay of correlations, and if o2 > 0 it satisfies the central

limit theorem.

Theorem 2.5.3 If u,v € L*(0) then there are constants C,0 > 0 such
that for every n > 1 we have

/(u — FEu)((v — Ev)oo™) dus < Ce o,
where Eu = [wdfiy and Ev = [vdjiy.
Theorem 2.5.4 If g € L*(0) and 0*(g) > 0, then for all r

; ({weEw;z?-ogo;_gw>—nEg<r})

7t 2/20(g)? dt.

v ¢

A most fruitful geometric application is the almost sure invariance prin-
ciple and therefore we devote more time to it. This principle means that
one can redefine the process (g o ™ : n > 1) on some probability space
on which there is defined a standard Brownian motion (B(t) : t > 0)
such that for some A > 0 we have fis-a. e.

> [go0? —jif(9)] = B(ot) = O(t>72).

0< <t

Let h : [1,00) — IR be a positive non-decreasing function. The function
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h is said to belong to the lower class if

/100 @ exp(—%h(t)z)dt < oo

and to the upper class if

/100 @ exp(—%h(t)z)dt = 0.

Well-known results for Brownian motion imply (see Theorem A in [PS])
the following generalization of the law of the interated logarithm.

Theorem 2.5.5 If g € L*(0) and o%(g) > 0 then

n—1

iy ({w e B Y (9o () — jis(9))

§=0
> a(g)h(n)v/n for infinitely many n > 1}>

)0 if h belongs to the lower class
1 if h belongs to the upper class.

Our last goal in this section is to provide a sufficient condition for a
function ¥ to belong to the space L*(o).

Lemma 2.5.6 Each Holder continuous function which has some finite
moment greater than 2 belongs to L* (o).

Proof. It suffices to show that any Holder continuous function v :
E®> — IR satisfies the requirement [ ||¢)—Ep, (|(c)™) |3 dfig < Mn=277.
So, given n > 1 suppose that w,7 € A for some A € a". In particu-
lar w|, = 7|,. Hence |[¢p(w) — (7)| < V3()e P" which means that
P(1) — Va()e P < 9p(w) < (1) + Va()e ™. Integrating these in-
equalities against the measure jiy and keeping w fixed, we obtain

/A i —Vi(@)e P fip(A) < p(w)is(4) < /A iy +Va($)e " s (A).

Dividing these inequalities by fis(A) we deduce that

1

(o) - /. wdﬂf' < Va()e ™,

Thus, [ [|¢(w)— Eg, (¥](a)")[|3 diiy < Va()3e™3" and we are done. [
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2.6 Analytic properties of pressure and the
Perron—Frobenius operator

In this section g is the space of all complex-valued Holder continuous
functions of order 8 on E*° and

Ki={fekKs: Zexp(sup(Re(f“i]))) < 00}
iel
L(K3) denotes the space of all bounded (continuous) operators on Kg.
We give a complete detailed proof of the real analyticity of the Perron—
Frobenius operator, c¢f. [EM], [HMU] and [UZi]. We start with the
following.

Lemma 2.6.1 If for every w € E*, the function t — fi(w) € C is
holomorphic on a domain G C @ and the map t — Ly, € L(Kg) is
continuous on G, then the map t — Ly, € L(Kg) is holomorphic on G.

Proof. Let v C G be a simple closed, contractible in G, rectifiable
curve. Fix g € Kg and w € E*. Let W C G be a bounded open set
such that v C W € W C G. Since for each e € I such that A.,, = 1,
the function ¢ — g(ew) exp(ft (w)) € T, t € G, is holomorphic and since
for every t € W

Y glew)exp(fe@)lle < D glew)exp(fe(w)) s

e:Aew; =1 e:Aew; =1

< llgllssup{llLy.lls - 2 € W} < o0

by compactness of W and continuity of ¢ — Ly,, we conclude that the
function

b L) = 3 glew)exp(filw) €€ te W,
e:Aew, =1

is holomorphic. Hence by Cauchy’s theorem fﬂ/ Ly g(w)dt = 0. Since
the function ¢t — Ly, g € Kg is continuous, the integral f7 Ly, gdt exists,
and for every w € E*, we have [ Ly, gdt(w) = [, Ly, g(w)dt = 0. Hence
f7 Lys,gdt = 0. Now, since t — Ly, € L(Kg) is continuous, the integral
I, Ly.dt exists, and for every g € Kg, [. Ly dt(g) = [ Ly gdt = 0. Thus
f7 Ly,dt =0 and in view of Morera’s theorem the map ¢t — Ly, € L(Kg)
is holomorphic on G. il

In order to prove the main result of this section we need several element-
ary lemmas. In order to formulate them we need to define a certain class
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of mappings. Namely, given i € I, we define the mapping
i:{we E®: Ay, =1} - E=
by setting
i(w) = iw.

If g: E* — (@, then by goi: E*° — € we mean the function defined by
the following formula.

() gliw) if A, =1
ow) =
g 0 if Ay = 0.

Lemma 2.6.2 Ifi € I and p € K3 then the operator A; , given by the
formula
40)(9)(w) = poi(w) -goi(w)

acts on the space Kg, is continuous and ||A; ,

8 < 3llpoills-
Proof. Fix g € Kg, w € E* and suppose that A4;,, = 1. Then

[Aip(9)(W)| = [p(iw)llg(iw)] < llpoillollgllo < [lpoillsllglls- (2-30)
Fix now in addition 7 € E*° \ {w} such that |w A 7| > 1. Then
|4ip(9)(w) = Ain(9)(T)] = [p(iw)g(iw) — p(iT)g(iT)]

= |p(iw)(g(iw) — g(i1)) + g(iT)(p(iw) — p(iT))|
<llpoillolg(iw) = g(iT) + ligllolp(iw) — p(iT)]
< llpoillsliglise™“ ™ + llgllsllp o ill g~ 7.

Hence V3(4;,(9)) < 2|poillslglls and, combining this with (2.30), we
conclude that [|A; ,(g9)|| < 3|lpoilsllgllg. consequently A; , acts on the
space g, is continuous and ||4; ,|/g < 3||poi||s. O

Similarly (but more easily) one proves the following.
Lemma 2.6.3 If p,g € K, then pg € Kg and ||pglls < 3lpllsllglls-

Lemma 2.6.4 If f € Kg then e/ € Kg, and if p : Y — Kg is a
continuous mapping defined on a compact set Y then e’ :' Y — Kg is
also continuous.

Proof. By Lemma 2.6.3, [|[f"|lg < 3"||f|5. Hence, the series ef =

> n—w, converges in Kg and the first part of our lemma is proved.
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The second part follows now from the remark that for every y € Y,
lp(W)ls < sup{|lp(z)||g : @ € Y} < oo and the series > - LW con-

nl
verges uniformly on Y. O

Lemma 2.6.5 For every R > 0 there exists M = Mpr > 1 such that if
|z — €| < R, then |e¢ — e*| < MeRe?|z —&|.

Proof. Looking at the Taylor’s series expansion of the exponential
function about 0, we see that there exists a constant M > 1 such
le¥ — 1| < M|w|, if [w| < R. Hence |ef — | = |e*[[e*™¢ — 1| < eRe?
M|z —¢&|. O

Lemma 2.6.6 If f € Kg, then for every i € I

||6f°i||ﬁ < QMHfHB exp(supRe<f|[i]))HfHﬁ'
Proof. Fix w € E® such that Az, = 1. Then |ef(iw)| = eRef(iw) <
exp(sup Re( f |[i])), whence
le”*?]l5 < exp(sup Re(f11i)))- (2.31)

Fix now in addition 7 € E* \ {w} with |7 A w| > 1. Using the
Lemma 2.6.5, we get

e/ ) — U] < My, T f (iw) — f(im)| < Mypy
x exp (sup Re(f|(;))) Hngef’@‘T/\‘”l.
Thus, Vs(e/*") < exp(supRe(f|;)))[/flls. Combining this and (2.31)
completes the proof. O

Lemma 2.6.7 If p : Y — Kg is a continuous mapping defined on a
metric space Y, then for every i € I, the function y — A; ) € L(Kg),
y €Y, is continuous.

Proof. Fix yp € Y and take 6 > 0 so small that for every y € B(yo, 9),
lp(y) — p(yo)llg < €/3. Then for y € B(yo,d), we have in view of
Lemma 2.6.2 the following.

HAi,p(y) - Ai,p(yo)”ﬁ = HAi,p(y)—p(yo)”ﬁ < 3Hp(y) - P(yO)HB <3.
Our main theorem in this section is the following.

Theorem 2.6.8 If G is an open connected subset of @, the function t —
ft € K5, t € G, is continuous and the function t — fi(w) € €, t € G,
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is holomorphic for every w € E>, then the function t — Ly, € L(Kg),
t € G, is holomorphic.

Proof. In view of Lemma 2.6.2 it suffices to demonstrate that the
function t — Ly, € L(Kg), t € G, is continuous. So, fix to € G and
d > 0 so small that B(to,2) C G and || fi — fiolleo < |ft — frollg < 1 for
all t € B(tg,2d). By Lemmas 2.6.7 and 2.6.4, for all ¢ € I, the function

t— Ao € L(Kp), t € B(to,9), is continuous. Since

‘Cft = Z Ai,eft )

i€l

it therefore suffices to demonstrate that the series ), ; A; ., converges

iel
uniformly on B(tg,d). And indeed, in view of Lemma 2.6.2 and

Lemma 2.6.6, for every i € I and every t € B(tg,d) we have

14 c5e g < Bl exp(fi 0 i)|ls < 6M exp(sup Re(fil)) M,

where My = sup{||fillg : t € B(to,0)} is finite by continuity of the

function t — fi € K on the compact set B(to,d), and M = My, in the
sense of Lemma 2.6.5. Now, in view of our choice of §, we can continue
the above estimates as follows.

4515 < GMMy exp(supRe(fo i) + /e = ful)
< 6M M, eXP<SuP Re(fto|[i]) + 1)
< 6M My exp(sup Re(fi, 1)) -

Since by summability of the function f,, the series ) ,_; exp(sup
Re(ft0|[i])) converges. O

As an immediate consequence of Theorem 2.6.8, we get the following.

Corollary 2.6.9 If G is an open connected subset of @, and the function
t fi € K3, t € G, is holomorphic, then the functiont — Ly, € L(Kp),
t € G, is also holomorphic.

In the sequel we will need the following much more special result follow-
ing immediately from Corollary 2.6.9.

Corollary 2.6.10 If G is an open connected subset of @, and for each
t € G, the potential fy = [+t € K for some f,¢p € Kg, then the
function t — Ly, € L(Kg), t € G, is holomorphic.
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Remark 2.6.11 Since each real analytic function t — fy € K defined
on an open interval A C IR extends uniquely to a holomorphic function
defined on an open connected neighborhood of A in € and since Kj is
an open subset of Kg, Corollary 2.6.9 and 2.6.10 remain true if G is
replaced by A and holomorphicity by real analyticity.

As an immediate consequence of Remark 2.6.11, Corollary 2.6.9,
Theorem 2.3.3 and Theorem 2.4.6 (implying that e”(/) is an isolated
simple eigenvalue of the Perron-Frobenius operator £;) and the per-
turbation theory of analytic dependence of an isolated simple eigenvalue
(see [Ka]), we get the following remarkable result.

Theorem 2.6.12 If A C IR is an open interval and t — fr € Kj,
t € A, is a real-analytic family of real-valued functions, then the function
t—P(fi) € R, t €A, is also real analytic.

Proposition 2.6.13 Ifqo € IR and f,v € K are such that qo f+¢ € Kj
and [ —(qf +)dfigy < 0o for all g in an open neighborhood of qo, then

dP -
d—q(QO) = /fdﬂ,
where [L = [igy f4vp-

Proof. Since Kj is an open subset of Kg, by Theorem 2.6.12 we know
that the derivative %(qo) exists. Since the function ¢ — P(q) is convex,
in order to complete the proof it is therefore enough to demonstrate that

P(g) > P(qo) + / Fdiila - ao)

on an open neighborhood of gy. And indeed, in view of our assumptions,
Theorem 2.1.8 and Theorem 2.2.9, there exists an open neighborhood U
of go such that for every ¢ € U we have

P(qg) > by + / (af + 0)dji = by + / wfdii + / i+ / Fdiila - )
:P((JO)JF/fd/fL((I*QO)'

O

Fix now f,7 € Kg and (g,t) € IR? such that the function ¢f + t1 is
summable. Using the notation, fig; = figf+ep and [ gdfig: = fiq,i(9),



48 Symbolic Dynamics

set

M2

Ui,t(f, Y) = (ﬂq,t(f “Po Uk) - ﬂq,t(f)ﬂqi(w))

=~
Il
=]

(g - f o 0™) = figu(f)fig(¥)) -

o

e
Il

0

If f =4 we simply write o2 ,(f) for o7 ,(f,f). The last result in this
section is the following, which can be proved by proceeding as in the
case of a subshift of finite type over a finite alphabet (see [Ru], [PU]).

Proposition 2.6.14 If f,v € K3, qof +toy is summable and [ —(qf +
t)dfig, 1, < 00, for all pairs (q,t) in an open neighborhood of (qo,t0) in
IR?, then

0P
@l(% to) :nh_{go_/s f /fd/’LQOyto w /wd/’bqoﬂfo
= O-qo,to (f)l/))

2.7 The existence of eigenmeasures of the conjugate
Perron—Frobenius operator and of Gibbs states

So far the character of this chapter has been slightly conditional. To
remedy this we prove here the main result concerning the existence of
eigenmeasures of the conjugate Perron—Frobenius operator. Through-
out the section we assume that f : F* — IR is a summable Holder
continuous bounded function with some exponent 8 > 0 which allows
us to define the Perron-Frobenius operator £ and its conjugate E;}. In
order to simplify notation we will drop the subscript f. We begin with
the following result, whose first proof can be found in [B1].

Lemma 2.7.1 If the alphabet I is finite and the incidence matriz is ir-
reducible, then there exists an eigenmeasure m of the conjugate operator
L.

f

Proof. By our assumption Ly is a strictly positive operator (in the
sense that it maps strictly positive functions into strictly positive func-
tions). In particular the formula
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defines a continuous map of the space of Borel probability measures on
E*° into itself. Since E*° is a compact metric space, the Schauder—
Tikhonov theorem applies, and as its consequence, we conclude that the
map defined above has a fixed point, say m. Then L£}(m) = A, where
A= L(m)(1). O

In Theorem 2.7.3, the main result of this section, we will need a simple
fact about irreducible matrices. We will provide a short proof for the
sake of completeness. It is more natural and convenient to formulate it
in the language of directed graphs. Let us recall that a directed graph
is said to be strongly connected if and only if its incidence matrix is
irreducible. In other words, it means that any two vertices can be joined
by a path of admissible edges.

Lemma 2.7.2 IfT' = (E, V) is a strongly connected directed graph, then
there exists a sequence of strongly connected subgraphs (E,, V,,) of T such
that all the vertices V,, CV and all the edges E,, are finite, {V,,}52 is
an increasing sequence of vertices, { En,}52 1 s an increasing sequence of
edges, Uy Vo =V and | J;- | E,, = E.

Proof. Indeed, let V' = {v, : n > 1} be a sequence of all vertices of T'.
and let E = {e,, : n > 1} be a sequence of edges of I". We will proceed
inductively to construct the sequences {V;,}22; and {E,}52 ;. In order
to construct (F1,V7) let a be a path joining v; and ve (i(a) = vy,
t(a) = v2) and let 8 be a path joining ve and v1 (i(8) = ve, t(8) = v1).
These paths exist since I' is strongly connected. We define V; C V to
be the set of all vertices of paths o and § and E; C E to be the set of
all edges from « and 3 enlarged by e; if this edge is among all the edges
joining the vertices of V1. Obviously (E7, V1) is strongly connected and
the first step of the inductive procedure is complete. Suppose now that
a strongly connected graph (E,,, V,,) has been constructed. If v, 1 € V,,,
we set V41 = V,, and E, 41 is then defined to be the union of F, and
all the edges from {ei,eq,...,e,,ent1} that are among all the edges
joining the vertices of V,,. If v,11 ¢ Vi, let «, be a path joining v,
and v,4+1 and let 3, be a path joining v,4+1 and v,. We define V1
to be the union of V,, and the set of all vertices of o, and 3,,. E,41 is
then defined to be the union of E,, all the edges building the paths «,
and f, and all the edges from {ej,ea,...,€,,en41} that are among all
the edges joining the vertices of V,,11. Since < FE,,V,, > was strongly
connected, so is (Ep+1, Vaot1). The inductive procedure is complete. It
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immediately follows from the construction that V,, C V.41, B, C Epy1,
UZO=1 V., =V and UZO=1 E,=F. O

Our main result is the following.

Theorem 2.7.3 Suppose that f : E*° — IR is a Hélder continuous
bounded function such that

> exp(sup(fle)) < oo,

ecl
and the incidence matriz is irreducible. Then there exists a Borel prob-
ability eigenmeasure m of the conjugate operator E},

Proof. Without loss of generality we may assume that I = IV. Since
the incidence matrix is irreducible, it follows from Lemma 2.7.2 that we
can reorder the set IN so that there exists an increasing unbounded se-
quence {l, }n>1 such that for every n > 1 the matrix A1, 1, 1x{1,....0.}
is irreducible. Then, in view of Lemma 2.7.1, there exists an eigenmeas-
ure My, of the operator L}, conjugate to Perron—Frobenius operator

L,:C(E?)— C(EY)
associated to the function f]| Bpe, where, for any ¢ > 1,

E® = E*N{l,...,¢}*

={(ex)r>1:1<er<gand A =1 forall k > 1}.

€E€Lk+1

Occasionally we will also treat £,, as acting on C(E*°) and L}, as acting
on C*(E®). Our first aim is to show that the sequence {/m,, } ,>1 is tight,
where m,,, n > 1, are treated here as Borel probability measures on E>.
Let P, = P(UlEﬁf’ﬂE?ﬁ)' Obviously P, > Py for all n > 1. For every
k > 1let mp : E*° — IN be the projection onto the k-th coordinate,
i.e. mk({(ew)u>1}) = er. By Theorem 2.3.3, eP» is the eigenvalue of £}
corresponding to the eigenmeasure m,,. Therefore, applying (2.18), we
obtain for every n > 1, every k > 1, and every e € IN that

()= Y (W) < D exp(sup(Skflw) — Puk)

k . — k . —
wGEl”.wkfe wGE’Ln.wkfe

<e ™E N exp(sup(Sk-1 1) + sup(fe))

R
weEln.wk—e

k—1
< e~ Pik (Z eSUP(fl[i])> &SP (flie))

i€ IN



2.7 The existence of eigenmeasures of the conjugate 51

Therefore,

k—1
i (my  ([e + 1, 00) (Z eSup (£l ) Z esup(fli)

i€IN j>e

Fix now € > 0 and for every k£ > 1 choose an integer ny > 1 such that

k—1
o Pk (Z esuP(fm)) Z sl <

i€IN J>ng

£

Then, for every n > 1 and every k > 1, ﬁ@n(ﬂ'lzl([nk +1,00))) < 5%.
Hence

my | BN H[l,nk] >1— Zmn(w,;l([nk +1,00)))
E>1 k>1

Since E* N [[4>,[1,nk] is a compact subset of E>, the tightness of
the sequence {'ﬁz;}nzl is therefore proved. Thus, in view of Prohorov’s
theorem there exists 7, a weak-limit point of the sequence {7, }n>1. Let
now Loy = e PrL, and Lo = e P L be the corresponding normalized
operators. Fix g € Cp(E*) and € > 0. Let us now consider an integer
n > 1 so large that the following requirements are satisfied.

D llgllo exp(sup(f1ia) = P()) < o (2.32)
> llglbexp(sup(fla))e ™ (P ~Pu) < 5. (2:33)
i (9) = ()| < . (2.34)
and
‘/ﬁo(g)dm— /L’O(g)dmn < % (2.35)

It is possible to make condition (2.33) satisfied since, due to Theorem
2.1.5, limy, 0o P, = P(f). Let g, = g|Efo. The first two observations
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are the following.

£5 i (g) = / S gliw) exp(f(iw) — Po)diitn(w)

Fee i<n:Aiu, =1

- / 9(iw) exp(f (iw) — P )diitn (@)
ElO,oL i<n:Aju, =1 (236)

:t/ g (i) exp(f (i) — P, )diinn ()
ElO,oL i<n:Aje, =1

= ES nmn(gn) = mn(gn)

and

m&%%wm@%i/(%—mw%:/iowmza (2.37)

Using the triangle inequality we get the following.
|Lom(g) —m(g)| < |Lom(g) — Lomn(g)]
+ |‘C8mn(g) - ‘Ca,nmn(g”
+ |L(§$nmn(g) - mn(gn)l
+ |mn(gn) - mn(Q)' + |Thn(g) - m(g)|

(2.38)

Let us now look at the second summand. Applying (2.33) and (2.32) we
get

[Lomn(9) = Lonmn(9)]

/E Y g (enf i) - P()

i<n:Ag,, =1

— exp(f(iw) — Pp))) din ()

+ /Em Z g(iw) exp(f(iw) — P(f))dmy,(w)

i>n:Ajw, =1
<3 glloe! e P (P(f) — P) (2:39)
i<n
+ " llglloexp(sup(£li — P(f))
>n
<> llglloexp(sup(flg))e™" (P() — Pu) + ¢
i>1
€ € €
<—t+-==.

[=p}
[=p}

3
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Combining now in turn (2.35), (2.39), (2.36), (2.37) and (2.34) we get
from (2.38) that

[Lim(g) — mlg)| < 5 +

Letting € N\, 0 we therefore get Lim(g) = m(g) or Lim(g) = ePDNin(g).
Thus, E}Zm =P,

As an immediate consequence of this theorem and Theorem 2.3.3, we
get the following important result.

Corollary 2.7.4 Suppose that f : E*° — IR is a Hdélder continuous
bounded function such that

> " exp(sup(fe)) < oo

ecl

and the incidence matriz is finitely irreducible. Then there exists a Gibbs
state for f.

As an immediate consequence of Theorem 2.7.3, Theorem 2.3.6,
Theorem 2.3.3, and Theorem 2.2.4, we get the following.

Corollary 2.7.5 Suppose that f : E*° — IR is a Hélder continuous
bounded function such that

> exp(sup(flie))) < o0

ecl
and the incidence matrix is finitely irreducible. Then

(a) There exists a unique eigenmeasure my of the conjugate Perron—
Frobenius operator E;‘c and the corresponding eigenvalue is equal
to eP(f),

(b) The eigenmeasure s is a Gibbs state for f.

(c) The function f: E*° — IR has a unique o-invariant Gibbs state
fiy. In case the matriz is finitely primitive, this Gibbs state is
completely ergodic and the stochastic laws presented in Section 2.5
are satisfied.



3

Holder Families of Functions and
F-Conformal Measures

In this chapter we come back to the setting from Chapter 1. Our aim
here is to define summable Holder families of functions and with the help
of the machinery developed in Chapter 2 to construct F-conformal meas-
ures, which in turn will be used in Chapter 4 to construct geometrically
significant conformal measures.

3.1 Summable Holder families

Let F' = {f(): Xie) — IR : e € I'} be a family of real-valued functions.
For every n > 1 and 8 > 0 let

VW(F) = Sup sup {|f(W1)(¢0'(w) ((L’)) - f(wl)(¢a(w) (y))|}eﬁ("_1)
wEE™ z,y€X ()

We have made the conventions that the empty word ) is the only word of
length 0 and ¢y = Idx. Thus, V1(F) < oo simply means the diameters
of the sets f/(X) are uniformly bounded. The collection F' is called a
Holder family of functions (of order () if

Va(F) = sup{V,(F)} < 0. (3.1)

n>1

The Holder family F' is called summable (of order ) if (3.1) is satisfied
and

(e)
Z e ]lo < oo. (3.2)

ecE
We define the topological pressure P(F) of F by setting

1 o
p(F) = Jim Lo Y e (37 00

wen J=1 0

54
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= lim —log Z exp supi“’J 0 Pgiw | »

n—oo N
weEn
where | - ||o denotes the supremum norm. Given n > 1 and w € E™ we
define the function S, (F) : Xy, — IR by declaring

= zn:f(wj) © (bo’jw'
j=1

Repeating with obvious modifications the proof of Theorem 2.1.3 we find
the following.

Theorem 3.1.1 We have

P(F) = inf {t ceR: Z exp(sup(Sw(F)))e*t‘“" < oo} .

weE*

Let us now prove the following version of the bounded distortion prop-
erty.

Lemma 3.1.2 Ifw € E* and x,y € Xy,) No-(Xy(r)) for some T € E*,
then

V(F)e? 4.
S (F) (&) — Su(F))| < LI ool
e
Proof. Let n = |w|. Write 2 = ¢, (u), y = ¢-(w), where u,w € Xy,
By (3.1) we get

Zf ¢0Jw Zf(wJ) y )

= Z f(WT)j © ¢ajwr(u) - Z f(WT)j © Qsajw‘r(w)

j=1 j=1
= Z ’f(WT)j © ¢zﬂw7— (u) - f(WT)j © ¢zﬂw7’ (U})
< V(F)e—ﬁ(”'i'\ﬂ—j—l)

V(F)e® |
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Set

T(F) = exp (V(F)eﬁ> .

1—e 8

In order to connect with the previous chapter we now introduce a po-
tential function or amalgamated function, f : E°° — IR, induced by the
family of functions F' as follows.

fw) = fe(m(o(w)))

Our convention will be to use lower case letters for the potential function
corresponding to a given Holder system of functions. The following
lemma is a straightforward consequence of Lemma 3.1.2.

Lemma 3.1.3 If F' is a Hélder family (of order 3) then the amalgamated
function f is Hélder continuous (of order (3).

The following result demonstrates that the concept of topological pres-
sure P(F') can, in fact, be reduced to the topological pressure introduced
in the previous chapter.

Proposition 3.1.4 P(F) = P(f).

Proof. First notice that for every n > 0, every w € E™ and every
7€ E® with A, -, =1

n

Su(F)(T) =Y 1“0 dgin(r) =Y (o7 wr)

Jj=1 j=1
n—1

=Y floIwr) = Spf(wr).
j=0

Hence,
lexp S, (F)|lo > exp(sup{Snf(wr) T EE® Ay = 1})
= exp(sup(Sn flw)))-
And therefore P(F) > P(f). Fix now an arbitrary 7 € E*° with A, ,, =
1 and consider an arbitrary x € X. Then, by Lemma 3.1.2 we have
exp S (F)(2) < o7 exp(SL(F) (r(r)
<TG, flwr) < e )exp(sup(S fli)-
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Therefore exp (sup Sw(F)) < eT(F) exp(sup(Snf“w])) and consequently,
P(F) < P(f). O

3.2 F-conformal measures

A Borel probability measure m is said to be F-conformal provided it
is supported on the limit set J and the following two conditions are
satisfied. For every w € E* and for every Borel set A C X,

m(6(4)) = [ esp(S.(F) = P(Pu) dm (3:3)
and for all incomparable words w, 7 € E*

m<¢w(Xt(w)) N (bT(Xt(w))) =0. (34)

A simple inductive argument shows that instead of (3.3) and (3.4) it is
enough to require that for every 7 € I and for every Borel set A C X(;

m(oi(4)) = [ exp(sO —P(P)) dm (35)
and for all 4,5 € I, i # j
m(di(Xiiy) N ¢5(Xuz))) =0 (3.6)

Given a € I set

Xo = U u(Xewy)-

bel:Ayp=1

We shall prove the following auxiliary result.

Lemma 3.2.1 If m is a Borel probability measure on J such that (3.4)
holds and (3.3) is satisfied for all Borel sets A C X;, i € I, then m is
F-conformal.

Proof. Since for every i € I, (X \ Xi) NJ = (), we have
Take now an arbitrary element ¢ € I and consider an arbitrary element
z € ¢ (Xiiy \ X;) NJ. Then z = 7(w) = Pu, (7(0(7))) for some w € E>
with wy # . Hence J N ¢; (Xt(i) \Xz-) C U#i ?; (Xt(j)) N ¢; (Xt(i)) and
consequently by (3.6)
m (i (X \ X)) = m(J N ¢ (Xtu') \ Xi))
<D m(6 (Xup) N6:(Xuw)) = 0.

J#i
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Therefore using (3.7) we obtain by induction, for every w € E* and
every A C Xy(u),

m(6u(A)) = m(du(AN X, ) = / exp(Su(F) — P(F)|w]) dm

ANX.

= /Aexp(Sw(F) — P(F)|wl) dm.
(3.8)
]

We shall now provide some sufficient conditions for the existence (and
uniqueness) of F-conformal measures. Our first condition comes from
the following definition. Namely, we say that an iterated function system
{¢; : i € I} satisfies the strong separation condition if

$:(X) 16;(X) =0

for all 4,5 € I, i # j. Our second condition is somewhat technical and
may seem strange at first sight. Its real geometrical meaning will become
clear in the next chapter, which is devoted to conformal systems.

Definition 3.2.2 Given q¢ > 1, we say that two different words p, 7 € E*
of the same length, say n > q, form a pair of q-codes of a point x € X if
T € ¢p(Xy(p)) G- (Xy(7)) and ply—q = T|n—q. The GDMS S is said to be
conformal-like if for every g > 1 there is no point in X (or equivalently
in J) with arbitrarily long pairs of g-codes.

Of course each system satisfying the strong open set condition is confor-
mal-like. It will turn out in the next chapter that each conformal system
is conformal-like.

Theorem 3.2.3 Suppose that the GDMS {¢; : i € I} is conformal-like
and that the incidence matriz is finitely primitive. If F is a summable
Hélder family of functions, then there exists a unique F'-conformal meas-
ure mp. Moreover mp = g o w ', where My is the eigenmeasure of
the conjugate Perron—Frobenius operator L.

Proof. By Corollary 2.7.5(a) there exists m, an eigenmeasure of the
conjugate operator E}Z associated with the amalgamated function f :
E> — IR, and the corresponding eigenvalue is equal to e®/). Let
mp = mpon L. We shall show that mp is an F-conformal measure.

And indeed, suppose on the contrary that mp (¢, (X)) Ner (Xyry)) > 0
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for some two incomparable words p, 7 € I'* with i(p) = i(7) = v for some
v € V. We may assume without loss of generality that p and 7 are of
the same length, say ¢ > 1. Let E' = ¢,(Xy(,)) N ¢+ (Xy(r)) and for every
n>1,let £, = UwéE”:t(w):'u ¢, (E). Since each element of F,, admits
at least two g-codes of length n + ¢, we conclude that

o0

AUF-0
k=1n=k

On the other hand, En, = U e pn.(w)=p P (E) D (o~ (7~ 1(E))), which
implies that 7= 1(E,) D o (7~ }(E)). In view of Corollary 2.7.5(c)
there exists a o-invariant Gibbs state p for f which, by Proposition 2.2.2,
is equivalent with m = mp. Hence a(n=1(E,)) > (e~ (r"Y(E)) =
fom Y(E) > 0. Thus,

por ! (ﬁ G En> >por Y(E)>0.

In particular, Ny, U;— En # 0. This contradiction shows that prop-
erty (3.4) holds. In order to prove (3.3) fix w € E*, say w € E™, and a
Borel set B C Xy(). Put

’/T(Zl(B) ={re 7r_1(B) c Ay, =1}

and consider an element 7 € 7~1(B) \ 7;1(B). Then A, ,, =0 and, on
the other hand, 7(7) € B C Xy(,) which implies that 7(7) = ¢;(Xy(;))
for some i € I such that A, ; = 1. Hence i # 71 and 7(7) € ¢3( X)) N
¢r, (X¢(r,))- Therefore

m(n (B)\ 7, (B)) € | ¢i(Xuiy) N 65(Xugj))
i

and, using (3.4), we consequently get

(Y (B)\ 751 (B)) <mon ' | | di(Xiw) N bs(Xus)
i#£]

=mp | Jo:i(Xe) N (Xi(5) | =0
i#j
It is straightforward to check that

7 (¢u(B)) O lwr ' (B)]-

w
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Consider then an element p € 77 (¢,(B)) \ [wr;(B)]. Then 7(p) =
buwi(x), where A, ; =1, ¢i(z) € B and p ¢ [wr, (B)]. If plnt1 = wi,
then x = (0" *1p) and we deduce that 7(p"p) = ¢;(7(c"H1p)) = ¢:(z),
and consequently p = wioc™ 1 (w) € [wr;1(B)]. Therefore pl,+1 # wi
and we get that

pu(B)\ wr (B ! U o Xim) Nén(Xigp)

T nEET T Ty

Using (3.4) and the definition of the measure mp we therefore deduce
that

m (17 (6o (B) \ [wrs ' (B)]) =0.

\
Combining this equality, (3.9) and (2.18), we can write
mp(¢u(B)) =mor ! (¢u(B)) = ([W7T L(B)))
(S

— P(f)n)din(p)

:/ exp(Su,F — P(F)n)dmp.
B

So, by Lemma 3.2.1, the proof of the existence part is complete.

In order to prove uniqueness suppose that v is another F-conformal
measure. In view of (3.4) there exists a unique probability measure  on
E* such that v =0on!. Fixn>1, w € E" and a Borel set A C E*®
such that A, r—1 = 1 for every 7 € A. Then 7w(A) C X, and using
(3.3), we get

([wA]) = v(r([wA])) = v(du(r(A4))) = /(A) exp(SuF' — P(F)n)dv

- /A exp(Snf (wp) — P(f)n)ds.

Therefore, in view of Remark 2.3.2, v is an eigenmeasure of the operator

L corresponding to the eigenvalue eP(). Hence, by Theorem 2.3.6,

v=m. Thusv=von ! =rmon ! =mp. U
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We shall now prove a result which, though simple, is rich in geometric
consequences.

Lemma 3.2.4 With the same assumptions as in Theorem 3.1.7 we have
M =min{mp(X,):v eV} >0.

Proof. Since the graph I' is strongly connected, there exists e € I such
that i(e) = v. Using (2.20) we then get

me(X,) = me(le]) = CT(f) ™ (#A) " exp(sup(fl) — P(F)) > 0.
O

Keeping the assumption that the system .S is conformal-like and F is a
summable Holder family of functions we put

MF:ﬂfOW71~ (3.10)

Since pp is equivalent with mpg with Radon-Nikodym derivatives boun-
ded away from zero and infinity, we call up the S-invariant version of
mpg.

Remark 3.2.5 We would like to draw the reader’s attention to the fact
that in proving uniqueness in the previous theorem we have, in fact,
demonstrated more. Namely, if we assume that a measure m supported
on J satisfies (3.4) and (3.3) with an arbitrary constant L replacing the
constant P(F'), then m o7 is an eigenmeasure of the conjugate Perron—
Frobenius operator L3 corresponding to the eigenvalue el. It then in turn
follows from Theorem 2.3.3 that L = P(f) = P(F), and consequently,
m is F-conformal.



4
Conformal Graph Directed Markov Systems

This is the central chapter of our book. We present here the basic
and more refined geometric properties of limit sets of conformal Graph
directed Markov systems.

4.1 Some properties of conformal maps in R? with d > 2

In this section we study in detail analytic, geometric and especially dis-
tortion properties of conformal maps in any dimension d > 3. We say
that a C! diffeomorphism (homeomorphism) ¢ : U — IR%, d > 1, from
an open connected set U C IR" to IR? is conformal if its derivative at
every point of U is a similarity map. By ¢'(z) : R — IR? we denote the
derivative of ¢ evaluated at the point z and by |¢’(z)| its norm, which
in the conformal case coincides with the coefficient of similarity. Note
that for d = 1 C'-conformality means that all the maps ¢., e € I, are
C'-diffeomorphisms and monotone, for d > 2 the words C'-conformal
mean holomorphic or antiholomorphic, and for d > 3 the maps ¢, e € I
are Mobius transformations. More precisely each C''-conformal homeo-
morphism ¢ defined on an open connected subset of IR?, d > 3, extends
to the entire space IR? and takes the form

b =Noig, +b, (4.1)

where 0 < A € R is a positive scalar, A is a linear isometry in IR?, ia,r
is either inversion with respect to the sphere centered at a point a and
with radius 7, or the identity map, and b € IR. In the sequel A will
be called the scalar factor and a = ¢~*(c0) will be called the center of
inversion. If A is the identity map, ¢ will be called a conformal affine
homeomorphism. The proof of this characterization of C'-conformal
homeomorphisms in the dimension > 3 can be found in [BP] for example,

62
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where it is called Liouville’s theorem. In particular it is easy to compute
that

Ar? ¢'(2)
¢'(2)] = ———— and =1d - 2Q(z — a), 4.2
= TR M ) Fra
where Q(z) is the matrix given by the formula
Zizj
Q(z)ij = —
AN FE

In dimension d = 2 we will extensively use the following celebrated
Koebe’s distortion theorem (see e.g. [CG]).

Theorem 4.1.1 If w € € and g : B(w,R) — € is a univalent holo-
morphic function, then for all z € B(w, R),

1 |z—w] ’ .
i VA GO R e ol el U B

I EE A A () | R SR P

TR - TR

Fix 0 < v < 1/2 so small that

= max 1+7 177 -
By = {(1—7)3’<(1+7)3> }Sﬁ' (*3)

We will need the following fact, which is in a sense an improvement of
Koebe’s distortion theorem (Theorem 4.1.1).

Theorem 4.1.2 There exists a constant K3z > 1 such that if x € C,
R >0 and ¢ : B(z, R) — € is a univalent conformal map, then

90~ & @) < 21 @)y ol

forally e B (ac, (min {’y, 2”—4})R)

Proof. Since each conformal map in the plane is either holomorphic or
antiholomorphic and since complex conjugation is an isometry, we may
assume without loss of generality that ¢ is holomorphic. A holomorphic
function g : ID — € (ID = {z € € |z| < 1}) is called a Bloch function if

lglls = sup {(1 —[2[*)]g' ()]} < co.
zeID

If f:ID — ('is a univalent holomorphic univalent map, then (see [Po2,
p.73]) log f’ is a Bloch function and ||log f’||z < 6 for every branch of
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logarithm of f’. Since the function z — ¢(z + Rz) is univalent and
holomorphic on ID, using the chain rule twice, we conclude that

(log ) (u)| < (1.4)

for all w € B(x, R/2). Denote by log (45/(( ))> the branch of the logar-

ithm of the function w ¢ ( ) deﬁned by the formula w +— log ¢’ (w) —

log ¢'(x). Since log¢'(y) — log¢'(z fy log @'Y (2)dz for all y €
B(z, R), using (4.4) we get

¢'(y) 8
g (S| = llog /) —og ) < ly—al  (45)
forally € B(x, R/2). If now y € B(z,vR), then in view of Theorem 4.1.1
and the choice of v, we find

PAEAC)

< 4.6
5|7 (w) V2 9
If nowy € B ( T, 5r ) then using (4.5) we obtain
8 nR =w
‘ ( ’ R 24 3 (47)

If logw, for w in the right half plane is the branch of the logarithm
w—1
log w

sending 1 to 0, then the function is analytic on the right plane.

Therefore putting

F={zeC: \/_<|z|<\/§and |[Arg(z)| < m/3}
we get that
-1
C’:—sup{w—’:wEF}<oo. (4.8)
log w

Since all branches of the logarithm differ by 27in, n € Z, we conclude
that (4.8) remains true (perhaps with a larger constant C) if by logw
we mean any value of the logarithm. Combining (4.5)—(4.8), we get
¢'(y ¢'(y 12C
/( ) 1 g /( ) < 1 |y o 5U|

¢ () ¢ (x) R

forally € B (m, (min{~y, 2”—4})1%) Therefore, putting K3 = 8C} completes
the proof. O

—1’§Cl

In the dimension d > 3 we have the following.
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Theorem 4.1.3 Suppose that Y is a bounded subset of IR?, d >3, and
W is an open subset of JR_d containing Y. Then there exists a constant

Ky > 1 such that if ¢ : R — IR? is a conformal diffeomorphism such
that ¢(W) C W, then

16" ()| = 16/ (2)] < Kul¢'(2)]| - |y — x|
for all x,y € Y. In particular

¢'(W)| ,

7 () <14 Kydiam(Y).
Proof. In view of (4.1) there then exist A > 0, a linear isometry A :
RY — IR? an inversion (or the identity map) i = i,, and a vector
b € IR? such that ¢ = MA oi+b. When i is the identity map the
statement of our theorem is obvious. So, we may assume that i is an
inversion. Since (W) C W C IR, a ¢ W. Therefore for all 2,y € Y

lz—all llz—yl+ly—all _, llz—yl

ly — all ly — all ly — all
<14 'diam(Y)

dist(Y, 0W)

(4.9)

Thus, using (4.2), we get
¢ ()] diam(v) '}
oo < (1 o)

The proof of the second part of our theorem is complete. In order

to prove the first part we may assume without loosing generality that
|¢'(z)| < |¢'(y)|. Using (4.2) and (4.9) we then get

60 - 16 @ <16 @I (50 -1) =l (=2 1)

- (f=a =) (=i +)
) Y L=

<¢'(z)| ( + dist(Y,0W) /) |ly — a|

) diam(Y) = —yll
< ¢/ ()] (2 + Ty, 8W)> dist(Y, W)

= (2 + dii??%/)) {dist(l;, aw) } /@)1 - ly = =l

The proof is thus complete. O




66 Conformal Graph Directed Markov Systems

As an immediate consequence of Theorem 4.1.2 and Theorem 4.1.3, we
obtain the following bounded distortion result.

Corollary 4.1.4 Suppose that Y is a bounded subset of IR?, d > 2, and
W is an open subset of IR containing Y. Then for every € > 0 there
exists & > 0 such that if ¢ : R¢ — R? is a conformal diffeomorphism
such that (W) C W, then

Pl

671
(I+e) < )] =

for allz €Y and all y € B(x,0).

As an immediate consequence of Theorem 4.1.2 alone we get the
following,.

Theorem 4.1.5 If x € €, R > 0 and ¢ : B(z,R) — € is a univalent
holomorphic map, then

6(y) — d(x) — ¢/ (x)(y —2)| < %W(w) Ny = =|?

forally € B (ac, (min{’y, i)}R), where 7 is defined by (4.3) and Ks
comes from Theorem 4.1.2.

Proof. In view of Theorem 4.1.2 we get

6(y) — d(x) — ¢/ (2)(y — )|

Y

=| [ ¢()dz— [ ¢(2)dz[ = [ (¢'(z) = ¢'(x))dz|
Ks, _ & / 2
< 2 @)y~ 2l |y 2l = S @)y — ol
The proof is finished. O

In the case d > 3 we have a similar result.

Theorem 4.1.6 Suppose that Y is a bounded subset of IR?, d > 3, and
W is an open subset of IR® containing Y. Then there exists a constant
K5 > 1 such that if ¢ : R¢ — R is a conformal diffeomorphism such
that (W) C W, then for all x,y € Y we have

le(y) — ¢(z) — ¢'(2)(y — 2)|| < Ks|¢' ()] - lly — |
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Proof. Write ¢ = MA ois, +0b. If iy, is the identity map, then the
left-hand side of the claimed inequality is equal to 0 and we are done.
Otherwise, putting ¢ = i, , and using (4.2), we get

#y) — ¢(x) — ¢'(2)(y — =)
=Moi(y) —Noi(z) — Ao i (z)(y — )
= M(i(y) —i(z) —i'(y — 2))

y—a 2 T—a
=M r? —
(7" ly—al> " Jlz—al? (4.10)

7Hxi7aﬂ2 (Id — 2Q(z — a)) (yw)>
—)\7"2A< y—a T —a (IdQQ(xa))(yfc)>’

ly —all®  lz —a]? [l —all?

Since it is straightforward to check that

Q(z —a)u = w(m —a),

e —al?

where (-, -) is the standard inner product in IR?, we can write

_y—a r—a (Id -2Q(z — a)) (y — x)
T lly—al® z—a® |z — all?
y—=x T—a T—a y—x
Cly—al? T ly—al®  z—all?  [z—af?
+27<m—a,y—m>(mia)

[l = al*

B <||yla2 B xlaz) (y — )
( 1 B 1 +2<m—a,y—x>)(xa)'

ly —al® llz —af? [l = al*

+

Write now

r—a=oay—=z)+ By —=z)",

where (y — x)* is a vector perpendicular to y — z with ||(y — z)*|| =
ly — x||. Then

lz = all* = (@® + 8%)lly — 2]1%, lly - all* = ((a + 1)* + 8%)lly — =|?
and (4.11)

(@ —ay—a)=ally -z
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Thus
1 1 1 1
A—( - +a< -
ly—al?® |lz—al]? ly —al* [lz—al]?

S R

fo—al®
v 0 (e e ) "
_xjaw{ﬁafﬁfiﬁ1+“<G£%%€E50
—%Eééﬁ)@—mﬂ+ﬁ(wi:;fﬂ2—1+affw)(y—mi}
(e e ) oo

(4.12)

Now, a direct calculation using (4.11) shows that

’(1+a)(a2+ﬂ2) la? + a2 — 3ap% — 32

o2
(a+1)2 + 32 7(1+a)+a2+ﬁ2|:(a2+ﬁ2)((a+1)2+ﬁ2)
_ ly — | 3 23,32 _ 32
= o aPly—ap® T T30
ly —=|*

(la]* + o® + 3[a|B® + 5%)

= T —alPly —al?
3
Iy = =11 2~ all\* | Jlo—al?
= 2 2 4 + 2
o= alPTy=al? \"\ly=2l) "y =2l
< lyal (el lo-el)y
ly=al \Ty=all " Ty=al

<waMymea)+Hyﬂ0

~ ly —all |y — all ly — al
Sy—w(5y—w+4)
ly —all \"lly — a

1 /5diam(Y
< (———Ll+4)M—xw

R R
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where R = dist(Y,0W) and
a? + 2 2a

N atipre e
_ |ﬁ||30(2—62+204| < |ﬁ|(3a2+ﬁ2+2|a|)” 71,“4
T @012+ = Je—aPly—a® "
B 1 4<xa||)3+2<xa||)2 —
= lz = al?ly — al? |y — | |y —
ly — | Ny —=|

(@llz —all +2[ly —z])) < all2 (4lly — all + 6[ly — 2[))

=y —al? = lly —all?

1 ( ly — x||) 1 6diam(Y)
< 4+6 ly—z| <5 4+ ——— | ly—=l.
ly — all ly —all R R

Therefore, combining these two estimates with (4.12), we find there is a

constant K5 such that

1
1A € ——3
[l — all?

It now follows from this along with (4.10) and (4.2) that

Ks|ly — x|,

2

Ar
I < WKSHKJ ol|* = Ks|¢' ()| ly—]*.

lp(y) — () — &' (z)(y —)
]

Given a point # € IR, a vector u € IR? and an angle o € (0,7/2) we
put
Con(z, o, u)
={ye R": Z(y —x,u) <aand [ly — 2| < [jul]}
={y e R?:cos Z(y — x,u) > cosa and ||y — z|| < |lu||}
={y e R": {y —z,u) > cosallul - |y —z| and |y — 2| < |u]}

and we call Con(z, o, u) the cone generated by x,« and u. We prove the
following geometrical fact about conformal maps.

Theorem 4.1.7 Suppose that Y is a bounded subset of IR?, d > 2, and
W is an open subset of IR? containing Y. Then for every e € (0,7/2)
there exists § > 0 such that if y €Y, ||u|| < 6 and o € (0,7/2 — €), and
¢: W — W is a C! conformal diffeomorphism, then

¢(Con(z, a,u)) C Con(p(z),a + €,2¢' (x)u).
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Proof. Since in the case when d = 2, the conformal diffeomorph-
ism is either holomorphic or antiholomorphic and since complex con-
jugacy is an isometry, we may assume that if d = 2, then ¢ is holo-
morphic. In view of Theorem 4.1.6 and Theorem 4.1.5, putting K¢ =

max {K5, W} we see that if x € Y and |y — x| < min{y, 5;dist
(Y,0W)}, then

lo(y) — ¢(2) — ¢'(2)(y — 2)|| < Kel¢' ()] - lly — |*. (4.13)

Fix n > 0. In view of Theorem 4.1.3 and Theorem 4.1.2 there exists
9 < 6 < min{, g3dist(Y,0W)} (independent of ¢) such that

9" (y)]
|¢' ()]

for all z € Y and all y € B(x,6). Fix in turn u € R? with |jul| < §. If
ly — || < u, then

(1+n) ' <

<147

le(y) = @)l < (L + " @) - lly — 2l < (1 +m)e" (@) - [|ull

— L+ )¢ @l (1)

Now,

(d(y) = ¢(x), (1 +n)¢' (z)u)
= (¢ (2)(y — x), (L + )¢/ (x)u) (4.15)
+ () — d(z) = ¢ (2)(y — 2), (1 + )¢ (x)u > .

If y € Con(x, o, u), then using (4.14), we get

(@' (@)(y — x), (1 + n)¢' (x)u)
(L+n)le' @)y — 2, u)

(1 + )¢’ (@) cos al|ul|[ly — |
cos |’ (z)ull|¢(y) — d()]-

On the other hand, it follows from (4.13) that

} (4.16)
>

(6(y) — d(x) — ¢'(2)(y — x), ¢’ (z)u)]
< lély) = d(x) — ¢'(@)(y — )| - I¢'(@)ull (4.17)
< Kol¢' () - lly — 2| - [|¢' ()ull.



4.2 Conformal measures; Hausdorff and box dimensions 71
Assuming § > 0 to be smaller than (2K¢) ™!, we obtain from (4.13) that
lo(y) — (@)l = ¢ (2) - ly — || — Ksl¢' ()] - [ly — ]|
6/ (@)] - ly — @l| = Keol¢'(x)] - lly — ]| (2Ke) ™

1 /
S8 @)y — 2l

v

v

Therefore, we can continue (4.17) as follows

(o(y) = d(x) — ¢/ (2)(y — x), ¢' (z)u)]
< 2K¢|¢'(@)ul - lo(y) — @)l - ly — ||
< 2K60(1+ )" (11 +m)¢' (@)ul)6(y) — d(2)]-
Combining this and (4.15) we get

(0(y) = ¢(x), (1 +n)¢' (z)u)
> (1+m)~ (cosa — 2K68) (|1 + n)¢' ()ul) | 6(y) — ¢(@)]1).-

Taking now 0 < < 1/2 and § > 0 so small that arccos(1-+n)~!(cosa—
2K¢6)) < o + €, this inequality along with (4.14) shows that

¢(Con(z, a,u)) C Con(p(x), + €, (1 + )¢’ (z)u)
C Con(¢(z), a + €,2¢' (x)u).

4.2 Conformal measures; Hausdorff and box dimensions

We are now in position to introduce and explore the central object of this
book. Namely, we call a GDMS conformal (CGDMS) if the following
conditions are satisfied.

(4a) For every vertex v € V, X, is a compact connected subset of a
Euclidean space IR? (the dimension d common for all v € V') and
X, = Int(X,).

(4b) (Open set condition)(OSC) For all a,b € E, a # b,

Ga(Int(Xy(a)) N dp(Int(Xyp)) = 0.

(4c) For every vertex v € V there exists an open connected set W, D X,
such that for every e € I with ¢(e) = v, the map ¢, extends to a
C' conformal diffeomorphism of W, into Wicey-
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(4d) (Cone property) There exist v,l > 0, v < 7/2, such that for every
r € X C IR? there exists an open cone Con(z,,1) C Int(X) with
vertex x, central angle of measure v, and altitude [.

(4e) There are two constants L > 1 and « > 0 such that

[0l = le(@)I] < Lll(¢e) 7M™ ly — ]|

for every e € I and every pair of points z,y € Xy, where |¢[,(z)|
means the norm of the derivative.

Since for every 0 < r < max{dist(X,,W,)} and every e € I, we have
¢e(B(Xi(e), 7)) C B(Xy(iy,7) and since the set of vertices V' is finite, as
an immediate consequence of Theorem 4.1.2 and Theorem 4.1.3, we get
the following remarkable result.

Proposition 4.2.1 If d > 2 and a family S = {¢e}ecr satisfies condi-
tions (4a) and (4c), then it also satisfies condition (4e) with o = 1.

As a rather straightforward consequence of (4e) we get the following.

Lemma 4.2.2 If S = {¢c}ecr is a CGDMS, then for oll w € E* and
all z,y € Wy, we have

[log L, ()] — log ¢, (2)|| < 7= lly — =*-

Proof. For every w € E* say w € E”, and every z € Wy, put
2k = Pun_ppr © Pun_sys © 0 0 G, (2); PUL also zg = 2. In view of (4e)
for any two points z,y € Wy, we have

llog(|¢L, (y)]) — log(|¢l, ()])]
_ - |¢wJ(yn J)| |¢wj(xn J)|
=D log (1 + (60, (ny)] )

1(¢%,) " Ml 2%, (=) — 160, (z0—j)l|

IA
=7

= (4.18)
< zn:Lh/n i Tn—j|®
=
DS ol < Ty
i O

As a straightforward consequence of (4e) we get the following.
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(4f) (Bounded distortion property). There exists K > 1 such that for
all w € E* and all 7,y € Xy,

6L ()| < K¢, (2)]-

We shall now prove some basic geometric consequences of the properties
(4a)—(4f) and the results proved in the previous section.

We would like to point out that in the case d > 2 property (4f) was
already established in Corollary 4.1.4. As an immediate of the Mean
value inequality and property (4f) we get the following. For all finite
words w € E*, all convex subsets C' of Wy, all x € Xy, and all radii
r< diSt(Xt(w), 8Wt(w))

diam(¢., (C)) < [|¢,,l|diam(C), ¢ (B(x,7)) C B(dw (), ¢, [lr). (4.19)
We shall prove that there exists a constant D > 1 such that
diam (¢ (Wiw))) < DI, (4.20)

for all finite words w € E*. And indeed, take 0 < r < 1 min{dist(X,,
OW,) : v € V}. Then ¢¢(B(Xie), 7)) C B(Xye),r) for all e € I,
and as W, we may take the ball B(X,,r) for every v € V. Since

each set B(X,,r) is compact and connected, we may cover it by fi-
nitely many balls B(z1,27), ..., B(xy(),2r) for some ¢(v) > 1 with the
centers x1, ..., Tq() in X,. Using then (4.19) we conclude that

diam (¢o(Wew))) < a(t(@)) 6L [147 < DIIgL ],

where D = 4r max{q(v) : v € V'}.
We shall now prove the following formula.

$u(B(@,7)) D B(u (), K[| ¢, ]Ir), (4.21)

for all finite words w € E*, all x € Xy(,,) and all 0 < dist(X (), OWy ().
And indeed, B(z,7) C Wy(,)). Take also any w € E* and let R > 0 be
the maximal radius such that

B(¢o(x), R) C ¢u(B(z,7)). (4.22)
Then 9(B(¢u(z), R)) N0 (¢ (B(z,7))) # 0, and in view of (4f) we have
¢5" (B(¢u(2),R)) C Bz, [(¢5")|IR) € Bla, Kll¢,,| 7' R)

which implies that B(¢,(z), R) C ¢ (B(z, K||¢,||"'R)). Therefore
K||¢L|I"*R > r and using (4.22) we obtain (4.21). We shall now prove
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the following inequality, perhaps with a larger constant D.
diam (¢, (Xi(w))) = D71, | (4.23)
for all finite words w € E*. And indeed, for every v € V' put
r = min{dist(X,,0W,) : v € V}.
Fix z, € X, and y, € (X, \ {v} N B(z,, K~ 'r). For every w € E*
we have by (4.21), ¢u(B(%i(w),7)) O B(¢w(2i(w)), K¢} ]lr) and by

(4.19), b0 (Yt(w)) € B(duw(®i(w)), KH|@L|r). Therefore, applying the
mean value inequality to the map ¢ ! restricted to the convex set

B(¢uw(®4(w)), K |4 ||r) along with (4f), we obtain the following.

Ye(w) = e || = 105" (0w (Weiw))) — (851 (dw (o))
< K621 1w (We(w)) = (Po(@ew)l
< K601 M0 Wiw)) = (Do (@ew)]-

Thus

diam((bw (Xt(w))) > ||¢w (yt(w)) - ¢w(xt(w))||
> K HGLI - yeqw) — Tl
> K~ min{[|y, — @[] : v € V}||¢L]]

and we are done.
In the case when d > 2 the following proposition follows immediately
from Theorem 4.1.7 and if d = 1 it is an immediate consequence of (4f).

Proposition 4.2.3 For every € > 0 there exists 6 > 0 such that if
we B, xe Xy, ||ul| <0 and a € (0,7/2 —¢€), then

¢ (Con(z,a,u)) C Con(gy,(x), a + €,2¢' (z)u).

We shall prove the following. There exists § > 0 such that if D > 1 is
sufficiently large, then for all w € E* and = € X(,,), we have

buw (Xt(w)) > Con(¢y(z), B, D_l(b/(m)ua:)

o (4.24)
o COH(gﬁw(x),ﬂ,D dlam(¢w(Wt(w)))uz)'

And indeed, if d = 1, the first inclusion is an immediate consequence
of (4.21). So, in proving this inclusion we may assume that d > 2.
Notice that then there exists an integer ¢ > 1 such that for every
x € X there exist unit vectors wui(z),...,uq(x) such that all tuples



4.2 Conformal measures; Hausdorff and box dimensions 75

(ug,u1(z),...,uq(x)) are mutually isometric,
q
Con(z,7y, Ryug) U U Con(z,v, Ryu;(z)) C R (4.25)
j=1
and

q
Con(z,v/2, Riuz) N U Con(z, v, Ryu;(z)) = 0.
j=1

Then, there exists an € > 0 such that

q
Con(z,v/4, Riiy;) N U Con(z,y + e, Ryuj(x)) =0 (4.26)

j=1
for all x € X and all tuples (ig, @1(z), ..., Uq(x)) equivalent with (u,

up(x), ..., uqg(x)) by a similarity map. Let 0 < § < min{dist(X,,0W,) :
v € V} be ascribed to this € according to Proposition 4.2.3. In view
of this proposition, (4.26) and the fact that ¢/ (z) : R? — R is a
similarity map, we get

q

Con(¢o (), 7/4, Ry, 1) N U ¢w(Con(z,7,0u;(x))) =0 (4.27)

for all w € E*. In view of (4.21) and (4.25) we find
s q
6. (Conter. Fu) U 6 (Conte 7,05 00) > Bl ()KL 1),
j=1
This and (4.27) imply that

o (Conti . Fue) ) 5 Conlen o) /4, K6 316L ()] o))
> Con(u (). 1/4, (K1)~ 166, ()

and we can take any D > KL§ ! and 8 = v/4 for the first inclusion
in formula (4.24) to hold. The second inclusion obviously holds if D is
large enough. We are done.

As an immediate consequence of (4.24) we get the following.

Lemma 4.2.4 If S is a CGDMS, then

Ao Sd—l
sup sup #{w € E" : 1 € ¢, (Xyw))} < Aa(S77)

< 00,
n>lzeX 6
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where S~ is the (d—1)-dimensional unit sphere and Ag—1 is the (d—1)-
dimensional Lebesgue measure on S4=1.

In fact we have more.

Proposition 4.2.5 Every conformal GDMS S is conformal-like.

Proof. Suppose on the contrary that S is not conformal-like. It means
that there exist a point * € X, an integer ¢ > 1 and an unboun-
ded increasing sequence {ny}r>1 along with pairwise different words
p*) () € E™ such that

T € rimy (Xy(r0y) N Doy (X))

and p®|,, _, = 7®|, _,. Passing to a subsequence we may assume
that ngy1 — ng > ¢ for every kK > 1. We shall construct by induction
with respect to k > 1 a sequence {Cy}r>1 such that for every k, Cj
consists of at least k£ + 1 incomparable words from {p(j), 7@ .4 < k}.
Indeed, set C; = {p("), 7}, Suppose now that Cj has been defined.
If p*+1) does not extend any word in Cj,, then we form Cj1 by adding
p*+D to C),. We can do a similar thing in case 7(*t1) does not extend
any word in Cj. If, on the other hand, p**t1) extends some word & in
C), and 71 extends a word 7 in Cj, then x and n are both extended
by p**+1 since for j < k, [pW)],|70)| < n; < ng, ngy1 > ng + g, and
pkHD, g =7FFD], .. Since the words in C}, are incomparable,
x = n and this is the only word in Cj, which is extended by both p(*+1)
and 7(*+1)_ In this case we form Cjy; by taking away s and adding
both p+1) and 7*+1. Now the sets {¢.(X;)) : & € Ci} are non-
overlapping since the words are incomparable. By (4.24) we get k + 1
pairwise disjoint open cones each with vertex x and opening angle f.
Since this is impossible if k is large enough, the proof is finished. O

We will frequently make use of the following simple estimate. This sort
of estimate was used by Moran [Mo] in the study of geometric construc-
tions using similarity maps. This includes the iteration of finitely many
similarity maps and was used by Hutchinson [Hu]. The estimate was
extended to the random case in [GMW],to directed graph constructions
using similarity maps in [MW2] and to the iteration of infinitely many
conformal maps in [MU1]. This estimate remains valid when the cone
property is replaced in these arguments by the more general “neighob-
hood boundedness property” as defined and used in [GMW].
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Lemma 4.2.6 If S is a CGDMS, then for every x € X, every k > 0 and
every r > 0, the cardinality of any collection of mutually incomparable
words w € E* satisfying B(x,7)Ndu, (Xyw)) # 0 and diam(¢y, (X)) >
kr is bounded from above by the number Vax~ 9D 3=1(1 + kD~2).

Proof. Let F be such a collection. It follows from (4.24) that
B (X)) D Con(¢,(z,), 3, D"*kr) C B(z, (1 + kD™ ?)r)

for all w € F, where ¢,,(z,,) is on the boundary of ¢, (X¢(.)) N B(z,r).
Hence the cones Con(¢, (%), 3, kD~2r), w € F, are mutually disjoint
and therefore

Va(l+5D=2)%r% = Ag(B(w, (1 + nD~2)r))
> 3 Aa(Con(6, (x.), B, kD~r))

weF
= #FB(kD2r)",
Now, the required estimate follows. O
We shall now introduce the most important technical tool in our ex-
plorations of geometry of limit sets. It was originated in the context
of Fuchsian groups by S. Patterson in [Patt], adopted by D. Sullivan in
[Sul] to the case of rational functions and by the authors to the case of
conformal iterated function systems (see [MU1]). So, given ¢t > 0 a Borel
probability measure m is said to be t-conformal provided it is supported

on the limit set J and the following two conditions are satisfied. For
every w € E* and for every Borel set A C Xy

m(.(4)) = [ 1oL dm (428)
and for all incomparable words w, T € E*

m(60(Xi)) N 6+ (Xi) = 0. (4.29)

A simple inductive argument shows that instead of (4.28) and (4.29) it is
enough to require that for every e € I and for every Borel set A C X ()

m(de(A)) = /A L]t dm (4.30)
and for all a, b€ I, a#b

m(ba(Xi(a)) N oo(Xip))) = 0. (4.31)
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Given t > 0 and n > 1, we denote

Zu(t) = 3 l6LII" and P(t) = P(tLog),

|w|=n
where
Log = {log |¢;|}eel~

We then simply call P(¢) the pressure function. The following simple
but crucial fact about the family Log is an immediate consequence of
Lemma 4.2.2.

Proposition 4.2.7 Log is a Holder family of order alogs.
Let now
F(S)={t>0:P(t) < oo} and 6(S) = inf(F(S)).

The basic straightforward properties of the pressure function are
contained in the following (the first and the last one implied by
Proposition 2.1.9).

Proposition 4.2.8 Suppose that the incidence matriz A is finitely prim-
itive. Then

(a) inf{t: Z1(t) < oo} =0(9).

(b) The topological pressure function P(t) is non-increasing on [0, 00),
strictly decreasing on [0, 00) to negative infinity, convex and con-
tinuous on F(S).

(c) P(0) = oo if and only if I is infinite.

(d) P(t) =inf{u>0:>_ p. gL [|fe "l < oo}

Following the terminology introduced in [MU1] in the context of iterated
function systems we call the system S regular if there exists ¢ > 0 such
that P(t) = 0. It follows from Proposition 4.2.8 that there exists at
most one such ¢. We shall prove the following useful characterization of
regularity.

Theorem 4.2.9 A finitely primitive CGDMS is regular if and only
if there exists a t-conformal measure. If such a measure exists, then
this measure is unique, P(t) = 0 and the t-conformal measure is tLog-
conformal.
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Proof. Suppose that a t-conformal measure exists. Then in view
of Remark 3.2.5, P(¢) = 0 and m is tLog-conformal. In view of
Theorem 3.2.3(uniqueness) it is therefore left to show that if P(¢) = 0,
then a t-conformal measure exists. And indeed, if P(¢) = 0, then in
particular, P(¢) < oo, and in view of Proposition 4.2.7 along with Pro-
position 2.1.9, tLog is a summable Holder family of functions. Hence,
we conclude from Theorem 3.2.3 and Proposition 4.2.5 that there ex-
ists a unique tLog-conformal measure. Since P(¢) = 0, this measure is
t-conformal. O

The unique t-conformal measure will be denoted in the sequel by m,
its invariant version by g and their lifts to the coding space respect-
ively by m and . As an immediate consequence of this theorem and
Lemma 3.2.4, we get the following.

Lemma 4.2.10 If a finitely primitive CGDMS is regular, P(h) = 0, and
m is the unique h-conformal measure, then

M = min{m(X,) :ve V} >0.

The next result establishes a strong geometric meaning of conformal
measure in the finite case. Its first version can be found in [B2] and in
the context of conformal iterated function systems it essentially appeared
in [Be].

Theorem 4.2.11 If S is a finite CGDMS whose incidence matriz is
primitive, then S is regular and there exists C' > 1 such that
m(B(z,7))

—1
e

<C

for allz € J and 0 < r < 1min{diam(X,) : v € V}, where h is the

unique zero of the pressure function. Then h = HD(J) and in particular,
0< Hh(J),Hh(J) < 0.

Proof. Since I is finite and S is primitive, 0 < P(¢) < co. Therefore,
it follows from Proposition 4.2.8 that there exists a unique h > 0 such
that P(h) = 0. It then in turn follows from Theorem 4.2.9 that there
exists an h-conformal measure for S. Since S is finite,

¢ =inf{||¢}|| :i € I} >0.

Consider z = 7(w), w € E*, 0 < r < 3 min{diam(X,) : v € V}, and
let n > 0 be the least integer such that ¢y, (Xy(,)) € B(x,r). Then
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n > 1 and by conformality of m, (4f) and Lemma 4.2.10

m(B(m,r)) > m((ﬁwln (Xt(wn))) > K~ h||¢w|w ||h (Xt wn)))

(4.32)
> ME "¢, 11",

where M is the constant coming from Lemma 4.2.10. From the choice of
n we conclude that @, _, (X¢(w,_,)) is not contained in B(z,r). Thus,
by (4.20) and (4f), we get

r < diam(éu),, (Xew, ) < Dlldg, |l
< DK, [I7Mll,, 1l < DK lg]

wln w\n”

Combining this and (4.32) we obtain
m(B(z,r)) > MK *"D"¢rh.

So, the first part of our theorem is proved. Let now Z be the family of
all minimal (in the sense of length) words w € E* such that

b (X)) N B(x,7) # ® and b (X)) C Bz, 2r). (4.33)
Then diam(d,,,_, (X¢(w,,_,))) = 7 and let
R ={w|jpj-1:w € Z}.

Note that R is finite and therefore we can find a finite subfamily R*
of R consisting of mutually incomparable words such that each element
of R is an extension of an element from R*. Then by Lemma 4.2.6,
#R* < V;D?371(1 4+ D=2)4. Since J N (B(z,7) C U{T € R*}¢.(X,)
and since for every 7 € R*,

1071 < Kllorel - [|00117" < K€ |prel| < 4DKET

where e € I is such that 7e € Z, and the last inequality follows from
(4.33) and (4.20), we conclude that

m(B(z,r)) = m(J N B(z,r) ( U e (Xe(r )

TER*
< md (X)) < D 6L m(Xyr)
TER* TER*
< " < > (4DKE )"
TER* TER*

= #R*(4¢'DK)"r" = V;D* 371 (1 + D2)¥(4DK ¢ )b
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In the proof of the next theorem, the main result of this section, we will
need the following simple fact.

Lemma 4.2.12 If S is a regular finitely primitive CGDMS, then for
every n > 1
1< > flgol" < K"M,
wekn

where h is the unique zero of the pressure function P(t) and M is the
constant coming from Lemma 4.2.10.

Proof. Let m be the unique h-conformal measure, which exists by
Theorem 4.2.9. The h-conformality of m along with Lemma 4.2.10 imply
now that for every n > 1

m(¢u (X))
Z ||¢w||h§ Z KhTw))
ey o tw)
<SE'"MT Y m(bn(Xyw)) < K'MT
weE™
and
h m(¢u (Xi(w)))
Wl > —_— > w (X =1.
3 llulltz 30 FIEEHEE 2 5 m(6u(Xig)
weE™ weE™ wekn
O
We would like to immediately add that (see Example 5.2.6, Example 5.2.7

and Example 5.2.8) this theorem fails in the infinite case already for it-
erated function systems. There are irregular systems.

Let Fin(I) denote the family of all finite subsets of I. We shall now prove
a dynamical characterization of the Hausdorff dimension of the limit set
J, whose various versions have a long past and which goes along the line
continued in [Be], [B2], [DU2], [MM], [MW1], [Mo], [MU1] and others.

Theorem 4.2.13 If the conformal GDMS S is finitely primitive, then:
HD(J) =inf{t > 0: P(t) < 0} =sup{hp: F € Fin(I)} > 6.
IfP(t) =0, then t is the only zero of the function P(t) and t = HD(J).

Proof. Let £ =inf{t > 0: P(t) < 0}. Take ¢t > £. Then, using (4.20),
for every integer n > 1 sufficiently large we have

3 diam(@u (X))’ < D' S [[6L]]" < D' exp(nP(t)/2).

weE™ wEE™N
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Since the family ¢, (X)), w € E", is a cover of J and since its dia-
meters converge to 0 as n — oo, it follows from the estimate obtained
that Hy(J) = 0. Thus HD(J) < £. Let A and g be given by the finite
primitivity of the system S. Set n = sup{hp : F' € Fin(I)}. In order to
demonstrate that £ <7 we need an improvement of Lemma 4.2.12. For
every v € V fix e, € I such that i(e,) = v. Consider then an arbitrary
finite subset F' of I such that G2 D A and G D {e, : v € V}}. Since G
is finite and finitely primitive, the system Sg is regular and there exists
an hg-conformal measure mg for Sg. Using (2.21) and proceeding as
in the proof of Lemma 4.2.12, we find for every n > 1

Y et Y gheMttiw)

wEENNGn wEENNGn (X))
<K' N min{K "¢, |[" e A}
weE"NG™
X T(hGLOg)#AH(bet(w))||7th(¢w (Xt(w)))
< K?he he) A max{||4), || "¢ :a € A}
x max{||ge, [0 eVE Y m(dw(Xiw))
< KS}L#AmaX{HdXH_h o €A} max{||¢ev||_h v eV

Denote this last number by M and notice that it is independent of G.
Denote by H C I the minimal set such that H? D A and H D {e, :
v € V}. Obviously n = sup{hr : F' € Fin(I) and FF D H}. Since
hgp < h = hy for every F C I we have Mp < My for every F' € Fin(I)
such that F'9 C A. Using the above estimate we can write as follows for
any t > n and any n > 1.

Dol = sup Y gLl

FeFin(I):FDH

weE™ weFTNE™
<sup{ 3 |gL I[P sntrry
F WGF""OE"
< s supl S |6l ||y < M,
LUEF"

Hence P(t) < (t—n)log s < 0, which gives t > £ and consequently n > &.
Obviously (cf. Lemma 4.2.10) n < HD(.J), and since we have proved that
HD(J) < &, the proof of the “equality” part of the theorem is completed.
The inequality 6 < € follows immediately from the definitions of both
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numbers. Finally, the last statement of the theorem is true since P(¢) is
continuous and strictly decreasing on (6, 00). O

It easily follows from Theorem 4.2.11 that if the set of vertices is finite
then the box-counting dimension and the Hausdorff dimension of the
limit set coincide. As Example 5.2.3 shows, this equality fails in the
infinite case. We shall however now provide a complete solution of
the problem of determining the Minkowski or box-counting dimension
and the packing dimension (see Appendix 2, [Ma], or [Fa2]) of the limit
sets for all conformal primitive GDMS. Our first step is to demonstrate
that these numbers are equal even if we assume only that the contrac-
tions forming the system S are bi-Lipschitz continuous.

Theorem 4.2.14 If S is a CGDMS and all contractions ¢; are bi-
Lipschitz continuous, then PD(J) = BD(J) = PD(J) = BD(J).

Proof. The inequalities PD(J) < PD(J) < BD(J) and PD(J) <
BD(J) = BD(J) are obvious. Thus to complete the proof it suffices to
show that PD(J) > BD(J). Indeed, fix t < BD(J) and consider an
arbitrary countable cover {Y,, : n > 1} of J. Since the metric space E>
is complete, there exists ¢ > 1 such that 7=1(Y;) has non-empty interior
in £>. Therefore there exists an w € E* such that [w] C 7~1(Y,),
whence ¢, (J) = 7([w]) C Y. Since t < BD(J), we have IT}(J) = oc.
Since ¢, is bi-Lipschitz continuous, I} (¢, (J)) = co. We therefore get
G (Y,) = T3(Y) > 1(6u(J) = co. Thus ¥, TT(Y,) = oo and
consequently II;(J) = oo, which completes the proof. O

We now come back to conformal systems. We begin with the following
definition. For every R C E* and every Y C X we set

Le(Y) = | ¢o(Y N Xyu))-
wER

If R = E™ for some n > 1, we simply write L, (Y) for Lg.(Y). We
recall that N,.(E) is the minimum number of balls of radius < r needed
to cover a set E.

In order to prove our characterization we need several lemmas.

Lemma 4.2.15 Let {¢; : i € I} be a conformal finitely primitive GDMS.
LetY be an arbitrary subset of X such that Y NX, is a singleton of every
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v e V. Then

PD(J) = BD(J) = max{HD(J), sup BD(L,(Y))}.

n>1

Proof. Theorem 4.2.14 says that PD(J) = BD(J). Let
M = max{HD(J), BD(L,(Y))}.

Fix t > M. By Theorem 4.2.13 P(¢) < 0. Thus there is some @ such
that if ¢ > @, then Z,(t) < 47" and if |w| > Q, then ||¢/|] < 1/4.
Fix ¢ > @ and choose A such that for all D > r > 0, N,(L,(Y)) <
Ar~—t. Now, choose B such that if 1 < r < D, then N,(J) < Br~* and
such that B > 4'A/(1 — 4*Z,(t)). We will show by induction that for
each n € IN, if 1/n < r < D, then N,.(J) < Br~t. This inequality
holds for n = 1. Suppose it holds for n and 1/(n+ 1) < r < 1/n.
Let Cpy1 = {w € E9 : diam(¢u(Jywy)) < 1/(2(n + 1))}. Since J =

(Usecn s @00i)) U (Usemncn 9T (i) ) we st

No(J) € Nijany (D) < Niyosny | | 0u(F)

weCh 41

+ > Ny (du())).

wEEI\Chpi1

For w € E1\ C),41, we have

N1/n+1) (P (Jew))) < Nijmnyienin (F) < Nijemrnienn(J)-

Since [|¢[| < 1/4 < (1/2)(n/n + 1), we have 1/n < 1/(2(n + 1[4, [])-
Since 1/(2(n + 1)) < diam(¢y, (Jiw))) < D||¢L ]|, we get 1/(2(n + 1)
l[¢L,l) < D. So, by the inductive hypothesis, Ni/m41)(¢w(Jrw))) <
B(2(n+1)||¢,|])" . Next, we claim that

Niyan( | budiw) < Nijemen) La(Y)).

weChn41

In order to see this, let B(y;, 1/(2(n+1))) be a collection of balls of radius
1/(2(n + 1)) covering L,(Y'). Suppose z € ¢y, (¢(w)J), where w € Cpy1.
Then |2 — ¢, (24(w))| < diam(¢w (Jyw))) < 1/(2(n + 1)), where x4, is
the only element of the intersection Y N Xj,. For some j we have
|bw(Te(0)) — ¥l < 1/(2(n + 1)). So, the balls B(y;,1/(n + 1)) cover
Uwec, ., Pwlt(w)J)- Our claim follows from this. Since n +1 < 2/r, we
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get
No(t) < A2'(n+ 1) + > B2 (n+ 1)|¢l,||'
wek
<4'[A+BZ,t)]r " < Br .

This completes the induction argument. It now follows that BD(.J) < t.
The opposite inequality is obvious. O

Our goal is to show that we can replace the supremum in the previous
lemma with a simple maximum. We use two lemmas to accomplish this.

Lemma 4.2.16 If S is a CGDMS, then for all v € V, all x,y € X,,
and all n > 1

BD(Ly()) = BD(Ln(y))-

Proof. First notice that it suffices to prove this equality for n = 1
since for every n > 1 the collection of maps {¢, : w € E"} forms a
conformal graph directed Markov system with the same set of vertices
again. Without loss of generality it is enough to show that BD(L1(y)) <
BD((L(x)). Towards this goal, take 0 < r < min{diam(X,) : v € V}
and let I, = {e € I : diam(¢c(Xy(e))) < 7/2}. Then N, (Lp,(y)) <
Nyjo(Lr, (). Clearly, N.(Lny, (2)) < #(\ 1), for all z € X. On
the other hand by Lemma 4.2.6 applied with x = 1/2, N.(Lp 1, (2)) >
#(I\ 1)/ V42¢D?4371(1 + 271 D~2). Hence,

Ny (L1(y)) < Nyjo(Lr, () + Ne(Lpy1, ()
< N, jo(Ly, (2) + Va2'D* B~ (1 4+ 27 D) N, (L1, (2))
< (1+Vy2'D*B7 11+ 27 D7 2)) N, jo(L1 ().
Therefore,

BD(L(y)) = iy R0 ¢ gy LB gy o),

O

Lemma 4.2.16 enables us to speak about the numbers BD,, (v) := BD(L,
(x)) foralln >1,all z € X, and all v € V. Let

OD(S) = max{BD;(v) : v € V}

and let w be one of the vertices where this maximum is assumed. We
shall prove the following.
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Lemma 4.2.17 If S is a CGDMS, then for allv € V' and for alln > 1,
BD,(v) < OD(S).

Proof. For every v € V fix x, € Int(X,). Then there exists 0 < p <
min{dist(X,, X,) : u,v € V and u # v} such that B(z,,p) C Int(X,)
for every v € V. First, we shall show that 6(S) < BD(L;(x)). To see
this, fix t > t — s > BD(L; (7)) > BD(Ly(z,) for every v € V. Then
fix 0 < € < p/2 and for every v € V consider the set

I(e)={ecT:tle)=vand Kep~! <||¢.(2,)]] < 2Kep~'}.

Since for given v € V, the balls B(¢;(x,), €) with e € I,(¢) are disjoint,
Nc(L1(zy)) > #1,(e). Since the set V is finite, we have for all v € V
and all € > 0 small enough, € > €'N.((Li(z,)). Therefore, for all k
large enough, say k > kg, we get obtain

SN It Y] > 2 K e, (27F)

k>ko vEV iel, (2-F) k>ko vEV
<2'K'pt Z Z 27" Ny (L1 (z))
k>ko veV
<Ky Y Y ek
veV k>ko
i H#HV
< (2Kp™) 1= <o

Since lim;ey [|¢}]| = 0, the set 1\, oy Ugsr, I(27%) is finite, and there-
fore t > 0(S). Letting t — BD(L1(7y)), we get 0(S) < BD(L1(24))-

Now, fix t > BD(L1 (%)) again. We shall show by induction that for
all n > 1 there exists 0 < A,, < oo such that

Np(Lp(2)) < Apr™, (4.34)

for all v € V and all 0 < r» < 2D. Indeed, the existence of A;
is immediate as t > BD(L1(z,)) > BD(Li(2,)). Suppose that 0 <
A, < oo exists. To prove the existence of A, 41, set [; = {w € E™ :
diam(¢,, (Xyw)) < 7/2}. Since for every v € V, w € I; and every
e € I such that A, . =1 and t(e) = v, we have ¢y j () = ¢ (0 (xy)) €
B(¢u(xi(e),/2), we conclude that for all v € V', No.(Lr, x1yngrt1, Tv) <
Yowev Nejo(Lr (2) < 3 cy Nejo(Ln(z)) < 24V Ar~" Ifw e E™\
I;, then for all v € V, NT(L({w}xI)ﬂE”L+1axv) < NT/H%H(Ll(%))
Aq||@L||tr~t, where the second inequality sign holds since r/||¢/,||

VARV
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2diam (po, (X¢(w))/||05|| < 2D. Thus, since t > 6(S),

N (Lpgr (@) < 24V Ar~ + At > |16 [f
weEET\I;
<2AHV A~ + A Z, ()
= (2'H#V A, + A Z, ()

The proof of (4.34) is completed by setting A, 1 = 2'#V A, + A1Z,(t).
Hence BD,,(v) = BD,,(L,(z,)) < t and therefore BD,,(v) < OD(S). O

As a consequence of Lemma 4.2.15 and Lemma 4.2.17, we have a simple
means of obtaining the packing and upper box-counting dimensions of
the limit set.

Theorem 4.2.18 Let {¢; : ¢ € I} be a conformal GDMS. Then PD(J) =
BD(J) — OD(S).

4.3 Strongly regular, hereditarily regular
and irregular systems
In this section following the terminology introduced in [MU1] in the con-
text of iterated function systems we classify GDMS into regular, hered-
itarily regular and irregular ones. The latter differentiate themselves by
odd geometric features.

Definition 4.3.1 A CGDMS is said to be strongly regular if there exists
t > 0 such that 0 < P(t) < oo.

A family {¢; }icr is said to be a cofinite subsystem of a system = {¢; }icr
if F C I and the difference I\ F is finite.

Definition 4.3.2 A CGDMS is said to be hereditarily regular if each of
its cofinite subsystem is regular.

Using Proposition 2.1.9 we get the following obvious result.

Lemma 4.3.3 The following conditions are equivalent.
(a) ¥s(t) < oo.
(b) There exists a cofinite subsystem S’ of S such that Vg (t) < co.
(c) For every cofinite subsystem S’ of S we have g/ (t) < co.
(d) Ps(t) < co.
(e) There exists a cofinite subsystem S’ of S such that Pg:(t) < oo.
(f) For every cofinite subsystem S’ of S we have Pg/(t) < oo.
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A strong geometric meaning of hereditarily regular systems is provided
by the following.

Theorem 4.3.4 An infinite system S is hereditarily reqular if and only
ifPO) =00 © Yl) =0 {t:Pt) < oo} = (0,0) & {t:9(t) <
oo} = (0,00). If S is hereditarily reqular, then h > 6.

Proof. If {t : P(t) < oo} = (0,00), then S is hereditarily regular in
view of Lemma 4.3.3, Theorem 4.2.9, and Proposition 4.2.8. If ¢(0) <
00, then there exists a cofinite subsystem S’ of S such that ¥g/(0) < 1,
whence Pg/(0) < 0. Therefore S’ is not regular in view of Theorem 4.2.9,
Theorem 4.2.13 and Proposition 4.2.8. All other equivalences involved
in this theorem now follow from Lemma 4.3.3. (|

Theorem 4.3.5 Fach strongly reqular system is reqular and each hered-
itarily regular system is strongly regular. In addition, for each strongly
reqular system S, hg > 0g.

Proof. It immediately follows from Proposition 4.2.8 that each strongly
regular system S is regular and that hg > g for this system S. If S is
hereditarily regular, then 6g = co by Theorem 4.3.4, and S is therefore
strongly regular by Proposition 4.2.8. (|

We shall prove the following interesting characterization of the 0g
number.

Theorem 4.3.6

Tel}-rﬁu) hnr = Teggz([) hne = bs.
Proof. In view of Lemma 4.3.3, 05, = 0g for every cofinite subsystem
S’ of S. Therefore, using Theorem 4.2.13, we conclude that limpe zi (1)
hpr > 0s. In order to prove the opposite inequality fix ¢ > 5. Then
¥s(t) < oo, and therefore there exists F' € Fin([I) such that ¢p\p(t) <1
for every finite subset 7' of I containing F. Hence Py p(f) < 0 for
every finite subset T" of I containing F' which shows that limpe 7, (1)
hI\T <. O

Definition 4.3.7 If a CGDMS S is not reqular we call it irreqular.

From Theorem 4.2.9 and Proposition 4.2.8 we get the following charac-
terization of irregular systems.
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Theorem 4.3.8 A CGDMS S is irregular if and only if P(h) < 0 <
P(6) < 0.

As the next theorem shows, irregular systems also exhibit some hered-
itary features.

Theorem 4.3.9 If S is irreqular, then every cofinite subsystem S’ of S
is irregular and hg = 0g.

Proof. In view of Theorem 4.3.8 hg = 6. In view of Lemma 4.3.3 and
Theorem 4.3.8, Pg/(0s:) = Pg/(0s) < Pg(fs) < 0 and therefore it fol-
lows from Theorem 4.3.8 that S’ is irregular. Thus, using Lemma 4.3.3,
hg = 60g = 0s. O

We end this section with the following interesting characterization of
strongly regular systems.

Theorem 4.3.10 Suppose that S = {¢; : i € I'} is a CGDMS. Then the
following conditions are equivalent.

(a) S is strongly regular.

(b) hs > 0g.

(c) There exists a proper cofinite subsystem S’ of S such that hgr <
hs.

(d) For every proper subsystem S’ of S we have hg < hg.

Proof. 1t is obvious that (d) = (c¢). The implication (c¢) = (b)
follows from Theorem 4.3.9, Proposition 4.2.8 and Theorem 4.2.13. The
implication (b) = (a) is an immediate consequence of Theorem 4.3.9
and Theorem 4.3.8. Thus, we are only left to show that (a) = (d). So,
consider a proper subsystem S’ = {¢; : i € I'} of S. Suppose first that
S’ is irregular and fix any number o € (0g, hg). Then Pg/(a) < oo and
therefore by Theorem 4.2.13, hg: < o < hg and we are done in this case.
So, suppose that S’ is regular and additionally suppose to the contrary
that h = hgs = hg. Recall that by i and i/ we denote the invariant
Gibbs states respectively corresponding to the families {hlog || }ier
and {hlog|®;|}ier. Then ji'([w]) < QQ'fa([w]) for every w € E'™ and
some constants @ and @Q’. Since E'™ C E*, ji/ can be regarded as
a probability measure on E* (i/(A) = (A N E'™) for every Borel
set A C E*. Then this last inequality implies that &’ is absolutely
continuous with respect to i (even dji’/dii < QQ’). Since, in addition,
both measures * and /1/* are ergodic and o-invariant on FE°°, they
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must coincide. This however is a contradiction as i *([j]) = 0 and
A (DQ ¢l > 0 for every j € I\ I" O

4.4 Dimensions of measures

Let us observe first that the argument given at the beginning of the
proof of Theorem 3.2.3 also yields the following remarkable fact, which
can be called a measure theoretic open set condition.

Theorem 4.4.1 If i is a Borel shift-invariant ergodic probability meas-
ure on E*°, then

o (9o (Xyw)) N ¢r(Xi(r)) =0 (4.35)
for all incomparable words w, T € E*.

Recall that if v is a finite Borel measure on X, then HD(v), the Hausdorff
dimension of v, is the minimum of Hausdorff dimensions of sets of full
v measure. As before, by a = {[i] : i € I}, we denote the partition
of E*° into initial cylinders of length 1. If p is a Borel shift-invariant
ergodic probability measure on E*, by h, () we denote its entropy with
respect to the shift map o : E> — E* and by x,(0) = [{dp > 0 its
characteristic Lyapunov exponent, where

((w) = —log @], (m(o(w)))]

We start with the following main result of this section versions of which
were established in various conformal contexts.

Theorem 4.4.2 (Volume lemma) Suppose that p is a Borel shift-
invariant ergodic probability measure on E°° such that at least one of
the numbers H,(a) or x, (o) is finite, where H,(«) is the entropy of the
partition a with respect to the measure . Then

hu(a)
Xu(o)

HD(porn ) =

Proof. Suppose first that H,(a) < oco. Then the series ), ; —pu([i])
log(]|#%l0) converges and using (4e) and (4f) we conclude that the func-
tion ( is integrable. Since H,(a) < oo and since « is a generating
partition, the entropy h,(0) = h, (o, @) < H,, () is finite. Thus, in view
of the Birkhoff ergodic theorem and the Breimann—Shannon—McMillan
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theorem there exists a set Z C E* such that u(Z) =1,

nhf;ogz@oj )= xXu(o) and lim —o8leln])

T—00 n

=h,(0) (4.36)

forallw € Z. Fix now w € Z and n > 0. For r > 0 let n = n(w,r) >0
be the least integer such that @, (Xy(.,)) C B(m(w),r). Then log(u o
T Br(w),1) > log( 0 1 Wbl Xewny))) > log((wh]) >
—(hu(o) +n)n for every r small enough (which implies that n = n(w, )
is large enough) and diam(qﬁw‘n_l(Xt(wn_l))) > r. The last inequality
implies that

logr < log(diam(¢u, , (Xew, 1)) < log(DIel,, _, (m(c" " (w)))])
n—1

<logD + Z log |¢,,, (m(07 (w)))| < log D — (n — 1)(xu(0) — )

for all 7 small enough. Therefore, for these r

log(pon™ ' (B(n(w),r))) - —(hy(o) +n)n
logr “log D — (n—1)(xu(o) —n)
h plo) +1

lo

2 (Xpu(o) =)
Hence letting » — 0, and consequently n — oo, we obtain
log(ponm Y (B(m(w),r h
limsup g(:u ( ( ( )’ ))) < ;L(U)‘i’??'
r—0 logr X;L(O) -n
Since 7 was an arbitrary positive number we finally obtain

. log(pom H(B(n(w),r))) _ hu(o)
fim sup logr = %(@)

for all w € Z. Hence (see Appendix, Section A.2), as por 1 (7(Z)) =1,
HD (o7 1) <h,(0)/xu(0o). Let now J; C J be an arbitrary Borel set
such that po7r=1(J1) > 0. Fix n > 0. In view of (4.36) and Egorov’s
theorem there exist ng > 1 and a Borel set Jo C 7(J1) such that

u(J2) > p(r= 1 (J1))/2 > 0,
p([wln]) < exp((=hy(o) +m)n) (4.37)

and |¢;‘n(7r(0” (w))| = exp((—xu(o)—n)n) for alln > ng and allw € Jo.
By (4.23), the last inequality implies that there exists nq > ng such that

diam((bw‘n (Xt(w”))) Z D—le(_XM(U)_W)TL Z e_(XM(O')"FQW)'VL (438)
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for all n > ny and all w € Jy. Given now 0 < 7 < exp(—(xu (o) +21)n1)
and w € Jy let n(w,r) be the least number n such that diam(gzﬁwwrl
(Xt(wns1))) < r. Using (4.38) we deduce that n(w,r) + 1 > ny, hence
n(w,r) > ny and diam(qﬁw‘n(Xt(wn))) > r. In view of Lemma 4.2.6 there
exists a universal constant L > 1 such that for everyw € Jo and 0 < r <
exp(—(x, (o) + 2n)n1) there exist points w®, ... ,w®) € J, with k < L

z k
such that m(J2) N B(w(w),r) C U, ¢w<1>|”(w(j)m) (Xt(w(j>| o )>>

Let o = M|j2 be the restriction of the measure p to the set J,. Using
(4.35), (4.37) and (4.38) we get

jiom™ (B(r(w),))

k
= Z pom (e | ) (X e ,r))))
j=1

k k
— Zu([w(j>|n(w<j>,r)]) < Zexp((—hu(o’) +nn(w?,r))

n(w@ —hyu(o)+n

k .
=3~ (e (~xu(0) +20)(nw),r) + 1)) ) T T
j=1

n(w@ r)  hp(o)—n

k n(w@) 41 xu(@)F2n
<D diam {guo o (X
j=1 n(w@ ry+1

k nw@ ,»  hu(e)-n hy(o)—2n

E n(w@ )1 xp(@)+2 Xp(@) T2
< p @)1 xpla)F2n e xud )+217
j=1

ni .
ni+1

h,(o)— h,(oc)—2 . ~
X:((g))+27l77 > XZEU§+2Z' Hence (see Appendix 2) HD(J;) > HD(nw(J2)) >

% and since  was an arbitrary number HD(J;) > % Thus

HD(pon=t) > 2’;—2‘3 and the proof is complete in the case of finite
entropy. If H, () = oo but x,(0) < oo, then the above considerations
would imply that HD(u) = oo which is impossible, and the proof is
finished. ]

where the last inequality holds assuming n; to be so large that

Remark 4.4.3 Note that in proving HD(gor=1) > i“ggg we did not use

the property p(lw]) = po 7 H¢u(Xyw))), w € E*, which is equivalent
with (4.95).
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Remark 4.4.4 It is worth noting that H,(o) < oo if and only if
H,(a?) < oo for some g > 1 and therefore it is sufficient to assume
in Theorem 4.4.2 that H,(a?) < oo for some ¢ > 1.

As an immediate consequence of Theorem 4.4.2 and Remark 4.4.4 we
get the following.

Corollary 4.4.5 If [ = {f% :i:i € I} is a summable Holder family
of functions and the series

> —inp(¢u (X)) log(iinr (6. (X))

weFE1

converges for some q > 1, then

h
HD(mp) = HD(up) = X'fF

Corollary 4.4.6 If the CGDMS S = {¢; }ic1 is strongly reqular or, more
generally, if it is reqular and Hz(o) < oo, where p is the S-invariant
version of the h-conformal measure m, then

HD(m) = HD (1) = HD(J).

Proof. We want to remark first that for each strongly regular system
S, Hi(a) < co. And indeed, since S is strongly regular, there exists
n > 0 such that Zi(h —n) < oo, which means that Y, |[¢}||"™" <
oo. Since ||¢;||7" > —hlog||#}|| for all but perhaps finitely many i €
I, the series >, ; —hlog(||¢|)||¢||" converges. Hence, by the Gibbs
property, >, —log(f([:])f([i]) < oo, which means that Hj(a) < oo.
So, suppose that S is regular and H;(a) < oo. Since p and m are
equivalent, HD(u) = HD(m). Since for every w € E*,

— log(i A" Cood(w
i ZJOB) _  MEI Co0(w)
nmee Y i Gool(w) e i ool (w)
using Birkhoff’s ergodic theorem and the Breimann—Shannon—McMillan

theorem, we see that h,,/x,, = h. The proof is now concluded by invoking
Theorem 4.4.2 and Remark 4.4.3. U

We end this short section with the proof of the following two facts show-
ing that essentially fi_p¢ is the only invariant measure on E°° whose
projection onto Jg has the maximal dimension HD(Jg).
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Theorem 4.4.7 Suppose that S = {¢; }icr is a regular conformal system
such that x_,. < 0o. Suppose also that yu is a shift-invariant ergodic
Borel probability measure on E*° such that H, (o) < oco. If HD(p o
7 1) = h:=HD(J), then p = fi_pc.

Proof. If x, = oo, then it follows from Remark 4.4.3 that h = HD(p o
n~1) = 0, which is a contradiction. So, X, < oo and it follows from
Remark 4.4.3 that h, — hx, > 0. Since, in view of Theorem 4.2.9
and Theorem 4.2.13, P(—h¢) = P(h) = 0, we therefore deduce from
Theorem 2.2.9 with f = —h(, that p = mu_p¢. O

Corollary 4.4.8 Suppose that S = {¢; }ic1 is a reqular conformal system
such that x_,. < 0o. Suppose also that F' = {f® i €I} is a summable
Hélder family of functions satisfying the assumptions of Corollary 4.4.5
(or equivalently Hy, (o) < oo). If HD(up) = h := HD(J), then fip =
fi—p¢ and the difference between the amalgamated function f: E*° — IR
and the function —h({ : E*° — IR is cohomologous to a constant in the
class of bounded Hdélder continuous functions on E>.

Proof. Since pup = jipon ™!, all the assumptions of Theorem 4.4.7 are
satisfied. It therefore follows from this theorem that fir = fi—n¢c. As an
immediate application of Theorem 2.2.7 we now conclude that f + h( is
cohomologous to a constant in the class of bounded Hoélder continuous
functions. (|

4.5 Hausdorff, packing and Lebesgue measures

We start this section with the following two general results showing that
despite Examples 5.2.6, 5.2.7 and 5.2.8 something positive can proved
about Hausdorff and packing measures even in an entirely general con-
formal setting.

Theorem 4.5.1 If m is a t-conformal measure on J, then the Hausdorff
measure Hy restricted to J is absolutely continuous with respect to m and
[|dH;/dm||o < co. In particular, Hy(J) is finite.

Proof. In view of (4.20) diam(¢, (X)) < D||¢L || for every w € E*.
Hence, by t-conformality of the measure m and the bounded distortion
property, we get

(b (X)) = K~ 'm( Xy 10,|[F = ME|g, 1",
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where M is the constant coming from Lemma 4.2.10. Hence
diam(¢u (X)) < M™HDK) 'm(du (Xiw)))-

Let now A be a closed subset of J and for every n > 1 put 4, = {w €
" ¢u(J) N A # 0} Then the sequence of sets U, ¢ du(Xi(w)) 18
decreasing and (V,,>1 (U, eca, #w(Xi(w))) = A. Therefore

H:(A) < liminf Z dlam (bw(Xt(w))))

n— o0
wEA,

< liminf (Ml(DK)t Z m(¢w(Xt(w)))>

n—oo
wEA,

—Ml(DK)tliminf< (U ¢l ) ~“H(DK)'m(A).

n—oo
wEA,

Since J is a separable metric space, the measure m is regular and there-
fore the inequality H;(A) < M~ (DK)'m(A) extends to all Borel sub-
sets of J. (|

Let us now prove an analogous result for packing measures.

Theorem 4.5.2 If m is a t-conformal measure for a CGDMS S and
either the alphabet I is finite or J NInt(X) # 0, then m is absolutely
continuous with respect to Il,. Moreover, the Radon-Nikodym derivative
dm/dll; is uniformly bounded away from infinity. In particular Iy (J) >
0.

Proof. 1If I is finite, then the result follows from Theorem 4.2.11. So,
suppose that J N Int(X,) # 0 for some v € V. Then there exists ¢ > 1
and 7 € E7 with (1) = v and such that ¢,(X;)) C Int(X,). Set
v = dist(¢-(X),0X). Let

R ={w € E* : W|jnt1,nt+q = 7 for infinitely many n’s}

and let Ry be the set of those elements of £ which contain no subword
7. Since [7] N Ry = 0, we get u(Ro) < 1, and since o1 (E*> \ Ry) C
E> \ Ry, it follows from the ergodicity of o proved in Theorem 2.2.4
that u(Ro) = 0. As EX\R =J,,»00 " (Ro), we obtain u(E>\ R) = 0.
Therefore, using (4.29), we get u(J \ 7(R)) = jon '(J\ n(R)) <
a(E* \ R) = 0. Take now w € R and an integer n > 1 such that
Wint1,n+q = 7- Put x = m(w) and consider the ball B(z, K~ 1||¢w|” 7).
Since by (4.21) B(x, K~ 1||¢w‘n Y) C G, (B(r(0™(w)),7)) and since
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B(n(c™(w)),7y) C Int(X,) C X,, using the conformality of m we get

m(B(z, K¢, [17) < [1é,), I'm(B(r(o" @), 1) < [}, II"
= (K™D (K, )"

Since m(J\7(R)) = 0, applying Theorem A2.0.13(1) we thus get II;(E) >
(K=19)tp1(t)m(E) for every Borel subset E of J. O

The assumption J N Int(X) #  is known in the literature concerning
iterated function systems as the strong open set condition (abbreviated

(SOSCQ)).

We shall now provide characterizations of positivity of the Hausdorff
measure and finiteness of the packing measure of the limit set of a regular
CGDMS. These characterizations reduce the procedure of comparing the
ratios of measures of balls and their radii to the balls “containing” the
first level sets. This is in the spirit of going to a “large scale”. This idea
is also employed in Theorem 4.6.2 and Theorem 6.3.1.

Theorem 4.5.3 If S is a regular CGDMS, then the following conditions
are equivalent.

(a) Hp(J) > 0.

(b) There exists a constant L > 0 such that for every i € I, every
r > diam(¢i(Xy())), and every y € ¢;i(Viiy), m(B(y,r)) < L.

(c) There are two constants L > 0, v > 1 such that for every i € I
and every r > ~ydiam(¢;(Xy;))) there exists y € ¢i(Vii)) such
that m(B(y,r)) < Lr".

Proof. (a)=(b). In order to prove this implication suppose that (b)
fails. Then for every L > 1/dist”(X,dV) there exists j € I such that
m(B(z,r)) > Lr" for some z € ¢;(X,(;)) and some r > diam(¢; (Xy(;))).
Let J; be the image under 7 of all words of E°° that contain each ele-
ment of I infinitely often. Consider z € Jy, z = m(w) € E* such that
wny1 = j for some n > 1. Set z, = w(o"(w)). Then z = ¢y, (2n)
and z, € B(x,r). Since r < 1/LY" < dist(X,0V), all the geometric
consequences of the bounded distortion property (4e), (4f) and (4.19) —
(4.24) are applicable to the ball B(x,r). In particular, we get ¢, (2n)—
B, ()] < 116, IIr and B(, () 116, IIr) > by, (Bla,7)). There-
fore, B(z,2||¢;|”||7“) D ¢y, (B(z,7)). By conformality and (4f) this
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implies that

m(B(z,201¢l,, |In) = K="|¢l,, [I"'m(B(z,r)) = K~"Ll¢, |I"r"

L
= el oy

Using Theorem A2.0.16, we get Hy(J;) < C/L, for some constant C
independent of L. Now, letting L — oo we conclude that Hy,(J1) = 0.
By Theorem 2.2.4, m(J\J1) = 0. This in turn, in view of Theorem 4.5.1,
shows that Hy(J \ J1) = 0. Thus, Hy(J) = 0 and therefore the proof of
the implication (a)=-(b) is finished.

The implication (b)=-(c) is obvious.

(¢)=(a). Set n = dist(X,0V). Increasing D or K if necessary, we
may assume that 2K Dn~! > 1. Take an arbitrary z € J and ra-
dius r > 0. Set # = 2KDn~'r. For every z € B(x,r) N J consider
a shortest word w = w(z) such that z € 7([w]) and ¢, (X)) C B(z,7).
Then diam(¢wl|w\—1(Xt(w\w|—1)) > 7. Let R = {w(z)hw(z)‘,l A
J N B(x,r)}. Notice that R is finite since lim;er diam(¢;(Xy;y)) = 0
and since lim,, oo sup{diam(¢,, (X)) : w € I"} = 0. Therefore we can
find a finite set {21, 22, ..., 2k} C J N B(x,r) such that the family R* =

{w(zj)ljw(z;))=1 :J = 1,...,k} C R consists of mutually incomparable
words and the family {7(w(2))ljw(z,)-1:7 =1, .., k} covers B(x,r)NJ.
Now, temporarily fix an element z € {z1,22,...,2;}, set w = w(z), ¢ =

lw|, and ¢ = ¢y, ,. Since diam(y(Int(Xy,,_,))) = 7, it follows from
Lemma 4.2.6 that #R* < M, a constant depending only on the system
S. By the choice of w, (4.23) and (4f) we have DK ~1|[¢'[|-]|¢l, || < 27,
whence, by (4.20), 2K D?||[¢/|| 717 > DI|¢.,, || = diam(¢w, (Xi(w,)))- So,
if y € du,(Xi(w,)) is the point from the assumptions corresponding to
the radius 4yKD?||¢/||7'7 > 2ydiam(dy, (Xi(,))), using (4.21), the
inequality 2rK|['||7! < 2rKD7#~! = n and the relation ¢¥~1(2) €
By (Xi(w,))> We can write
B(J},’I‘) mw(Xt(wq ) (2,27") mw(Xt(wq 1))

G(BW (=), 20K '] ))

(B(y 27“K||1P 171 + 27K ||[y'[| 7' D))
(Bly, AD*K ||| ~17)).
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So, by the assumptions of the lemma,

m(B(2,7) 06Xy, 1) < m(Y(Xiw, ) N Bly, AD*K][¢||7'7))
< |l'|[*m (B(y, 4D*K||¢'|| 7))
< |l |I"L (DK ||| ~*7)"
= L8D*K*n~ ")
Therefore m(B(w,r)) < #R*LED*K*n~")"r" < MLBD Ky~ 1)tr"

and applying Theorem A2.0.12(2) finishes the proof of this implication
and simultaneously the whole thorem. O

Remark 4.5.4 It is obvious that it suffices the for conditions (b) and
(¢) of Theorem 4.5.3 to be satisfied for a cofinite subset of I.

Theorem 4.5.5 If S = {¢; : i € I} is a reqular CGDMS, then the
following conditions are equivalent.

(a) Hx(J) < +o0.

(b) There are two constants L > 0, & > 0 such that for every i € I,
every diam(¢; (X)) < r <  and every y € ¢;(Wy(;)), m(B(y,r)) >
Lrh.

(c) There are three constants L > 0, & > 0, and v > 1 such that

for every i € I and every ydiam(¢;(X)) < r < ¢ there eists
y € ¢i(Wyiy) such that m(B(y,r)) > Lr".

Proof. (a)=(b). In order to prove this implication suppose that (b)
fails and (a) holds. Fix L,& > 0. Then there are ¢ € I and diame; (X)) <
r < € such that for some x € ¢;(W,;)), we have

m(B(z,r)) < Lr".

Since the system is regular, there is a Borel subset B of J with m(B) =1
and such that each point z of B has a unique code, w, and 7(c™(w)) is in
the ball B(z,r/2) for infinitely many n’s. For such a point z and integer
n > 1, we have by conformality of m and (4f)

M pufn (B(m(0" (W), 7/2))) < 16,1, |I"m(B(r (0" (), 7/2))
< 1@l "m(B(z, ) < 6L, 1" L™

But, by (4.21),

(bw\n(B(Tr(Un(w))’ T/Q)) 2 B(Z’ H(blw\n”K_lr/Q)'
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So, m(B(z, ||¢,, |lr/2K)) < (||¢., |Ir/2K)"(2K)"L. Using Theorem

w|n w|n

A2.0.13(1), we glet ah(J) > Hh(Jﬁ‘B) > (2K)""L~1pi(t). Now, letting
L — 0 we get I1"(.J) = co. This contradiction finishes the proof of the
implication (a)=(b).

The implication (b)=-(c) is obvious.

(c)=(a). First notice that decreasing L if necessary, the assumption
of the lemma continues to be fulfilled if the number £ is replaced by any
other positive number, for example by n/2, where n = dist(X, 9V). Fix

0<r<¢ z=m(w) e J, and take the maximal k > 0 such that
¢w|k(Wt(wk)) D) B(x, DizT). (4.39)

Abbreviate ¢,,,, by ¢. Then ¢(Wy,,,,)) does not contain B(x, D~?r)
and, as by (4.23), ¥(V) D B(x, D7|[¢'|]), we obtain D~2r > D~t|[¢|].
Hence, by (4.20), B(z,7) > B(x, D|[{'|]) D ¥(Wyw,,,)) and therefore,
using the conformality of m, we get m(B(z, 7)) > K~"|[¢/||"m(Xy,, )
> MK ~"||¢'||" where M comes from Lemma 4.2.10. If now yDK|[¢)'|| >
(2D3)~1nr, then

B
m( {::’T)) 2 Mnh(2D4K2’y)_h.
Otherwise,
YDK||'|| < (2D%) 1. (4.40)

Set g = ¢u,,, and let y be an arbitrary point in g(Wy,,,)). Since
diam(g(Wy(w,,))) < DI|¢'|| and since v > 1, it follows from (4.40) that

By, @2D*) " "llol, |I7'r) € B(n(o" (@), D™ nll¢l,, || 7'r).  (4.41)
From (4.19)

Pul,, (B(m(a" (), D7*nll¢L,), |I71r))
C B(z, D7 nrllg,, (9(2))ll) € B(a,7).

w|k

(4.42)

In view of (4.40) we have (2D3)_177||¢(’U|k||_1r'yD||g’(z)|| > ~diam
(9(Wi(wisn)))- By (4.39) and (4.20), D_3||¢;‘k||_1r < 1; hence (2D3)7!
nllél,, 171 ryDllg’ ()] < /2. As the number (2K)~![¢],, (9(=))I|~'r
does not depend on the choice of y € g(Wy,_,)), We can assume that
y satisfies the assumption of our lemma. So, using this assumption, it
follows from (4.41) and (4.42) that

m(B(z,r)) > K~"||g},, [I"L2D*) " |¢l,, | ~"r" = L(2D*K)~"r".

wlk

O
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Remark 4.5.6 It is obvious that it suffices for the conditions (b) and
(c) of Theorem 4.5.5 to be satisfied for a cofinite subset of I.

As a consequence of Theorem 4.5.3, we get the following.

Corollary 4.5.7 If S = {¢; : i € I} is a reqular CGDMS and there
exist a sequence of points z; € S(00) and a sequence of positive reals
{r;j 13 > 1} such that

m(B(z,1;))

lim sup =
: rh
J—00 7

= 00,

then Hp(J) = 0.

Proof. Indeed, by the definition of S(oc0), for every j > 1 there
exists i(j) € I such that ¢;;) (X)) C B(zj,7;). Then for every
x € Qbi(j)(Xt(i(j))) we have

m(B(x,2r;)
(2r;)"

m(B(zj,75))
(2r)"

>

and letting j " oo we see that condition (b) of Theorem 4.5.3 is not
satisfied. O

As a consequence of Theorem 4.5.3, we get the following.

Corollary 4.5.8 If S = {¢; : i € I} is a reqular CGDMS and there
exist a sequence of points z; € S(00) and a sequence of positive reals
{r; 17> 1} such that
Bz 7
hm lnf m( (ZJ?TJ))

h
Ty

:0)

j—00
then I (J) = oo.

Proof. Indeed, by the definition of S(c0), for every j > 1 there ex-
ists i(j) € I such that ¢;;y (X)) C B(zj,7;/4). Then for every
T € i) (Xiaugy)), we have ¢;;)(Xyugy)) € Blx,7;/2) C B(zj,75).
Therefore

m(B(z,rj/2) _ m(B(z,75))
(ry/2)" = (rj/2)"
and letting j " oo we see that condition (b) of Theorem 4.5.5 is not
satisfied. 0O




4.5 Hausdorff, packing and Lebesque measures 101

Now for each n > 0 put

U ¢w (Xt(w))

weE™

We shall now prove two results concerning the d-dimensional Lebesgue
measure \g of these sets, the Lebesgue measure of the limit set J, and
an estimate on the Hausdorff dimension of .J.

Proposition 4.5.9 If S is a CGDMS and A\q(Int(X) \ X1) > 0, then
there exists 0 < v < 1 such that \g(X,) < Y"Aa(X) for alln > 1. In
particular \g(J) = 0.

Proof. For every v € V put G = Int(X)\ X; and ¢ = K¢
min {\;(Gy)/Aa(Xy)} > 0. In view of the bounded distortion prop-
erty we have Ag(¢u(Giw))) = §Aa(dw(Xywy)). In view of the open set
condition we have ¢, (Gyw)) N O (Xywy) = 0 if w # 7 and |w| = |7].
Thus for alln >0

n+1 U ¢w Xl U (bw(Xt(w) \Gt(w))

weE™ weEm
U ¢w(Xt(w)) \ U (bw(Gt(w)) = Xn\ U ¢w(Gt(w))'
wEEN wEEN weE™
Therefore
Ai(Xng1) = Aa(Xn) = A | b0 (G
WEE"
= \a(Xn) = D Aa(6u(Guw))
WEE"
< Na(Xn) =€ D Malbu(Xiw)))
wekn
< /\d(Xn) - gAd(Xn) = (1 - g)Ad(Xn)
So, putting v = 1 — £ finishes the proof. O

Theorem 4.5.10 If S is a regular CGDMS and Ag(Int(X) \ X1) > 0,
then h = HD(J) < d. Conversely, if A\q(X \ X1) = 0 and A\q(0X) =0,
then S is regular, Ag(J) = Ag(X) > 0, in particular HD(J) = d, and
Ad/Aa(X) is the only conformal measure.

Proof. In order to prove the first part suppose to the contrary that
h = d. Then for every w € E* and every Borel set A C Xy, with
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Ada(A) > 0 we have

m(Gu(A) < I 1'm(A) = KL [0l A) g K
(4.43)
< A (A)) K Z((?)

For every n > 1 and every w € E" define Y,, = ¢, (X)) N UTEE”\{w}
¢r(Xy(w))- Then the sets ¢, (X)) \ Yo, w € E™, are mutually disjoint,
m(Y,) = 0 for all w € E™ in view of (4.29), and ¢ (Y,) C X by
the open set condition. Therefore, using (4.43), we get the following
estimate:

m(Xn) = Z m<¢w(Xt(w)) \ Yw) = Z m(¢w(Xt(w) \(;S;l(yw)))

wEE™ wEEN
m(Xyw) \ 65 (Ya))
)\d(Xt(w) \ (bu_)l(yw))

< 3 Ma(bu (X \ 651 (Y0))) K¢

wEEN
m(X
< Kd mln{Ad(Int(g(U))) = V} w;n Ad (¢w (Xt(w)) \ Yw)
d
d (Xn).

= min{Ag(Int(X,)) : v € V} Ad

Thus, by Proposition 4.5.9, m(J) = lim,,—,oc m(X,) = 0. This completes
the proof of the first part.

Moving to the other part of the theorem notice first that for every
n > 0 we have

Xn\Xn+1: U ¢w(Xt(w))\ U (bw(Xl)

WEE" LUEE”

U (¢w (Xt(w)) \ ¢w (Xl n Xt(w)))

weE™

= U ¢w(Xt(w)\X1)

weE™

N

Since A\g(X \ X1) = 0, we therefore obtain Ag(X,, \ X,,+1) = 0 or equival-
ently A\g(X,) = M\ag(Xn11). Hence Ag(J) = limy—o0 Aa(Xp) = Aa(X) >
0. In particular h = d. Since obviously Ai(du(A)) = [, [¢L|?dAg
for all n > 0 and all Borel subsets A of X, and since \q ((bw (Xiwy) N
(bT(Xt(T))) = 0 for all incomparable words w,T € E* by the condition
Aa(0X) = 0, we conclude that Ag/A\q(X) is a conformal measure for the
system S. O
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Let us finish this section with the following result concerning irregular
systems.

Theorem 4.5.11 If S is irregular, then each measure Hy(J) or I, (J)
is either zero or infinity for every gauge function g of the form t"L(t),
where L(t) is a slowly varying function. Additionally Hy(J) = 0.

Proof. Suppose that a measure Hy(J) or I (J) (call it Gy) is finite.
Then the Jacobian (Radon-Nikodym derivative) of a map ¢, w € I*,
with respect to the measure G, is equal to |¢/,|". By the definition of
pressure there exists ng > 1 such that Y _p. [[¢L[|" < exp(nP(h)/2)
for every n > ng. Hence

Gy(J) < D Gy(di()) < D NOLI"Gy(J) < exp(nP (h)/2)Gy(J).

UJEE” UJEEW

Thus letting n — oo and noting that by Theorem 4.3.8 P(h) < 0, we
obtain G4(J) = 0. The proof that Hy,(J) = 0 is very similar but requires
a slightly different argument as we do not know whether Hy (J) is finite.
Indeed, if n > ng is as above, then

> (diam(¢; (Xy.)))" < > DM|@L[|" < D" exp(nP(h)/2)

weEn wEE™n

and letting n — oo we conclude that Hy(J) = 0. O

4.6 Porosity of limit sets

A bounded subset X of a Euclidean space is said to be porous if there
exists a positive constant ¢ > 0 such that each open ball B centered at
a point of X and of an arbitrary radius 0 < r < 1 contains an open ball
of radius cr disjoint from X. If only balls B centered at a fixed point
r € X are discussed, X is called porous at z.

Obviously the following, formally weaker, requirement also defines
porosity. There exist positive constants ¢, x > 0 such that each open
ball B centered at a point of X and of an arbitrary radius 0 < xr <1
contains an open ball of radius cr disjoint from X. For a fixed &, c is
called a porosity constant of X.

It is easy to see that each porous set has box counting dimension less
than the dimension of the Euclidean space it is contained in. Further
relations between porosity and dimensions can be found for example
in [Ma2] and [Sal]. A much weaker property, also called porosity, was
introduced in [De]. For a survey concerning this concept see [Zar]. Here
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we will only be interested in the notion of porosity described in the first
paragraph of this section.

In this section, following the approach from [U2], we deal with the
problem of porosity of limit sets of conformal graph directed Markov
systems. We provide a necessary and sufficient condition for the limit
sets of these systems to be porous and we show that the limit set of each
non-trivial finite system is porous. In [U2] the reader may find some
examples to which the results of this section apply. One of the most
interesting is provided by the arithmetic characterization of subsets I of
positive integers such that the set of all reals in [0, 1], all of whose entries
in the continued fraction expansion belong to I, is porous. In [JIM],
conformal iterated functions systems yielding limit sets with positive
porosity are also characterized and applications are given to random
fractals. We start this section with the following straightforward result.

Theorem 4.6.1 If S = {¢;}icr is a CGDMS and IntX \ J # 0, then
J C IR? is a nowhere-dense set.

Proof. Consider an arbitrary point = € J and a radius r > 0. By
the definition of the limit set there exists w € E* such that ¢,, (X)) C
B(z,r). By the open set condition ¢, (Int(Xy,)) \ J) C B(z,r) is then
an open set disjoint from J and we are done. O

The main result of this section is the following characterization of poros-
ity of limit sets of conformal GDMSs in terms of the “large scale”
behavior.

Theorem 4.6.2 Let S = {¢;}icr be a CGDMS such that the cone con-
dition is satisfied for every x € X. Then the following three conditions
are equivalent.
(a) The limit set J is porous.
(b) Ie>03>0VieIVO<r<¢
ifr > diam(p;(Xy(;))) then there exists x; € B(¢i( X)), )N X0
such that
B(zi,er)nJ = 0.
(c) Ik>1Fe>03>03>1VieIVO<r <¢

if r > pdiam(¢;(Xy(;))) then there exists x; € B(¢i( X)), k1) N
Xiiy such that

B(zi,er)ynJ =0.
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Proof. 1t is obvious that (a)=-(b)=-(c). So, suppose that condition (c)
is satisfied. Decreasing ¢ > 0 if necessary, we may assume that it holds
with ¢ > 2K D?3. Fix an arbitrary x = 7(w) € J, w € E®, and a
positive radius r < 2K D33. Let n > 1 be the least integer such that

r
X B — .
Purl (Xi(wn)) C (!ﬂ, ZKDQB)
Suppose first that n = 1. Then r > Bdiam(dw, (X)) and, as r <
2K D33, we conclude from (c) that B(z,,,cr) NJ = (. Since also
B(zy,,cr) C B(x,cr + kr) C B(z, (c+ k)r), we are done in this case
with the porosity constant < ¢/2. So, suppose in turn that n > 2. Then

r r
; < __ i > . .
diam(¢,|, (X)) < KD%5 and diam(¢,,, ,(X)) > SKD25 (4.44)
Therefore by (4.20) and (4f)
| 16,1
dlam(gbw” (Xt(wn))) < D||¢w || DK||¢ ||
Wlw 1
< DK||¢],, ,|I”! Ddiam(¢,, (X; wn)))
< D*Kr(BKD?)"Ygl, 171 =87 rllgl,, 117
Hence,
r”(bfd\n_lnl'_l > ﬁdiam(¢wn (Xt(wn)))' (445)

Also by (4.44)
7| ¢h),_inll ™ < Drdiam™ (¢, (Xi(w, 1)) < 2KD*B. (4.46)

Hence, condition (c) is applicable with ¢ = w, and the radius
7"||¢(’U|”71n||_1. Using (4.45) we get

Pl s (B(@wnscrlldly,_1I71))
C Gl s (B, (X)serl|@l,, 17+l 1171)
C Guf, (B(w (0" (W), 87 ey, 17 +erlldl,, 117
+ HT||¢L|”_1||71)) C B(x, (2 +K)r).

Since B(z.,,, cr| |¢w‘n A= 1) may not be contained in X;(,, ), we need the
following reasoning to conclude the proof. In view of (4.46) and the cone
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condition (4d), we get for some y € Con(z,, , o, min{c, (2K D33)~'}
T||¢Z“'|n_1||71)’

Gulur (B (2w, crl|d),, _,ull™h)
D Pu|, s (Con(mw”,a,min{cr“qﬁf‘)‘n_l||*1,l}))
D Pu|, s (Con(mw”,a,min{c,l(QKDSﬂ)*l}quSZU‘n_l||*1))
D Gl (B(y, ¢ min{e, IRKD?8) " prllol,, ,1I71))
D B(qﬁw‘n_l(y),K_lc’ min{c, (2K D*B)""}r),
where 0 < ¢ <1 is so small that each central cone Con(z, o, k) contains

an open ball of radius ¢’k. Since Con(acwn,Oz,min{cv"||¢>:u|n_1 71, 1}) C
Int(X;(,,)) and J N B(z,,,, cr||¢/ ||71) = 0, we conclude that

W‘nfl
T B(0y,, (y), K¢ min{e, (2K D*B) " }r) = 0.
O

Theorem 2.3 from [U2] shows that one cannot replace the set I by any
of its cofinite subsystems (i.e. those whose complements in I are finite)
in Theorem 4.6.2. As an immediate consequence of Theorem 4.6.2 we
get however the following.

Theorem 4.6.3 If there exists a cofinite subset F' of I such that one of
the following conditions is satisfied, then the limit set Jy is porous.

(a) Ic>03I>0Vie IVO<r<¢
if r > diam(¢; (X)) then there exists x; € B(¢:i(X),r) such that

B(zi,er)ynJ =0.

(b) Ik >13c>03 >0 > 1VieIVO<r <
if r > pdiam(¢;(X)) then there exists x; € B(¢i(X),kr) such
that

B(zi,er)nJ = 0.
As an immediate consequence of Theorem 4.6.2 and Theorem 4.6.1 we

get the following result showing that in case of a finite iterated function
system “most” limit sets are porous.

Theorem 4.6.4 If S = {¢;}ic1 is a finite conformal CIFS and Int(X)\
J # 0, then the limit set Js is porous.
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4.7 The associated iterated function system

For every vertex v € V' we define the alphabet I, C E* by induction as

a union ()~ I,, as follows.

L ={ecI:ile)=tle)=r}

Suppose now that all the sets I, C E*, k =1,2,...,n, have been defined.
We then say that w € E™*! belongs to I,,,1 if i(w) = t(w) = v and w
cannot be represented as a concatenation of words from (J;_, Ij. Notice
that our construction is “economical” in the sense that no element from
I, is a concatenation of other elements from I,.

Definition 4.7.1 The system S, = {Pw}wer, is called the conformal
iterated function system associated with the conformal graph directed
Markov system S wvia vertez v.

We would like to remark that the associated iterated function system
S, is usually much “bigger” than the original system S in the sense that
I, is “bigger” than I. It is however sometimes more convenient to deal
with an iterated function system rather than a CGDMS, especially when
the former shares many properties with the latter. We shall now prove
several properties towards this end.

Proposition 4.7.2 For every vertexv € V the limit set Jr, is contained
m J, and J_IU =7,.

Proof. The first part of this proposition is obvious. Hence J;, C J,. In
order to prove the opposite inclusion it suffices to demonstrate that each
element of J, can be represented as a limit of elements from Jr,. And
indeed, let = 7(w), w € E* with ¢(w1) = v. Since the incidence matrix
A is irreducible and the graph I' is strongly connected, for every n > 1
there exists (™) € E* and 7(") € I such that w|,a™ 7™ € E*. Since
7 € 1% and i(w;) = v, w|,a™ 7 € 1. Hence 7r(w|,a™ (™) € Jp,
and obviously lim,, ., 7(w|,a(™7(M) = 2. O

Remark 4.7.3 Notice that the equality in the first part of this propos-
itton has to hold if there exists a word w € E* without elements e € 1
with i(e) = v or t(e) = v.

Theorem 4.7.4 If S is a CGDMS, then for every vertex v € V,
HD(J;,) = HD(J).
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Proof. By Proposition 4.7.2, HD(J;,) < HD(J) for every v € V. In
view of Theorem 4.2.13 it suffices now to show that for every v € V and
every t > 0, P(t) < P,(t), where P,(¢) is the pressure associated with
the system S,. And indeed, let A C EY be the set witnessing the finite
primitivity of A. Then for every e € I there exist a(e),B(e) € A such
that i(a(e)) = v, t(B(e)) = v and a(e)ef(e) € E*. Fix u > P,(t). Then

> gl [fem !

wEE*
- 2 —ulw
< K? (max{||¢,|| ™" : o € A}) Z | )wswp ' ! (4.47)
weE*
< K26 (max{[|¢ ]| a € A} Y ||ok][fe T < o,
Tely

where we could write the second inequality sign since a(wi)wB(w).|) €
I, since the function w — a(wi)wpB(w)y|) is 1-to-1, and since |7, <

v
|7| for every 7 € I}, where |7|, denotes the length of 7 written as a

v
concatenation of letters from the alphabet Ij,. The last inequality sign

follows from Theorem 3.1.1 since u > P,(t). Consequently P, (¢) > P(¢)
and the proof is complete. O

Suppose that F = {f() : Xi(iy — IR}icr is a Holder family of functions
of some order § > 0. Given v € V define F,, a family of maps from
Xi(v) to Xy(vy, as follows. If w € I, then set

f#) = S,(F) = P(F)lw| : X, — R.

As an immediate consequence of Lemma 3.1.2 we get the following.

Proposition 4.7.5 If F = {f( : Xii) — R}ier is a Hélder family of
functions of some order 3 > 0, then for every vertex v € V, F, is also
a Hélder family of functions of order 3.

As a consequence of the definition of F-conformal measures, and the
definitions of families F,,, we get the following.

Theorem 4.7.6 If F = {f( : Xy — R}ier is a Hélder family of
functions and m is the F-conformal measure, then m(J,)"tm|;, is F,-
conformal for S, for every vertex v € V.

Proof. Since the shift-invariant measure i is ergodic and since [ is
positive on all cylinders, we get for every v € V' that

L) = i ({w € B si(wi) = v}) .
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Hence m(I3°) = m ({w € E* :i(wy) = v}) and consequently
m(Jr,) = m(I°) =m({w € E® i(w1) = v}) =m(Jy).

That the measure m(J,) " 'm|;, is F,-conformal follows immediately
from the definition of F'conformality and the definition of families
F,. d

In particular we get the following.

Corollary 4.7.7 If the system S is reqular, then so is S, for every
v € V. In addition, if m is the unique h-conformal measure for S, then
m(Jz,) = m(Jy) and m(J,)~tm|;, is a unique h-conformal measure for
Sy-

4.8 Refined geometry, F-conformal measures versus
Hausdorff measures

In this section we establish relations between Gibbs states and appro-
priate generalized Hausdorff measures, cf. [DU!], [PUZ] and [U1]. Let

¥ =f+nr(—P(F),

where k = HD(up) and, as in the previous sections,

((w) = —log gL, om0 ow)]:

Throughout this section we assume that

/|f|2+ﬂ’dﬂp < oo and /|C|2+“’dﬂp < 00 (4.48)

for some v > 0. In view of Lemma 2.5.6 and since L*(0) is a linear space,
Y € L*(0) and, in particular, 0 = 02(3) exists. The following lemma
has been proved in [DU1] as Lemma 4.3. We provide a formulation and
short proof of it for the sake of completeness.

Lemma 4.8.1 Let n,x > 0 and let p : [(x + 1)t 00) — IRy belong
to the upper (lower) class. Let 6 : [(x +n)~',00) — Ry be a function
such that limy_,o p(t)0(t) = 0. Then there exists an upper (lower) class
function py : [1,00) — Ry, (p— : [1,00) — IRy) with the following
properties.

(a) p(t(x +n) +0(t(x+n) < ps(t), t>1)
(b) pltix —m) —0(t(x —n)) > p-(t), (t>1).
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Proof. Since limy_,o p(t)0(t) = 0, there exists a constant M such
that (p(t) + 0(t))? < p(t)? + M. Let p belong to the upper class. Then
t— p(t/(x +n)) also belongs to the upper class. Hence we may assume
that x +n = 1. Define

py(t)* = inf{u(t)? : u is non-decreasing and wu(t) > p(t) + 0(t)}.

Then p4(t) > p(t) + 6(t) for t > 1 and py is non-decreasing. Since
p+ ()2 < p(t)? + M, we also get

|2 exp(-/pt ) ar

= p4(t)

> exp(-11/2) [

1

exp(—(1/2)p%(t))dt = oo.
The proof in the case of a function of the lower class is similar. O

A function h : [1,00) — IR, is said to be slowly growing if h(t) = o(t%)
for all @ > 0. Let x = xz,(0) = [ (dfip. First we shall prove the main
geometrical lemma.

Lemma 4.8.2 (Refined volume lemma) Suppose that 0 = o2(¢)) > 0.
If a slowly growing function h belongs to the upper class, then for up-a.e.
reJ,

lim sup pe(B(@,1))

r—0 r7exp(ox~1/2h(—logr)y/—logr) -

If, on the other hand, h belongs to the lower class, then for every e > 0
there exists a Borel set J. C J such that up(J.) > 1 —e¢, and there exists
a constant k(e) > 1 such that for all x € J. and all 0 < r < 1/k(e)

w0 Bar)
rvexp(ox~1/2h(—logr)y/=logr) ~

Proof. Given x = w(w) € J and r > 0 let n = n(w, ) be the least integer
such that ¢, (X¢(w,)) C B(z,r). Thenr < diam(¢|,_, (X¢(w,_,))) and

mp(B(z,r)) > mp(dy), (X)) = /X exp(S, (F)—P(F)n)(z)dmp(z).

t(wn)
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Hence, using Lemma 3.2.4, Lemma 3.1.2 and (4.20), we get the following.

mp(B(z,r))
r# exp(ox~1/2h(—logr)y/=logT)
D, 0050, 0) ~ PO ()
% exp(ox~/2h(—logr)y/=Tlogr)
Q! exp(SwM (F)— P(F)n) (x)
~ roexp(ox'/2h(—logr)y/=logr)
L MT() ep(S, (F) ~ P @)
~ diam(¢y,|, , (X)) exp(ox~1/2h(—logr)y/—logr) (4.49)
- MT(F)~! exp(zg.zol fool(w)—P(F)n)
~ Drexp(—k Z;l;g gooi(w))exp(ox1/2h(—logr)y/—logr)

n—1

= exp Z(f 00’ (w) 4+ kg odl(w)) —P(F)n
7=0

Ux_l/Qh(— logr)\/TgT— ’QC(U”_l(‘U)) /T(F)M_lDR'

In view of the Birkhoff ergodic theorem there exists a Borel set Y7 C E*°
of i measure 1 such that for every n > 0, every w € Y7 and every n
large enough, say n > n(w,n),

—logr < — log(diam((bw‘n (Xt(wn)))) +log2 < (x +n)n. (4.50)

In fact, in what follows we will need a better upper estimate on — logr.
In order to provide it, notice that in view of Lemma 2.5.6 and (4.48)
the function ¢ is a member of L*(0). Let 72 denote the asymptotic
variance of (. If 72 = 0, then by [IL] g is cohomologous to the constant
x by an L! coboundary. It turns out that the following proof, where we
assume 72 > 0 becomes much simpler when 72 = 0. Since the function
t +— 2y/tloglogt belongs to the lower class there exists Y5 C Y; of fip
measure 1 such that for all w € Y5, 7 > 7, and all n large enough, say
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n > nZ(W) Z nl(wﬂ?)a

—logr < — log(diam(d)w‘n(Xt(wn))) + log2
n—1
<log D +log2 + Z g(o?(w))
=0 (4.51)

< xn+ 27v/nloglogn + log D + log 2

< xn+ 21y nloglogn

It is a simple exercise in measure theory to check that if ¢ > 0 and
J lg|tdp < oo, then for every a > 0, u(|g| > a) < a™* [|g|'dp. Since by
(4.48) [|¢|*™dfip < oo for some 0 < v < 1/2, for all n > 0 we get
fr({w e B kl¢w)| 2 a(h((x +n)n)vn)'~7})
oy —2-4 _
< (o )y =) [P,

Since for every n > 1, h((x+n)n) > h(x+n) > 0, 1 (1—7)(-2—-4y) < -1
and the measure [iF is o-invariant, we get

oo

Z ({w e E® : k|¢(c™ (w))]
> o(h((x +m)n)vn)'~7})
Z (x +mn)n )\/_)1_7)7274A{/|C|2+47d/]}7 <00

IN

Therefore, in view of the Borel-Cantelli lemma, there exists a set Y3 C Y3
of fir measure 1 such that for all w € Y3 there exists ng(w) > nq(w) such
that for all n > ng(w)

KIC(@" T W) < a(h((x +mm)vn) 7. (4.52)
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Combining this, (4.51), (4.50) and (4.49) we get for all a < 0

mp(B(z, r))e"“”l/4
% exp(ox~1/2h(—logr)/—logr)

n—1

T(%DK exp (Z Yool (w) —ox V2h((x +n)n)

Jj=0

Ve 2y aToglogn — o(h((x + )y )

X

_ exp(zwoaﬂ ~ova(ntx+ )

X\/l 20 JRRIEN ot iy )

(4.53)

Now, consider the function

0(t) = h(t) J 14 21\/10g10g(t(>< R

X tx +n)~!

N/ g h(t)'= _

(tO¢+m)=tp/?
Thus, 6(t) > 0 and since h(t) is slowly growing, lim;_.. h(t)0(t) = 0.
Therefore it follows from Lemma 4.8.1(a) that there exists h4(¢) in the
upper class such that hy(t) > h(t(x+mn))+0(t(x +n)). Since, by (4.48),
Theorem 2.2.9 and Theorem 4.4.2,

—a(t(x+mn)"

[ vdie = [ fane + 22— PE) = [ fane + g~ PP =0,

it follows from Theorem 2.5.5 that for infinitely many n’s

0< Y Yooi(w) - ovihy(n)
3=0
<3 W00l (w) = ova(h(nlx + ) + 8(n(x + 1)
7=0
loglogn
§ 1/)003( )fa\/_ + \/1+ —\
’ n(x +mn))

—an b+ n)n)l‘”n‘m)
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Combining this and (4.53) we see that

mp(B(x,7)) ~1 1/4
> M(T(F)D" —

% exp(ox~1/2h(—logr)y/—logr) — (T(F)D)™" exp(—oan)
for jip-a.e. w and infinitely many n’s provided they are of the form
n(w,r). But since there exists n3(w) such that each n > n3(w) is of the
form n(w,r), fixing a < 0, we eventually get

lim sup mr(B(z, 7)) T
r—0 1% exp(ox~1/2h(—logr)y/—logr)

= Q.

for up a.e. x € J. Since the measures up and mpg are equivalent
with bounded Radon-Nikodym derivatives, the proof of the first part of
Lemma 4.8.2 is complete.

Let us now prove the second part of the lemma. For every w € E*°
and every r > 0 let n = n(w,r) > 0 be the least integer n such that
diam(¢y, ., (X¢(wnsr))) < 7. Clearly lim, on(w,r) = co and therefore
there exists r1(w) such that for all 0 < r < ry(w)

diam (¢, (X¢(w,))) =7 (4.54)

Fix now w € E* and 0 < r < ry(w). Since mp is a Gibbs state, we have
by (2.3) that mp([w|,]) < Qexp (23:01 fool(w)— P(F)n) Hence

e ([wln])
reexp(ox~1/2h(—logr)y/—logr)
< Qexp (X525 foo7(w) — P(F)n)
= diam”™ (¢, (X)) exp(ox~/2h(—logr)y/~logr)
Qexp (X)) fo o9 (w) ~ P(F)n)
(=

< DIg, (ro ™ @) exp(ox2h(~ Tog )= TogT)
n—1 n
= QD" exp jgofoaj(w)Jrﬁjz:;COUj(w) (155)

— P(F)n—ox~ Y2h(—logr)y/—logr

n—1

= QD"exp Z fool(w)
=0

— ox " Y2h(=logr)\/—logr + k( 0 o™(w)
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In view of the Birkhoff ergodic theorem there exists a Borel set Y7 C E*°
of fir measure 1 such that for every n > 0, every w € Y7 and every n
large enough, say n > ni(w,n),

- IOgT 2 - IOg(diam((bw\n (Xt(wn)))) 2 (X - 77)”- (456)

In fact, in what follows we will need a better upper estimate on — logr.
In order to provide it recall that the function ¢ is a member of L*(o).
Let 72 denote the asymptotic variance of ¢. If 72 = 0, then by [IL] ¢ is
cohomologous to the constant y by an L' coboundary. It turns out that
the following proof, where we assume 72 > 0, becomes much simpler
when 72 = 0. Since the function ¢t — 2y/tloglogt belongs to the lower
class there exists Yo C Y7 of fir measure 1 such that for all w € Ys,
71 > 7, and all n large enough, say n > na(w) > ni(w,n),

n—1
—logr > — log(diam(gbwh (Xt(wn))) > —log(DK) + Z C(o? (w))
§=0
> xn — 27y/nloglogn — log(DK) > xn — 211y/nloglogn.

(4.57)

The same argument as that leading to (4.52) shows that there exists a
Borel set Y3 C Y5 of jip measure 1 such that for all w € Y3 there exists
ns(w) > na(w) such that for all n > n3(w),

K" W) < a(h((x —mn)v/n)' 7.
Combining this, (4.55), (4.56) and (4.57) we get for all a > 0

i ([w]n])er

% exp(ox~/2h(—logr)y/=Tlogr)
n—1
< QD" exp (Z fool(w)—ox Y2h((x — n)n)\/xn —271y/nloglogn

Jj=0

/4

T o(h((x - n)nwﬁ)lﬂ)

j=

—an = G- ) e )

(4.58)
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Now, consider the function

_ |, 27 [loglog(t(x —m)~!)
0(t) =h(t) |1 1 . \/ =

h(t)t=
(tx —m)~1)/>
Thus, 6(t) > 0 and since h(t) is slowly growing, lim;—,. h(t)0(t) = 0.
Therefore it follows from Lemma 4.8.1(b) that there exists h_(¢) in the

lower class such that h_(t) < h(t(x —n)) —0(t(x —n)). Since, by (4.48),
Theorem 2.2.9, and Theorem 4.4.2,

[ vdie = [ fane + 22— PE) = [ fane + by~ PP =0,

it follows from Theorem 2.5.5 that there exists a Borel set Y, C Y3
of fip measure 1 such that for all w € Y, and all n large enough, say
n > ng(w) > nz(w),

+a(tlx —n) ")V +

|
—

n

o
Y

Yool (w)—avnh_(n)

3 .
I
- o

Y

Yool (w)—ovn(h(n(x —n)) —0(n(x —n)))

> - ool (w) —U\/ﬁ(h(N(X _77))\/1 - 2%\/@

Jj=0

<
I
o

=

—an = () ).
Combining this and (4.58) we conclude that for every w € Y, and every
n > ng(w)

e ([wln]) —oan'/t
< Dlie oan
v exp(ox~/2h(—logr)y/=logr) ~ @
In other words, for every w € Y, and every r > 0 small enough, say
r <rw) <rw),

mF([w|n(w,r)])

% exp(ox~1/2h(—logr)/—logr)

Fix now € > 0 and take ¢ so large that QD”‘e_‘mql/4 < €. Then, since
lim,~ o n(w,r) = oo, there exists k(w) > 1 such that for all 0 < r <

< QDreoen@) (4 59)
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1/k(w), (4.58) holds and n(w,r) > ¢. Since
Y= G{weﬂ:k(w)gk},
k=1
there exists k(e) so large that if J, = {w € Yj : k(w) < k(€)}, then
mp(J\ Jo) <e (4.60)

Moreover for every w € J. and every r < 1/k(e) (so r < 1/k(w))

e ([Wng,n)) < QDre—arn(wn)t
rexp(ox1/2h(~logr)y/~Tlogr) ~ (4.61)
< QD"ed"" < ¢
Let
Je = w(Jo).
It then follows from (4.60) that

mp(J.) =mpon (J) =mpon t(w(J)) > mr(J) >1—e

Now, in view of Lemma 4.2.6, there exists a universal constant L > 1
such that for every x € J. and every 0 < r < 1/k(e) there exist points
w® W@ W) e J, such that

L
Je N B(x,r) C U P, ) 0y (Xt(“’(”|n<w<a‘>,,.>))'

j=1
Therefore, by (4.61)
mp(Je N B(z, 7))
% exp(ox~1/2h(—logr)y/=logr)
L omr (qs“’(j) ‘n(w(f/) ) (Xt(“’(j) ‘n(w(j) ,r))))

— o~ exp(ox~1/2h(—logr)/—logr)

Jj=

<

)SLE.

Since the measures pup and mp are equivalent with bounded Radon-
Nikodym derivatives, looking at the last two displays we conclude that
the proof of the second part of Lemma 4.8.2 is complete. O

For a function h : [1,00) — (0, 00) define for sufficiently small ¢ > 0

h(t) = t" exp (%h(—logt)\/—logt) .

One of the results we announced at the beginning of this section is here.
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Theorem 4.8.3 Suppose that 0?(1)) > 0 and that h : [1,00) — (0, 00)
s a slowly growing function.

(a) If h belongs to the upper class, then the measures pp and Hy on
J are singular.

(b) If h belongs to the lower class, then pp is absolutely continuous
with respect to the Hausdorff measure H".

Proof. Suppose first that h belongs to the upper class. For every
n > 1 and every € > 0, by Lemma 4.8.2 there exists a Borel set E,, C J
such that pp(E,) > 1 —€2™™ and such that for every « € E,, and some
closed ball B(z) centered at x and with diameter < 1/n, up(B(z)) >
nh(B(x)). By Besicovitch’s covering theorem there exists a universal
constant C' > 0 such that from the cover {B(x) : * € E,} one can
choose a countable subcover {B(z;) : j > 1} of multiplicity < C. Since
for every j > 1, diam(B(z;)) < 1/n, we get

3 1 & c c
H*(Ey,1/n) < E;MF(B(%‘)) < EMF(J) o

Setting F. = ﬂn21 E,, we then have H;L(EE) =0and pp(E:) > 1—e

Finally the set B =, E1/, satisfies H"(E) = 0 and pup(E) = 1. The
proof of item (a) is therefore complete.

Suppose in turn that h belongs to the lower class and consider a Borel
set E C J with up(E) > 0. Take € = pp(E)/2. Then by Lemma 4.8.2
urp(JeNE) > up(E) —e =€ Fix 0 < § < 1/k(e) and consider B =
{B(z;,ri)}, the cover of J.N E by balls centered at points of J. N E and
with radii < §. Then by Lemma 4.8.2

_ 1 1
Zh(n—) > - ZNF(JE N B(xz,74)) > EuF(JE NE)>1.

Hence Hf;l(E) > B > 0, where B is a universal constant (see The-
orem A2.0.13). Thus H; (£) > B > 0 and we are done. O

Remark 4.8.4 Taking h := 0 it follows from Theorem 4.8.3(a) that
the measure pp is singular with respect to the k-dimensional Hausdorff
measure H" on J.

We recall that two functions f1, fo : E°° — IR are cohomologous in a
class H if there exists a function u € H such that

fo—fi=uoo—u.
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As a complementary result to Theorem 4.8.3 we shall prove the following.

Theorem 4.8.5 If 0%(1)) = 0, then k = HD(up) = HD(J) := h, the
functions —hg and f — P(F) are cohomologous in the class of Hélder
continuous bounded functions, the system {¢; : i € I} is regular and
mp s equivalent with the h-conformal measure on J, that is with m_pg,
with bounded Radon-Nikodym derivatives. In addition, the invariant
measures jip and [ing are equal.

In order to prove Theorem 4.8.5 we need some preparations. First, let
a_ be the partition of the two-sided shift space EZ = {{wp}nez} into
elements of the form w x E{L2-3 where w € E{-»=2-10}  Given
—00 <m <n<4oolet w|? =wnwmtt .. wy and let

wip, ={r € EZ : 7 = wy, for all m < k < n}.

Finally let iy be Rokhlin’s natural extension of the invariant measure
fir onto the two-sided shift space EZ. Let us recall that Jip is defined
on a cylinder

C=m,HC)Nm N Co) NN, HCy)

ni

with n; < ng < --- < ng, by the formula
fip(C) = fip (o~ MH(O)]5),

where for every k € Z, m, : E4 — I is the projection onto the kth
coordinate given by the formula 74 (w) = wy and for every set B C EZ,
B|$° is the projection of B onto E{“2} denoted also by m(B). Let
us recall that the measure i is shift-invariant. We shall prove the
following.

Lemma 4.8.6 If {11 (u) :w € EZ} is the Rokhlin canonical system of
measures of the measure iy on the partition a_, then for fip-a.e. w €
EZ the conditional measure Ha_ () considered on EN s equivalent with
fir. Moreover, the Radon-Nikodym derivative dp,_(.)/dfir is bounded
from above and from below respectively by Q*T(F)? and Q2T (f)~2,
where Q comes from the Gibbs property of the measure fip.

Proof. By the martingale theorem, for Jip-a.e. w € EZ and every
Borel set B C EZ,



120 Conformal Graph Directed Markov Systems
It therefore suffices to show that for every 7 € E*

:ua,(w)([w“iooT])
pr([7])
And indeed, in view of the Gibbs property of the measure jip, we get

Bp([w]2,) = fir (o™ ([w]2,)[5)
< QeXp(SUP(SU—(nH)([w]g")w“(F)) = P(F)(n+ 1))
= Qexp(sup(Swfnmwo (F)) —P(F)(n+ 1))
Using in addition Lemma 3.1.2 and putting & = |7, we get

(N wl,)
= (o~ " ([ N [w)2,)15°))
> Q' inf (exp (S, — (i1 (F1N[w]® )|n+1(F)) —P(F)(n+1+k))
=Q! eXp(inf(S’w T (F)) —P(F)(n+1+4 k))
> Q" exp(inf (Suw_,..wo (F)) +1nf (Sr,.r (F)) —=P(F)(n+ 1+ k))
> Q7'T(f) ? exp(sup(Su_,...wo (F)) = P(F)(n + 1))
X exp(sup(SﬁmTk (F)) — P(F)k)

Applying the Gibbs property of the measure jip again, we therefore
obtain

Q™' < <Q"

ks w|°
PO Lln) S -1 (1) exp(sup 5, (F) - P(F)R)

MF([W](ln)
> Q7 T(f)ur([r]).

Hence fio (w)([w|%o7]) = Q72T (f) 2up([r]). Similar computations
show that

fa_ @) (W2 o7]) < Q°T(f)ur([r]).

As an immediate consequence of this lemma we get the following.

Corollary 4.8.7 If {tq_ () 1w € EZY is the Rokhlin canonical system
of measures of the measure fip on the partition a_, then for Tip-a.e.
w e EZ, supp(fla_ (v)) = a—(w), where a_(w) is the only atom of o_
containing w.

Lemma 4.8.8 If n: E>* — IR is a Hélder continuous function of some
order 3 > 0 such that [ |n|*™dap < oo, [ndjip = 0 and o?(n) = 0,
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then there exists a bounded Holder continuous function u of order 3 > 0
such that n = u —woo. In particular n turns out to be bounded.

Proof. Tt follows from Theorem 2.5.1 and [IL] that there exists u €
Lo(fip) such that

N=u—uoo (4.62)

fp-a.e. Our aim is to show that u has a Holder continuous version of
order 3. We first extend n and u on the two-sided shift space EZ by
declaring

n(w) =n(w[i?) and u(w) = u(wl{)

wherever u(w|$°) is defined. The cohomological equation (4.62) remains
satisfied since

u(w) —uoo(w) = u(wl?) —u(o(W)|F?) = u(w|?) — ulo(wli*))) = n(w).
(4.63)

In view of Luzin’s theorem there exists a compact set D C EZ such that
(D) > 1/2 and the function u|p is continuous. In view of Birkhoff’s
ergodic theorem there exists a Borel set B C EZ such that fip(B) = 1,
for every x € B, 0™ (x) visits D with the asymptotic frequency > 1/2, u is
well defined on | J,,., 07" (B) and (4.62) holds on |J,,c , 07" (B). By the
definition of conformal measures and by Lemma 4.8.6 there exists a Borel
set F C EZ such that fip = 1, forallw € F, Pa_(w)(BNa_(w)) =1, and
supp(fta_(w)) = a—(w). In particular, for every w € F', the set BNa_ (w)
is dense in a_(w). Fix one w € F and consider two arbitrary elements
0,7 € a_(w). Then there exists a continuous increasing unbounded
sequence {n;} such that =" (p),c~"i(7) € D for all j > 1. Using
(4.62) we get

fulp) — u(7)|
— a5 () = 3 (o (0) - <u<a-"f (r)) - i)w-%») ‘
k=1 k=1
< Julo™™ (o)) —ulo™™ ()] + 3 o4 ()) — nlo™"* (7).
k=1

(4.64)

Now, since lim;_, dist(c~" (p),0~" (7)) = 0, since both o~" (p) and
o~ " (1) belong to D and since u|p is uniformly continuous (as D is
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compact), we conclude that

lim |u(o™" (p)) —u(o™" (7)) = 0.

j—00
Since 7 is Holder continuous of order 3, we get

nj - 7n ng V efﬁ
2 In( ™) = nlo™ (0l < 3 Vit) Jo*dg(p,7) < T—5ds(p. 7).

Therefore, it follows from (4.64) that

0B
julp) — u(r)| < 25 dap, 7).

Hence, as a_ (w)N B is dense in a_ (w), u has a bounded Holder continu-
ous extension from a_(w) N B on a_(w) = w x BN where w = w|®
Denote this extension by % : a_ (w) — IR and for every 7 € E™V set

u(r) = u(wr).

This obviously defines a bounded Hélder continuous function @ : EN —
IR. Define now the set B, to be determined by the condition

wB, =a_(w)NB.

The function @ : EN — IR is a version of . Indeed, since Pa_ () (WBy) =
1, it follows from Lemma 4.8.6 that fir(B,) = 1 and additionally, for
every T € B, u(7) = u(wr) = u(r). Since the measure fip is shift-
invariant, fip(B, N o '(B,)) = 1. Take now an arbitrary element
p € B,No~1(B,). Then o(w) € B, and we have n(p) = u(p)—u(c(p)) =
u(p)—u(o(p)). But since supp(fir) = E¥, the set B,No~!(B,) is dense
in EN and therefore n =u — oo on BV, O

Proof of Theorem 4.8.5 First notice that in view of Theorem 4.4.2, The-
orem 2.2.9 and Lemma 2.2.8

/ﬂ’dﬁF =

_ /fdgF 4+ Dy, — P(F) =P(F) — P(F) = 0.

- P(F)

Hence the assumptions of Lemma 4.8.8 are satisfied with n = ¢ and
therefore there exists a bounded function u € Hg such that

f—-PF)+Kr(=u—uoo,
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that is the functions —x¢ and f — P(F') are cohomologous in the class
of bounded functions of Hg. It follows from this equation that the
constant R appearing in Theorem 2.2.7(2) (with f := f — P(F) and
g = —k() is equal to zero. Therefore, it follows from this theorem that
P(—x(¢) = P(f) — P(F) = 0. Hence, the system S is regular, k = h
and it follows from Theorem 2.2.7(1) that fip = fi—x¢. The equivalence
of measures mr and m_,¢ with bounded Radon-Nikodym derivatives
follows now from the fact that both these measures are Gibbs states of
the functions f — P(F) and —k( respectively. O

4.9 Multifractal analysis

The multifractal formalism arose from various considerations in physics
and mathematics (see e.g. [Man], [FP], [Gr], [Ha]). In this last paper
a formulation of the scenarios of multifractal theory was elaborated in
which there were strong hints of parallels to the theory of statistical
physics. Some of the first rigorous mathematical results concerning this
formalism are in [CM] and [Ra]. Since then there have been many pa-
pers written verifying some aspects of this formalism (see for example
[01]-]04], [PW], [Patl], [Pat2]). Recently, Pesin presented a general
formulation of the setting for multifractal theory [Pe]. Also, many more
references concerning this topic may be found in his book. In this sec-
tion dealing with multifractal analysis of conformal GDMSs we develop
Section 7 of [HMU]. We would like to emphasize that our analysis is per-
formed only for cylinders (and also under some other technical assump-
tions), whereas the question concerning the analysis of balls, successfully
taken care of (see the papers cited above) in the case of finite iterated
function systems, remains open for infinite iterated function systems.
In this section S = {¢c : Xy() — Xj(e) : € € I} is a regular conformal
GDMS such that

¢i(Xy(i)) N @5 (Xy(;)) is at most countable (4.65)
for all i # j € I and
F={fY:X > R:iel}

is a summable Holder family of functions. Subtracting from each of
the functions f( the topological pressure of F we may assume that
P(F) = 0. We consider a two-parameter family of Holder continuous
families of functions

Gor = {00} == af D + tlog |4}
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Let .
Fin(F)={¢e R: Lyr(1) < oo}
={q€ R :P(¢F) < oo} and §(F) = inf Fin(F),
where the second equality follows from Proposition 2.1.9. By the defin-
ition of summable Holder families of functions, 1 € Fin(F) and, in
particular, {i : sup @ > 0} is finite. Before dealing with smoothness

properties we shall prove the following result, which will be needed in
the next section.

Lemma 4.9.1 The function (q,t) — P(q,t) := P(Gq+) is decreasing
with respect to both variables ¢ > 0 and t > 0.

Proof. Consider two pairs (q1,t1) and (ga,t2) such that ¢; < g2 and
t1 < ta. If P(q1,t1) = oo, there is nothing to be proved. So, suppose
that P(¢1,%1) < co. Then by Proposition 2.1.9 Gy, 4, is a summable
Holder family of functions. Since the set {i : sup f) > 0} is finite
and since all the functions log |¢}| are negative, this implies that Gy, 4,
also forms a summable Holder family of functions. It then follows from
Theorem 2.1.8 that for every ¢ > 0 there exists a Borel probability
measure p on E* such that [ —(gaf — t2¢)dp < oo (which implies that
[ ~(a1f ~ t:Q)dp < o0) and

P(q2,t2) <h, +/(q2f —ta0)dp + €
:hu+/(qlf*t1C)du+(qz *(h)/fd/«LJr(h —tz)/gduﬂ

<h, + /(qlf —0O)dp + e < Plas,ty) + e

where the last inequality follows from Theorem 2.1.8. Letting € \, 0 we
thus get P(g2,t2) < P(q1,t1). The proof is complete. O
Given g > 0 let

Fin(q) = inf{t : Lg,, (1) < oo} = inf{t: P(Gy:) < oo}
< 60(S) and let 6(q) = inf Fin(q).

Notice that if ¢ € Fin(F'), then 0 € Fin(q). We assume that for every
q € Fin(F) there exists u € Fin(q) such that

0 <P(Ggu) < 0. (4.66)
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We shall prove the following.

Lemma 4.9.2 If q € Fin(F), then there exists a unique t = T'(q), called
the temperature function associated with q, such that P(Gg 1)) = 0. In
addition T'(q) € (0(q), 00).

Proof. Fix ¢ > 6(F). Since for every n > 1 the function ¢ —
2 jw=n |l exp(zyzl $g% 0 boiw)|l, t € Fin(q), is logarithmic convex, the
function ¢ — P(G,,) is convex and hence continuous in (6(g), 00). Since
0 < P(Ggu) < oo for some u € Fin(q), in order to conclude the proof
it therefore suffices to show that the function t — P(G, ;) is strictly
decreasing on ¢ € (6(g), o0) and lim;_ 4o P(Gy,1) = —oo. But for every
t>u

. 1
P(Gye) = Tim —log [ 7 [/16L1" exp(S(aF))|

|wl=n

. l ! ||1t—u /|
< lim —log | > (6Ll oL|" exp(Su(aF))l|

|wl=n

1
< liminf = n(t—u) /|u
< lim inf — log > s I 160, |" exp(S. (¢F))||

=(t—u)logs+P(Gqu)

Hence t € Fin(g) and moreover, as s < 1, limy_.1 o P(G4¢) = —00. To
prove that P(Gy,) is strictly decreasing consider ¢ > 6(g) and § > 0.
We then have

1
P(Gyres) = Jim ~log [ > |[¢L|* exp(S(g0))ll

lw|=n

.1
< tim —tog [ 37 N6 IP1/16L 1" exp(Su ()]
|w|=n

1 n
< lim —~log (5"°|| |¢,|" exp(S. (aF))] )
=dlogs+ P(Gqt) < P(Ggye).

Given q € Fin(F) and t € Fin(q), let

Hq,t = IU/Gq,t’ Hq,t = IU/Gq,t’ Mq,t = qu,t’ Mq,t = qu,t
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and
Mg = Hq,T(q)s Fq = Hq,T(q)s Mq = Mq,T(q), Mq = Mg, T(q)
and let
fdp
alg) = fif
- f Cdﬂq

if [|fldig < oo. By (4.65), 7 : E*° — J is 1-to-1, so given z = m(w)
we can speak about xz, and z|, respectively as w,, and w|,. Given pu, a
Borel probability measure on J, and x € J we define

o og (e, (X))
Q# (z) = hv?lgf log(diam((bx‘n(Xt(xn)))) ’

o1 log (1(da1,, (Xi(z,))))
D,(z) = h,rfisogp og(diam(de), Xn)))

and
1 B
d,(z) = liminf M,
g r—0 logr
_ 1 B
4,.(x) = lim sup M
r—0 OgT

)

If D, (z) = D, () we denote the common value by D,,(z), and if d,(z) =
d,,(z) the common value is denoted by d,(x). Given o > 0 we define

K, (o) ={z€J:D,(z) =a}
and
fule) = HD(Ky(a)),

the Hausdorff dimension of the set K, (a). Let k be a strictly convex
map on an interval I, so that ¥’ > 0 wherever this second derivative
exists. The Legendre transform of k is the function [ of a new variable p
defined by

l(p) = max{pz — k(z)}

everywhere where the maximum exists. It can be proved that the domain
of [ is either a point, an interval or a half-line. It is also easy to show that
l is strictly convex and that the Legendre transform is an involution. We
then say that the functions & and [ form a Legendre transform pair. The
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following theorem (see [Ro] for example) gives a useful characterization
of a Legendre transform pair.

Theorem 4.9.3 Two strictly convex differentiable functions k and g
form a Legendre transform pair if and only if I(—=k'(q)) = k(q) — qk'(q).

Our main result in this section is the following.

Theorem 4.9.4 Suppose that condition (4.66) is satisfied for all q €
Fin(F). Suppose also that there exists an interval Ay C Fin(F) such
that 1 € Ay and for every ¢ € Ay and all t in some neighborhood of T'(q)
(contained in (0(q),0)),

/ (F2H + ) dfig < 00 and / (1] + 1) dfig.e < oo

for some v > 0. Suppose finally that h, (0)/xu,(0) > 0(S) for all
q € As C Ay for some interval Ay C Ay. Then

(a) The number D, (x) exists for pp-a.e. x € J and

_ = [ fdpr
[ ¢dipr

(b) The function T : Ay — IR is real-analytic, T(0) = HD(J), and
T'(q) <0, T"(q) >0 for all ¢ € A;.

(¢) For every q € Ag, fu.(=T"(q)) =T(q) — qT"(q)-

(d) If fir # fi—up(y)c, then the function o — f,.(a), a € (a1, a2)
is real-analytic, where the interval (a1,a2), 0 < a1 < ag < o0
is the range of the function —T'(q) defined on the interval As.
Otherwise T'(q) = HD(J) for every q € (6(F), o).

(e) If ir # fi—up(s)c, then the functions f,.(a) and T(q) form a
Legendre transform pair.

(f) For every q € Ay the number T'(q) is uniquely determined by the
property that there exists a constant C > 1 such that for every
n>1

D, (z)

C7M < Y ph([w])diam™ @ (¢, (X)) < C.

lw|=n

Proof. Since 1 € Ay and [ |f|dfir < oo, part (a) is a combined con-
sequence of Birkhoff’s ergodic theorem (along with (4f), (4.20) and
(4.23)), the Breimann—Shannon-McMillan theorem and the assumption
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that P(F) = 0. We shall now prove part (b). And indeed, since by
Proposition 2.6.13, 2 B |qt = — [(djfigs < 0 for every ¢ € Ay and all ¢
in a neighborhood of ¢, and since T'(g) is uniquely determined by the
condition P(q,T'(¢)) = 0, it follows from Theorem 2.6.12 and the im-
plicit function theorem that the map ¢ — T'(q) is real-analytic on A;.
Since the system F' is regular, P(—HD(J){) = 0, which means that
T(0) = HD(J). It follows from Proposition 2.6.13 that for every ¢ € Ay

dP OP
0= d—q(an(q)) = a—q|<q, 81& |<q @) T (g /(bduq /gduq "(q)
and therefore
fdi
) = £L0 — o) (1.6
q

Since P(f) = 0 and [ fdfi; < oo, we deduce from Theorem 2.1.8 that
J fdpg 4+ hj, (o) < 0 and therefore it follows from (4.67) that T7(q) <

o)/ [ ¢diig < 0. Thus to prove that 7"(¢) < 0 it suffices to notice
that h;_ (o) > 0, which follows immediately from Theorem 2.5.2. Hence,
to complete the proof of Theorem 4.9.4(b) it is left to show that T"(q) >
0 for all ¢ € A;. This is done in the following.

Lemma 4.9.5 The function ¢ — T(q), ¢ € Ay is convex. It is not
strictly conver if and only if iy is equal to fi_up(J)c-

Proof. Differentiating the formula
3P(q, ) 9P (q,t)

0=""r lawr@ T+ =3 —lura

and using Proposition 2.6.13 we obtain

T/(q)Q 825(3715) + 2T/( )d P(q t) + dZP(q t)
t

T"(q) = - P (0,0)

ot

8°%P(q, 8°%P(q, 8?2
T'(q)* 52 + 27" (q) i + S5t
Xiiq

where, let us recall, xz, = [ ¢dfiq is the Lyapunov characteristic expo-
nent of the measure fi,. Invoking Proposition 2.6.14 we see that

9P 9P 52
W:azq( Q) ot oz (¢ 1) = a5, (f)-
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Hence, we can write

Ty T+ 5
—T’(q)zli(ﬁq(c Coak)xﬁq)+T’(q)]§)( (—¢- fod®)
FxXifalD) + T(@) imq(ﬂc 0o
+ xafal) + }i(w Foo*) — flf)?)

k=0
- Z( T'(9)xp, + Nq(f))
k=0
=D g ((“T'(@¢+ NET @S+ £ oo®) = (=T (@)xa, + iig(H)?
k=0
=05, (=T'()¢ + /).
It follows then from (4.67) that [(—=T"(¢q)¢ + f)dfiq = 0. We know that

o5 (=T'(q)¢ + f) = 0, andbyLemma48.8Uﬁq( T'(q)¢ + f) = 0 if
and only if the function —7"(¢)¢ + f is cohomologous to 0 in the class of
bounded Holder continuous functions. Therefore T7(¢)¢ is cohomologous
to f and, as P(f) = 0, also P(7"(¢)¢) = 0. Thus, by Theorem 4.2.13,
T'(q) = —HD(J) and consequently f is cohomologous to the function
—HD(J)¢. This implies that fif = fi_pup(.c, the latter being the equi-
librium (invariant Gibbs) state of the potential —HD(J)(. The proof is
complete. O

So, item (b) of Theorem 4.9.4 is now an immediate consequence of
Lemma 4.9.5. We shall now focus on a contribution toward the proof of
parts (c¢)—(e). Given o > 0 we define

n—1 ji[
f((a)Z{meJ lim =0 /27" (@) :a}.
n—o00 Z] O_Cogj(x)




130 Conformal Graph Directed Markov Systems
Lemma 4.9.6 For every a >0, K(a) = K, ().
Proof. In order to prove this lemma it suffices to show that for all z € J

1 X log (di X
i Og(ufl(_flix\n( t@n)))) 1 and lim og( lir_nl(%\n( ;(xn))))
n—oo Zj:O f ool (x) n— oo Zj:O 7C ool (x)
And in order to prove the first equality it suffices to demonstrate that

. log(mp(¢a), (Xi(2,))

=1

lir — -
n—o00 Zj:O f o ogJ (QL')
and this follows immediately from the F-conformality of the measure
mp and the fact that P(F) = 0. The second inequality to be proved is
an immediate consequence of the bounded distortion property. O

Lemma 4.9.7 If z € K(a) and

it 198162, (" @)
A Toglof, (0" @)

then for every q € IR

log ¢, (0" (2))] af(o" ')
<log|¢;|nl(gn1(x))| + log|¢;nl(gn1(x))|> =0

Proof. If ¢ < 0, then our inequality follows immediately from the fact
that ¢ € Fin(F'), our assumption and the formula lim,, . log||¢/, || =

@|p—1
—o00. So, we may assume that ¢ > 0. Let {ny}72, be an increasing in-

:07

lim inf
n—oo

finite sequence such that

log|¢,, (o™ (x))

im = 0. 4.68
L Toglor, @1 @) (469

In order to conclude the proof it suffices to sow that

G

lim <0.
oo Tog 9, (o 1(@)]

So, suppose on the contrary that

lim sup f(om )
koo loglgy (o™ H(2))]

>2b>0

for some positive b. Passing to a subsequence of the sequence {n;}3
f(o_'n.kflx)
(o™= (z))]

we may assume that the limit limg_ oo oa @ exists and

lng,—1
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is greater than or equal to 2b (perhaps +o00). This, (4.68) and the fact
that € K(«) imply the existence of an integer Iy > 1 such that for
every | > I

! I oo ! olx
Zjl:o_f(é )Za*év lf( l ) > b and Z?+;)C( )21757
Zj:O ((o7z) 3 Zj:O ((o7x) Z 0G0l )

where 4 is so small that (a — 2)(1 —6) > o — £. But then, taking k so
large that ny — 2 > Iy, we get
Z;Lkal ff(ajm) _ Zj’kaz 7f(ajac) . an 24( ) N 7f(0_nk71x)
Dy dCEE) B DI CEE) B DI d CEE) B DI CEED)
b

b b
> — = — > —_ = = —.
> (« 3)(1 H+b>a 2+b atg

This however implies that

n olx b
IIIHIIIfM >a+ = >«
n— 00 Z 0 C(O'J x) 2
which is a contradiction since = € K (a). O

Lemma 4.9.8 With the same assumptions as in Theorem 4.9.4

() 1q(Kup(a(g))) =1 for all g € Ay
(b) d, (z) < T(q)+0(g) for all g € Ay and for every z € Ky (a(g)
but a set of Hausdorff dimension < 6(S).

(¢) fur(a(q)) =T(q) +qa(q) for every q € As.

Proof. Fix g € A;. Since the functions |f| and || are integrable with re-
spect to the measure pg, part (a) follows immediately from Lemma 4.9.6
and Birkhoff’s ergodic theorem. In order to prove part (b) fix x €
K,.(a(g)) and r > 0. Let n = n(z,r) be the least integer such
that ég, (Xi(z,)) C Blz,r). Then pg(B(z,7)) > pig(be), (Xi(z,)) and
bal,_, (Xt(z,_,)) 18 not contained in B(z,r). From the latter,
diam(qﬁx‘n_l(Xt(xn_l))) > r. Hence, by Lemma 3.1.2

log(/iq(B(W)))< 10g(t1q (¢, (X)))
logr - log(diam((bx‘wl(X)))
- T(q) Y0y log ¢, (07 ()| +q X0y f ool (x) + My

- 5ot log |94, (09 (2))] + Moy
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for some constants M; and Ms. Since the range of the function r —
n(x,r), r € (0,1], is of the form IN N [A4,0), it follows from the last
inequality, Lemma 4.9.7 and Lemma 4.9.6 that if

L logln, (0" (@)
L loglan, (@71 (@)

then d, (z) <T'(q) + qa(g). Consider the set

Bad—{xEJ lim inf 10g|¢'n(a"(m))|))| >0}.

:O’

n—oo log|¢’ 1((7"—1(33
We shall show that HD(Bad) < 6(S). So, given v > 0 define

log ¢, (" (2))]
gl (@1 (@)] = ”}

Bad(’y)—{x€J:E|q21Vn2ql

and given n > 1 put

log |4, (o* ()]
gl (01(2))

Fix n > 6(S). By the definition of §(S) there exists & > 1 so large that

forall Il >k
> lloillo <

(i€l ¢}llo<K s}

Badn(v):{er' |_7Vk>n}

(4.69)

l\.’)lr—l

Fix n > 1. For every | > p = max{n — 1,k} let ; = {w € E':
¢w(Xi(wy) N Bady(y) # 0}. We shall prove by induction that for every
I=>p

l—p
1
Sl < (3) X Nl (1.70)
wey weQ,
where as n > 6(5),
Sl < Y el < oo (.71)
weD, welP

Indeed, for I = p we even have equality. So, suppose that (4.70) holds
for some I > p. Fix w € Q1. Then w|; € ; and there exists x €
$w(Xi()) NBadn(y). Since x = ¢y, (' (x)), it follows from (4.65)
that w = z|;41. Since I > n — 1 and = € Bad,, (), we therefore get

16, llo < K16, (0" ()] = K|, (0" ()]
< K¢y, (0 (@) < K5
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Thus, using (4.69) and (4.70) for [ we can write

> llglls< D > 16L11611¢5llo

wEDI41 wED (i€l:||¢}llo <K}

> el > lI#illo

we {iel:||¢)llo<K s}

1 1\ Fir
<32 lal=(3) X e

we WGQP

The inductive proof of (4.70) is finished. By (4.20) we therefore get for
alll >k

l=p
> dan (0. (i) <D (5) X Nilg

weR wEQ,

and using (4.71) we conclude that H"(Bad,(y)) = 0. Thus HD(Bad,
(7)) < n which implies that HD(Bad,(y)) < 6(S). Since Bad(y)
U,>1 Bada(v), HD(Bad(y)) < 6(S) and since Bad = {J,,,, Bad(1/m
HD(Bad) < 6(S). The proof of (b) is complete. Since p4(K,, (a(q )))
1, it follows from Theorem 4.4.2 that f,.,.(a(q)) = HD(K ~(a(q))
HD(pq) = hy,(0)/xa, (). Since P(Gy pr(g)) = 0, using Theorem 2.2.9,
we continue writing

b (o) > 8@~ S 90wy _ JT@C+af)di

IVl V |

@) o) X (?)
0w . (4.72)
J(q)x,iq )(( > (;qf T _ g + ga(q).

This proves one half of (¢). If now ¢ € Ay, then our assumptions give
hy, (0)/xu, () > 0(S). Applying this along with (a) and (b), it follows
from Theorem A2.0.16 that f,,.(a(q)) = HD(Kpr(a(q))) < T(g) +

ga(q). This proves the other part of (c). O

Part (c) of Theorem 4.9.4 is an immediate consequence of Lemma 4.9.8(c)
and formula (4.69). Part (d) is a combined consequence of Lemma 4.9.5
and part (c¢) of Theorem 4.9.4. Part (e) of Theorem 4.9.4 follows from
Lemma 4.9.5, part (¢) of Theorem 4.9.4 and Theorem 4.9.3. We end the
proof of Theorem 4.9.4 by demonstrating part (f). And indeed, since
the diameters of the images ¢.,(Xy(.)) tend to zero uniformly (exponen-
tially) fast with respect to the length of w, we conclude that there exists
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at most one value ¢t € IR such that for some C > 1 and every n > 1

cl< Z 1| dlam (P (X)) < C.

|wl=n

So, we only need to show that the display appearing in part (f) of
Theorem 4.9.4 is true. And indeed, if w € I*, say |w| =n and p € [w],
then it follows from the definition of measures fi, and fip that

n—1 n—1
fig([W) < exp [ gD foa(p)—T(q) Y Cool(p)
=0 =0
et q B T(q)
= epofoaj(p) exp Z Codl(p
=0 3=0

1% ([pln])diam™ D (4, (Xy(pn)))
% ([w])diam™ D (¢, (Xy(w)))-

Since 3 ,,_, fig([w]) = 1, summing the above display over all w € I"
we obtain the desired inequalities. The proof of Theorem 4.9.4 is

X

complete. 0

Let us recall that in [MU2] we have introduced the class of absolutely
regular conformal iterated function systems S by the requirement that
0(S) = 0. The same definition extends to conformal GDMSs. For
these systems we can rewrite Theorem 4.9.4, relaxing the assumption
hg, (0)/xa, > 0(S) since we already know (see the paragraph preceed-
ing Lemma 4.9.5) that the entropy hy, (o) is always positive. It then
reads as follows.

Theorem 4.9.9 Suppose that condition (4.66) is satisfied for all ¢ €
Fin(F). Suppose also that there exists an interval Ay C Fin(F) such
that 1 € Ay and for every ¢ € Ay and all t in some neighborhood of T'(q)
(contained in (0(q),0)),

/ (F1*7 + 1) dfig < 0o and / (1] + 1) dfige < oo

for some v > 0. Suppose finally that the system S is absolutely regular.
Then
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(a) The number D, (x) exists for pp-a.e. x € J and

_ —J fdir

Dyp(z) = m

(b) The function T : Ay — IR is real-analytic, T(0) = HD(J), and
T'(q) <0, T"(q) >0 for all g € A;.

(¢) For every q € Ag, fu.(=T"(q)) =T(q) — qT"(q)-

(d) If ir # fi—up(yyc, then the function o — fu.(a), a € (a1, )
is real-analytic, where the interval (a1, a2), 0 < a1 < as < ®©
is the range of the function —T'(q) defined on the interval A,.
Otherwise T'(q) = HD(J) for every q € (8(F), c0).

(e) If ir # fi—up(s)c, then the functions f,.(a) and T(q) form a
Legendre transform pair.

(f) For every q € Ay the number T(q) is uniquely determined by the
property that there exists a constant C' > 1 such that for every
n>1

O™ < Y wh(w))diam™ (¢, (X)) < C.
|wl=n



5
Examples of GDMSs

5.1 Examples of GDMSs in other fields of mathematics

In this section we mainly provide some classes of conformal GDMS nat-
urally generated in other areas of mathematics. We would especially like
to call the reader’s attention to the class of Kleinian groups of Schottky
type. We start however with the following two operations on iterated
function systems which lead to graph directed Markov systems.

Example 5.1.1 (Gluing)

Suppose that we are given finitely many iterated function systems
{S,}vev in the same Euclidean space, say IR?, and let S be a GDMS
with vertices V and edges E. We form a new GDMS S by adding to S
all the contractions {(bz(-v) : Xy — X, }bier,, where I, is the alphabet of
the system S, and by declaring that the new incidence matrix A con-
tains the old matrix and has additional entries Amb equal to 1 if either
t(a)=vandbe I, orac€l, and i(b) = v.

Example 5.1.2 (Restrictions)

Let S = {¢; : X — X };c1 be a conformal iterated function system (e.g.
generated by a continued fraction algorithm with restricted entries see
Example 5.1.4 for more details) and let A: I x I — {0,1}. The system
S generated by taking the set of vertices to be a singleton {v} with
X, = X, the set of edges equal to I and the incidence matrix equal to
Ais a GDS.

Example 5.1.3 (Ezpanding maps)

Each distance expanding map f : X — X (see [Ru], cf. [PU]) has
Markov partitions R = {X;};er with arbitrarily small diameters. It

136
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gives rise to a GDS with 7', the set of vertices, the contractions formed
by continuous inverse branches of f defined on X;, ¢ € T, and the
incidence matrix determined by the Markov partition R.

Example 5.1.4 (Continued fractions)

This system is given by the maps ¢, : [0,1] — [0, 1] defined by the
formulae

1
bn(z) = T+n
It is easy to see that
1
ow) = ——F—
it
w2 + —

w3

The continued fraction system with restricted entries (see Example 5.1.2)
has been thoroughly explored from the geometric viewpoint in [MU2].
Compare also [HeU] and [U2].

Example 5.1.5 (Kleinian groups of Schottky type)

Fix finitely many, say ¢ > 1, closed balls By, Ba, ..., B, C IR%. For each
Jj=1,2,...,q let g; be the inversion with respect 05;, the boundary
of Bj. The group G = (g1, g2, .- ., gq) is the Kleinian group of Schottky
type generated by the inversions g1, g2,...,94. Recall that L(G), the
limit set of a Kleinian group G is the set of limit points lim, e gn(2),
where g, € G are mutually distinct. The value of this limit does not
depend on the point z € R%. Our goal is to represent L(G), the limit
set of the Schottky group G as the limit set on an appropriate conformal
GDS. Let us first construct this GDS. Set V = {1,2,...,¢}, E =V x
V\{(i,49):i€{1,2,...,q}} and X, = B, for all v € V. Since g;(IR?) =
Int(B;), we see that for every (i, j) € E the map g(; ;) = gi|; : Bj — B;
is well defined. The associated incidence matrix is defined as follows.

1 ifk=j
A gy, (k) = 0 itk

The system Sg = (V, E, {gc }ec ) obviously satisfies all the requirements
of a conformal GDS except that the maps {g.}.cz need not be uniform
contractions. But since the diameters of the sets g, (Bx,) converge to
zero uniformly with respect to the length of the word w, the bounded
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distortion property (see [PU] for details) implies that all maps from a
sufficiently high iterate of the system S¢ are uniformly contracting. And
this is precisely what we need. We shall prove the following.

Theorem 5.1.6 If G is a Kleinian group of Schottky type, then L(G) =
T

Proof. The inclusion Jg, C L(G) is obvious. In order to prove the
opposite inclusion, fix a sequence {g,, }5; of mutually distinct elements
of G such that lim,_,o gn(z) exists for some (and equivalently all) z €
IR¢. With appropriate ng, € {1,2,...,q} write

9n = 9ng,, ©Gng,,—1 © O Gny © Gny

in its unique irreducible form, that is with g,,; # gn,,, forall 1 < j <
kn,—1. Passing to a subsequence we may assume that ny # i for alln > 1
and some i € {1,2,...,q}. Fix z € B;. We shall show by induction that
n,OGn,_, 0" -0gn,(2) € By, foralll =1,2,...,k,. And indeed, for I =1
this follows from the fact that z ¢ B,, and g,, (IR?\ B,,) = Int(B,,).
So, suppose that gn, © gn,_, © -+ 0 gn,(2) € By, for some 1 < | <
Kk, — 1. Since, by irreducibility of the word g,, ©gn, _, 0 Gn, © gn,,
By, N By, = 0 and since gnHl(ﬁ\ By,,,) = Int(B,,, ), we conclude
that gn,., © gn, 0+ 0 gn,(2) € By,,,. The inductive proof is finished.
Hence, we can write

gn(z) = 9k, mkn—1) © Ik, —1,mk,—2) © 77 9(n2,n) © g(”lai)(z)'

Thus limy,—.o gn(z) € ch = Jg,, where we could write the equality
sign since the system Sg is finite. O

We shall now generalize the above considerations by establishing natural
relations between the limit set of each subgroup of a Kleinian group of
Schottky type and the limit set of a naturally associated conformal GDS,
perhaps with infinitely many edges. Indeed, let I' C G = (g1,...,9q)
be a subgroup of a Schottky group. We first look at the set I'y C T’
formed by those elements g = g;, 0---0g;, (i; € {1,2,...,¢}) written in
irreducible form as elements of G, with no proper initial block belonging
to I'. In order to associate with I' the conformal GDS Sr we take as
before V.= {1,2,...,q} and X,, = B, for all v € V. The elements of
the system St are formed by the maps

bg,j = Gi, ©---04gi, : Bj — By,
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for every element g = g;, o...0¢g; € I'o and every j € {1,2,...,q}\
{i1}. The incidence matrix is determined by the requirement that the
compositions ¢g4 ; o ¢, are allowed if and only if j = 4,,, where v =
gi,, ©...0gi, € I'g is represented in its irreducible form. As in the
case of a (full) Schottky group, the system Sr is a conformal GDS but,
recalling the discussion in the case of a (full) Schottky group, we see
that the only point which may require some explanation is the open set
condition. So, suppose that ¢4 ; # ¢~,;, both belonging to Sr. If g = v,
then j # i and ¢4 ;(B;) N ¢y.i(B;i) = g(Bj) N g(B;) = 0 since g is 1-to-1
and B; N B; = 0. If g # ~, then ¢,,; and ¢, , are two incomparable
elements of Sg, and therefore ¢4 ;(B;) N ¢.:(B;) = 0. Thus, we have
proved that Sp is a conformal GDS. Repeating essentially the proof of
the previous theorem, we shall demonstrate the following.

Theorem 5.1.7 If T is a subgroup of a Kleinian group of a Schottky
type, then Js. C L(T), L(T') = Js. and L(T') = Jg,. if T is finite.

Proof. The inclusion Jg. C L(T") is obvious. In order to prove that
L(T) C Js, fix a sequence {7,}°%; of mutually distinct elements of I
such that lim, . 7, (z) exists for some (and equivalently all) z € IR?.
Write

Tn = Gny,, ©Gng, 1 © " © Gny O Gny;s

in its unique irreducible form in G and decompose this representation of
Y, into blocks vy, 0. . .oy,, of elements from I'y. Passing to a subsequence
we may assume that t(nq) # i for all n > 1 and some ¢ € {1,2,...,¢}.
Fix z € B;. Then, as in the proof of Theorem 5.1.6, we see that

Y(2) = Py iy 1) © Prmy_ 1 sirmy_y) © 7 © Py imy) © Py i (2)

and therefore lim, ..o yn(2) € Js.. Thus the proof of the inclusion
L(T) C Js, is complete. If now Iy is finite, then Sr is also finite and
consequently Js, = Js. = L(G), which finishes the proof. O

5.2 Examples with special geometric features

In this section we provide a number of examples of infinite conformal
iterated function systems showing how flexible they are, and how large a
variety of fractal features one can already meet find among them, not to
mention general GDMSs. We begin with an extremely simple example
of a conformal graph directed Markov system whose limit set cannot be
represented as the limit set of a conformal iterated function system.
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Example 5.2.1 A conformal finite irreducible graph directed Markov
system whose limit set cannot be represented as the limit set of a con-
formal iterated function system.

Let the set of vertices consist of two elements v and w and let E =
{vw, vv, wv, ww}. We put X, = [2,4] x [1,3] € IR? and X,, = [0,2] x
[3’5] C IR*. Let Oow * X = Xuy Ouww @ X — Xy O+ Xo — X,
vy Xy — X, be similarity maps with scaling factor 1/2 mapping
respectively the set X,, onto the square [2, 3] x[2, 3], X,, onto [1,2]x[3, 4],
X, onto [1,2] x [4,5] and X, onto [3,4] x [2,3]. Obviously this graph
directed system is irreducible and its limit set J is

[2,4] x {3} U {2} x [3,5].

Since J has Hausdorff dimension is equal to 1 and it is not an analytic
arc, it follows from the second paragraph following Theorem 6.4.1 that
J cannot be represented as the limit set of a conformal iterated function
system.

Example 5.2.2 The limit set J is an Fys but not a Gs.

Denote by @ the set of all rational numbers in [0, 1]. Let X = [0, 1] x [0, 1]
and let A = {(x,2) € X} be the diagonal of X. Consider a conformal
iterated function system {¢; : X — X : i € Q U {—1}} consisting of
linear mappings and such that

(a) 6:(X) N A = {6:(0,1)} = {(i,)} for all i € Q
(b) ¢-1(z,y) = (2/2,(y +1)/2)
(¢) The sets ¢;(X), i € QU {—1}, are mutually disjoint.

Then J N'A = @ is not Gy, so neither is J. Let us also note that this
system is not locally finite. O

Example 5.2.3 An iterated function system for which PD(J) >
BD(J) > HD(J).

Take any sequence of positive numbers {r; : ¢« > 1} (for example of the
form b, 0 < b < 1) such that the equation »_,o, 7{ =1 has a (unique)
solution and this solution is less than 1. Consider a family {¢; : {z € €':
|z]| <1} = {z € @: |z| <1} :4 > 1} of similarity maps satisfying the
open set condition and such that ||¢}|| = r; and X (c0) = {z: |z] = 1}.
Then by Theorem 4.2.14, PD(J) > BD(J) > BD(X(c0)) > 1 and by
Theorem 4.2.13, HD(J) < 1. O
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Example 5.2.4 Irreqular system.

A model for such a system has been described in Example 4.5 of [MW1].
Since this is a very short and important example we repeat its construc-
tion here. Let I = {(n,k) :n >1and 1 <k < 271} let X = [0,1],
and let S = {¢,, 1 : X — X : (n, k) € I} be a system consisting of simil-
arity maps ¢, x such that [|¢, ,[| = 2-("*+1) and such that the intervals
¢n.k(X) are mutually disjoint. This last requirement can be satisfied
since 3, pyer 100 1l = 2,51 9-(n*+m)gn*~1 — 1/9 < 1. Notice that
by this computation we have shown that (1) = 1/2 < 1. Observe also
that () = Y2, 27 ~12= (i tmt — S~ on*(I=0)=ni=1 — o for all
0 < t < 1. Thus, in view of Theorem 4.3.8, S is irregular, in view of
Theorem 4.3.9 h = HD(J) = 1, and in view of Theorem 4.5.11, J is
dimensionless in the restricted sense. (|

Example 5.2.5 Linear, reqular but not hereditarily reqular iterated func-
tion system.

This example is very similar to Example 5.2.4. The only difference in
its definition is that now we take I = {(n,k) : n > land1 < k <
2"2}. Then the same computations as in Example 5.2.4 above show
that ¢(1) = 1, whence P(1) = 0, and ¢(t) = oo for all 0 < ¢t < 1. Hence,
in view of Theorem 4.5.10, S is regular, the only conformal measure is
the Lebesgue measure A1, and h = HD(J) = 1. Moreover, in view of
Theorem 4.3.4, S is not hereditarily regular. O

Notice that Example 5.2.5 provides a number of irregular examples. In
fact every cofinite subsystem of S is irregular.

Example 5.2.6 A hereditarily regular linear system with 0 < I (J) <
oo and Hp(J) = 0.

Let X =[0,1] and let S = {¢, : X — X : n > 1} be the CIFS consisting
of similarities ¢,,(z) = 3% + & — 73 so that ¢,(0) = £ — 215 and
bu(1) = L. Thus |6} ]| = stz and (1) = o |64 ]I" = Ssy 3~
Hence h = HD(J) > 1/2 and by Theorem 4.3.4 S is hereditarily regular.

Let m be the corresponding conformal measure. Then for every n > 1

m(B(0,1/n)) =Y (3%)h > 3" /:o:c—% dx = 3—h2h17 : (%)Qh_l.

k>n

Taking now for any 0 < r < 1 the unique integer n > 1 such
that 1/(n +1) < r < 1/n, we get m(B(0,7)) > Cr?*'~! where
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C = ((2h—1)3"22=1~=1  Since h — 1 < 0 it now follows from Corollary
4.5.7 that Hp(J) = 0. Positivity of II;(J) is guaranteed by Theorem
4.5.2. We now show that the assumptions of Lemma 4.5.5 are satisfied
with v = 3 if for every n > 1 the point y is chosen to be 1/n. Indeed,
fix n > 1 and take 1/n? < r < 1. Suppose first that r < 1/(2n). Then
n22and%—r>%. Let](r):{kzlz%S%andﬁrlz%—r}.
Notice that #I(r) > (1/n—1r)~t —n =n?r/(1 — nr) > n?r. Therefore

m(B(1/n,r) > Y (3%) > (@)h#m) > (12) P02y >

kel(r)
~ (2™

Now suppose that 1/(2n) < r < 2/n. Then 1/n? < r/4 < 1/(2n)
and in view of the previous case m(B(1/n,r)) > m(B(1/n,r/4)) >
(12)~"(r/4)" = (48)~"r". Finally suppose that r > 2/n. Then B(1/n,r)
D B(0,7/2) > C(r/2)*'~! = 2C4~"rhrh=1 Thus the assumptions of
Lemma 4.5.5 are satisfied and therefore II;(J) < oo. O

1

h—1
—2) r > (12)7h =1 = (12) 7l
n

We should mention here that in the next section the CIFS induced by
complex continued fractions will be considered, which is also hereditar-
ily regular and whose limit set has h-dimensional Hausdorff measure 0
and h-dimensional finite packing measure. The idea for proving these
properties will be the same there as in Example 5.2.6.

Example 5.2.7 Hereditarily regular linear system with I (J) = oo and
Hh(J) > 0.

Let X =[0,1] and let S = {¢, : X — X : n > 1} be the CIFS consisting
of similarities ¢, (z) = 272"z + 27" — 272" g0 that ¢,,(0) =277 — 272"
and ¢n(1) = 277 Thus [|¢]| = 227 and $(t) = X,y 16411 =
S ,51272". Hence h = 1/2 and by Theorem 4.3.4 S is hereditarily
regular. Let m be the corresponding conformal measure. Then for every
n > 1 wehave m(B(0,27")) = Y,-, 272" = 2(272""). Taking now for
any 0 < r < 1/2 the unique integer n > 1 such that 2-("*1) < p <277
we get

m(B(0,r)) < 4r2".
Thus, I (J) = oo by Corollary 4.5.8. Finiteness of Hy(J) is guaranteed

by Lemma 4.2. We now show that the assumptions of Theorem 4.5.3
are satisfied with v = 1 if for every n > 1 the point y is chosen to be
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27", Indeed, fix n > 1 and take 272" < v < 1/2. If r > 27", then
m(B(27",r)) < m(B(0,2r)) < 4(2r)?" = 8r?". In the general case
r1/2 > 27" and then m(B(27",r)) < m(B(27",r/?)) < 8(r1/2)?" =
8. Thus the assumptions of Theorem 4.5.3 are satisfied and therefore

Hh(J) > 0. (]

Example 5.2.8 Hereditarily regular linear system with I (J) = oo and
Hy(J) =0.

This example is made up by gluing together Examples 5.2.6 and 5.2.7.
Namely let X = [0,2] and S = {¢n,0,Pn,1 : 7 > 2}, where ¢, 0(x) =
2+l Loand ¢, 1 (x) = 272"£ 427" 272"+ 1. Then ¢,,0([0,2]) =
L2 L1 c0,1/2] and ¢,,1([0,2]) = 27" —272"+ 1,27 +1] C [1,2]
and $(t) = 3 oal@h ol + 119 1119) = 3,0 6402 + 27127200, S0,
the interval of convergence of t(t) is (1/2,00). Thus, in view of The-
orem 3.20, S is hereditarily regular and h = HD(J) > 1/2. We see that
X(o0) = {0,1} and, if m is the corresponding h-conformal measure,
then as in Example 5.2.6 we get m(B(0,1/n)) > (2h — 1)71(1/n)?""L.
In view of Theorem 4.3.10 this implies that Hn(J) = 0 and as in Ex-
ample 5.2.7 we get m(B(1,27")) < 4"(4" —1)71(27")?" and this in view
of Corollary 4.5.8 implies that II;(J) = oo. O

Example 5.2.9 One-dimensional systems.

Here we want to describe how every compact subset F' of the interval
X =0, 1] canonically gives rise to a linear CIFS on X such that

S(c0) = (OF)* = {x € X : x is an accumulation point of OF},

the Cantor-Bendixson derived set of OF. Indeed, let R be the family of
all connected components of X \ F and for every C' € R let ¢¢ : X — X
be the unique linear map such that ¢c(0) is the left endpoint of the
closure of C' and ¢¢(1) is the right endpoint of the closure of C. The
system S = {¢¢c : X — X : C' € R} has the property required. O
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Conformal Iterated Function Systems

In this chapter we deal with conformal iterated function systems CIFS.
Recall this means that we assume S to be a CGDMS such that the set
of vertices is a singleton, the corresponding spaces are denoted by X
and W, and all the entries of the incidence matrix are equal to 1. We
would like to note at the very beginning that in the context of CIFSs,
indeed in the wider context of conformal-like iterated function systems,
the name S-invariant becomes meaningful since each measure pp, where
F is a summable Holder family of functions, enjoys the following two
properties expressed for a Borel probability measure v supported on Jg.

v({J8i(A)) = v(4) (6.1)
i€l
and

v(g;(X)Ng¢;(X)) =0 (6.2)

for all i € I, j € I\ {i}, and all Borel sets A C X. Any measure v
satisfying (6.1) and (6.2) will be in the sequel called S-invariant.

. e d
6.1 The Radon-Nikodym derivative p = 74

In this section we study analytic properties of the Radon-Nikodym de-
rivative p = j—ﬁl where m is the h-conformal measure of a regular CIFS S
and p is its S-invariant version. We first introduce an auxiliary Perron—
Frobenius operator F' : C(X) — C(X) and then we show that p has a
unique continuous extension on the whole set X such that F(p) = p on
X. This will play a crucial role in Section 6.2. Our ultimate aim in the
present section, playing an important role in Section 6.4 and Section 6.7
is to show that in dimension d > 2 (and also in dimension d = 1 if all the
contractions forming the system S are real-analytic) the density p has

144
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a real-analytic extension on a neighborhood of Jg. So, notice first that
if the system S is regular then by Lemma 4.2.12 the series Y, [|¢}||"
converges, and therefore the operator F' : C(X) — C(X) defined by the

formula
F(g)=>_I¢il"go ¢
i€l

acts continuously on C(X). Let us recall from [Lj] that a bounded
operator L : B — B defined on a Banach space B is said to be almost
periodic if for every x € B the orbit {L"x}32 is relatively compact in
B. We start with the following result establishing almost periodicity of
the operator F : C'(X) — C(X).

Lemma 6.1.1 If S is a regular CIFS, then the operator F : C(X) —
C(X) is almost periodic and the sequence {F™(1)}22, is uniformly
bounded between K" and K.

Proof. The uniform bound from above of the sequence { F™ (1)} is an
immediate consequence of Lemma 4.2.12. The lower bound follows from
this lemma combined with (4f). Although the proof of almost periodicity
of the operator F' : C'(X) — C(X) is similar to the proof of Lemma 2.4.1,
following [MU1], we provide it here for the sake of completeness and the
convenience of the reader. And indeed, fix g € C'(X) and € > 0. Since
g is uniformly continuous, there exists 11 > 0 such that |g(y) — g(z)| <
e if x,y € X and ||y — z|| < m;. Since it follows from the proof of
Proposition 4.2.7 that the family {log |¢],|}wer~ is equicontinuous, there
exists 72 > 0 so small that

log 162, (»)] ~ log|6f, ()] < min{ 5, ¢}

for all w € I* and all z,y € X with ||y — z|| < n2. Put n = min{n, 72}
and consider two points z,y € X with ||y — z|| < 1. Then using
Lemma 4.2.12 we obtain for every n > 1

[F™(9)(y) = F"(9)(2)| = ‘ Y 9@ WI" = D 9(u (@)@, ()"

welm welm
< 3 19(@u @AW" = g(u (@)L ()"
< > 9w |16, W)™ = 6L (2)]"]
+ 3 100 @)"9(00 (1)) — 9(¢w ()]

weln

<llgllo > [l6L@)I" = 16, (x)"| + eK™.

welm™
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Looking at the Taylor’s series expansion of e! about 0, we deduce that
there exists M > 0 such that |e" — 1| < M|¢| if only |¢| < 1/2. Hence

L@t
EAOIR

= |, )" |1 — exp(h(log ¢, (x)| — log |, (v)]))|
< |l (y)|"Mh log ¢/, (x)| — log ¢, (y)]]

< |, (y)|" Mhe.

oL )" = 160, (@)]"| = el W)I"

Consequently, using Lemma 4.2.12 again, we get

S IL@I — 6L @)"] < Me Y |6l )" < K" Me.

welm welm

Thus, finally
[F™(9)(y) = F™(9)(2)] < K"(M]lgllo + 1)e.

Due to the Ascoli-Arzela theorem along with Lemma 4.2.12 this demon-
strates that the family {F™(g)}22, is relatively compact in the sup norm
on C(X). O

We are now in position to prove the following result, which can be found

n [MU4]. Perhaps its most important and rather unexpected part
is that the density function p has a canonical extension to the whole
space X.

Theorem 6.1.2 Suppose that S is a reqular CIFS and m is the corres-
ponding conformal measure. Then

(a) There exists a unique continuous function p : X — [0,00) such
that

Fp=p and /pdmzl.

() K" < p< K"

(c) The sequence {F™(1)}>2; converges uniformly to p on X.

(d) pl; = j—f;, where p is the S-invariant version of the conformal
measure m.

Proof. Suppose that p : X — [0,00) is a continuous function such
that Fp = p and [ pdm = 1. Since Fp(nw) = Lpc(p o 7)(w), where
L is the operator considered in Chapter 2, we thus get Lnc(pom) =
po. It therefore follows from Proposition 2.4.7 and Theorem 2.4.6 that
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pom = 5—7% and consequently p|; = d%%. So, item (d) is proved and if
p1,p2 : X — [0,00) are two functions satifying the requirements of item
(a), then p1|7 = p2|7. Denote this common restriction by p. Fix € > 0
and consider n > 0 so small that for each i = 1,2, |p;(y) — ps(x)] < €
if x,y € X and |ly — z|| < n. Take an arbitrary n > 1 so large that
Ds™ < n. Finally fix an arbitrary z € X and consider an w € I"™. Then

diam(¢,, (X)) < Ds™ < n. Choose z € J N @y, (X). Then

p2(0u(2)) = p1(dw(2))| < |p2(du(2)) — p(2)] + [(x) — p1(uw(2))]
<e+e€e=2e.

Hence, using Lemma 4.2.12, we get
lp2(2) = p1(2)| = [F"pa(z) = F"p1(2)| = [F™(p2 — p1)(2)]
< Y 1p2(6u(2) = (G ()] - 6L (2)]"

|wl=n

< 3 2eflgl || < 2K,

|lw|=n

Therefore, letting € \, 0 we conclude that pa(z) = p1(z) and the unique-
ness part of item (a) is proved.

Since by Lemma 6.1.1 the sequence {F"(Ix)}2; is uniformly
bounded between K ~° and K? and is equicontinuous, the sequence
%Z?;Ol FI(1x) has the same properties. Let p be an accumulation
point of this sequence of averages. Then obviously, p is continuous and
Fp=p, [pdm =1and K=" < p < K". Thus items (a) and (b) are
also proved. It remains to demonstrate item (c¢). And indeed, since
by Lemma 6.1.1 the Perron-Frobenius operator F' : C(X) — C(X) is
almost periodic, it follows from a Lyubich’s result (see [Lj]) that

C(X) = E()EBEu,

where Eg = {f : ||F"(f)|| — 0} and E,, is the closed span of {f : F'(f) =
Af for some A with A| = 1}. We shall demonstrate first that

E,={cp:ceq}. (6.3)

Indeed, suppose F(¢) = Ay with |[A| = 1. Since F is a positive operator
on the Banach lattice, C'(X), it follows from Lemma 18, Theorem 4.9
and Exercise 2 in [Sc] (p. 326-327) that the spectrum of F' meets the
unit circle in a cyclic compact group. Therefore, the group is finite and
there is some positive integer r such that A" = 1. Thus, F"(¢)) = ¢
and F"(Rey) = Rey F"(Imy) = Imep. Let us suppose Reyp # 0. Fix
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M € R so large that Rey + Mp > 0. But, by lemma 2.2.4, ¢" is
ergodic with respect to fi. This means that p o mm is the only invariant
measure for ¢” equivalent to m. Therefore, there is a constant ¢ > 0
such that Repom + Mpom = ¢cpom. So, Repom = (¢c— M)pon
and [ Reydm = ¢ — M. Repeating this argument for Im, we obtain
tpom = ([tdm)pom. Since Fp = p, this implies that A = 1 and since
7(E>) is dense in J, M%lj = pl7. But repeating now the argument
of the proof of uniqueness in item (a), we conclude that ¢ = [dm p
on X. The proof of (6.3) is complete.

Representing the function 1 as a unique sum of an element from E,
and Ey, it follows from (6.3) that there exists ¢ € @ such that 1 —¢p €
FEy. But since the operator F' preserves integration with respect to the
measure m, [ gdm = 0 for every g € Ey. Consequently ¢ = 1. Therefore
[|F™(1) — p|| = ||F™(1 — p)|]| — 0 when n — oo. We are done. O

The main result of this section is contained in the following.

Theorem 6.1.3 If d > 2 and the system S is reqular, then the Radon-

Nikodym derivative p = j—’n; has a real-analytic extension on an open

connected neighborhood U of X in W.

Proof. We shall deal first with the case d > 3. In view of (4.1), there
then exist A, > 0, a linear isometry A, an inversion (or the identity
map) iy, = iq,,r, and a vector b, € IR? such that ¢, = A\, Ay, 0y + b
Then

T .
|5, (2)| = 2= aull?
and
[0, (2)] = A\ if i, = 1d
Since ¢, (W) C W, a, ¢ W. Fix £ € X and consider the function
puw : @ — @ given by the formula

o 2
po(e) = Ll —aul

21 (2 — (aw);)

We shall show that there exist a constant B > 0 and a neighborhood U
of X in @¢ such that

5 or p,(z) = 1ifi, =1Id.

pu(2)| < B (6.4)

for every w € I* and every z € U. Indeed, otherwise there exist se-
quences w™ € I* and 2™ € @7, n > 1 such that lim,, ., dist(z(™, X) =
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0 and |p,m ()] > n for every n > 1. Passing to a subsequence we
may assume that the limit w = lim,,_,oc 2™ exists. Then w € X C R?
and for every n > 1 we have

(n) (n) N

w;) + (w5 — (aym);)’

M&
M&

w(n)

j:l j:l

Z —w;)? +2 Z —wj)(w; — (aym);)  (6.5)

d
D (w5 = (aum);)

j=

[
—

+

Now, since a,m» ¢ W and w € X, we get

d
D () = (agm);)? = [[w = ayml|* > dist*(X,0W).  (6.6)

j=1

<.

Fix now ¢ > 1 so large that for every n > ¢

d
1
ST w2 < 7 dist* (X, 0W) (6.7)
and
4 1 1
; 24" —w;| < min {@disﬁ(x, oW, @} . (6.8)

So, if |w; — (a,m );| <1, then by (6.8)

202" = wllwg — (ay0)j] < st (X, 0W) (6.9)

and if |w; — (ag,m );| > 1, then by the other part of (6.8)
202" = wjllwg — (age);| < 205" = wjllw; = (auem )sf?

1
< gqlwi = (aum);l? (6.10)

IN

EHU} — a2
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Applying now (6.5) along with (6.6), (6.7), (6.9), and (6.10), we get for
every n > ¢q

d d d
Z ™ (ayo)s)?| 2 S (w5 — (aum), Z 2 2

7j=1

d
=23 24— wjlw; — (agm);]
7j=1

1
> [Jw = a,ml|* - 2w = aom |[*
- d—||w — a,ml|* = —||w — aym|[*.
And therefore, using also (4f) and (4.2), we get

1§ — %<n>||2 < 1€ — aw<n>||2

d n 5 = —
2= 1( " — (aym);) lw = agym

n < |y (zM)] = <2K.

This contradiction finishes the proof of (6.4). Decreasing U if necessary,
we may assume that this set is connected. Now, for every n > 1 define
the function b, : U — € by setting

bu(z) = Y pli(2)IeLI"

|wl=n

Since each term of this series is an analytic function and since, by
Lemma 6.1.1 and (6.4),

Z L)L O < B" Y [lo,]I" < B"K",

|lw|=n

we conclude that all the functions b, : U — € are analytic and ||by||cc <
B"K" for every n > 1. Hence, in view of Montel’s theorem, we can
choose a subsequence {bnk 192, converging on a connected nelghborhood
U1 of X (with closure U1 contained in U) to an analytic function b : U1 —
€. Since for every n > 1 and every z € X, bp(2) = 32\, =, [¢0,(2 W=
L7(1), it therefore follows from Theorem 6.1.2(c) that b|x = p = dgn’%b.
Hence, putting U = Pr(U,), where Pr: ¢ — IR? is the orthogonal
projection from @'¢ to IR?, completes the proof in the case d > 3.
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Following [MPU] we shall deal now with the case d = 2. We start by
defining the sequence of functions b, : V' — (0, 00) by setting

bu(z) = D 1L = D WL, (6.11)
|wl=n

|w|=n

where 1), = ¢, if ¢, is holomorphic and v, = ¢, if ¢, is antiholo-
morphic. In view of Lemma6.1.1 |b,,(2)| = b, (z) < K" for all z € X and
all n > 1. Hence, applying the Koebe distortion theorem, we conclude
that there exists T' > 0 such that for each point w € X there exists a
radius r = r(w) > 0 such that B(w,2r) C V and for all z € B(w, 2r)
and alln >1

b (2)] = bu(2) < T. (6.12)

Now equate (@, where our contractions ¢;, i € I, act, to IR? with co-
ordinates z,y, the real and complex part of z. Embed this into @2 with
2,y complex. Denote the above @' = IR? by ;. We may assume that
w = 0in . Given w € I* define the function p,, : Bg,(0,2r) — T by
setting

4L

¢.,(0)
Since Bg,(0,2r) C @ is simply connected and p, nowhere vanishes,
all the branches of the log p,, are well-defined on Bg, (0, 2r). Choose the
branch that maps 0 to 0 and denote it also by log p,,. By Koebe’s distor-

tion theorem |p,,| and |argp,,| are bounded on B(0,r) by universal con-
stants K7, K» respectively. Hence |log p,,| < K = log K1+ Ko. We write

Pw (Z)

[e.e]
log p, = Z amz"
m=0
and note that by Cauchy’s inequalities
lam| < K/r™. (6.13)

We can write for z = z 4 iy in €

oo
Relog p, = Re Z am (z +iy)™

m=0
- +
= Z Re (ap+q (p q> iq> 2Pyt = Z cp.qrPyl.
p,q=0 1

In view of (6.13) we can estimate |c, 4| < |aps4]2PT9 < Kp~(PHagp+a,
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Hence Relog p,, extends, by the same power series expansion ) ¢p q2Py9,
to a complex-valued function on the polydisk Dg=(0,r/2) and

|[Relog p,| <4K on Dg2(0,1/4). (6.14)
Now each function b,, n > 1, extends to the function

Z |¢ |h hREIOng(Z) (615)

whose domain, like the domains of the functions Relog p,,, contains the
polydisk IDg2(0,7/2). Finally, using (6.12) and (6.14) we get for all
n >0 and all z € Dg2(0,r/4)

2)| < Z |6, (0)|heRe(hRelog o (2)) < Z 16, (0) el Re 108 £ (2)

|w|= |lw|=n

Kh Z |¢w |h <eKhT

lw|=n

Now by Cauchy’s integral formula (in IDg2(0,r/4)) for second derivat-
ives we prove that the family B,, is equicontinuous on, say, Dg=(0,r/5).
Hence we can choose a uniformly convergent subsequence whose limit
function G is complex and analytic and extends p on X N B(0,r/5), in
the manner described in Theorem 6.1.2. Thus we have proved that for
every w € X, the density p extends to a complex and analytic function
in an open ball contained in @2 and centered at the point w € X. Since
X = IntX, these extensions restricted to @, coincide on intersections
of these balls. This finishes the proof in the dimension d = 2. O

As an immediate consequence of this theorem we get the following.

Corollary 6.1.4 Suppose that d = 1, the system S is reqular and all con-
tractions are real-analytic. Moreover, suppose that there exists an open
connected set U C IR? containing X and invariant under all elements
of S. Then the Radon-Nikodym derivative p = j—ﬁ@ has a real-analytic
extension on an open connected neighborhood of X in IR.

For every w € I* denote by Dy, = % the Jacobian of the map

¢ : J — J with respect to the measure p. As an immediate consequence
of Theorem 6.1.3, the following computation

dﬂo¢w_dﬂo¢w dm o ¢y, d_m_(d_u ) |¢ |6 dm
dp  dmo gy dm dp du
and the observation that |¢/ |° is real-nalytic on V, we get the following.
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Corollary 6.1.5 For every i € I the Jacobian Dy, has a real-analytic
extension Dy, on the neighborhood U of X produced either in The-
orem 6.1.3 or Corollary 6.1.4.

6.2 Rate of approximation of the Hausdorff dimension
by finite subsystems

Let us recall that in view of Proposition 4.2.7, for every ¢ > 0 the col-
lection ¢; = {tlog|¢}|}icr is a Holder family of functions. If ¢ > 6, then
(¢ is a summable Holder family of functions. Denote the corresponding
measure m¢, by m; and the pressure P(¢;) by P(¢). As in the previous
section we define the operator F; : C(X) — C(X) by the formula

Fi(g)=)_1#il'g 0 ¢:.
iel

F; acts continuously on C(X). In this section we provide an effective
estimate on the perturbation of topological pressure if we form iterated
function systems consisting of bigger and bigger finite subsets of I. From
Theorem 4.2.13 we know that the limit of Hausdorff dimensions of the
limit sets of these finite systems converges to the Hausdorff dimension of
the limit set of the original system. In this section, as our main result, we
estimate (see Theorem 6.2.3) the rate of this convergence, thus making
possible numerical calculations of this Hausdorff dimension. Proceeding
in a manner similar to the proof of Theorem 6.1.2 we can demonstrate
the following generalization of that theorem.

Theorem 6.2.1 If S is a CIFS and t > 0g, then

(a) There exists a unique continuous function py : X — [0,00) such
that

Fipy = eP(t)pt and /ptdm =1.

(b) K7t <p, < K"
¢) The sequence {F]*(11)}22_; converges uniformly to p; on X.
t n=1 1%
(d) pls = jﬁl‘t, where g is the S-invariant version of the measure

mye.

(¢)

C(X) = C(X)] @ Tpr,
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where C(X)} = {f € C(X) : [|F/(f)l| = 0} = {f € C(X) :
If instead of S we consider a system Sg = {¢;}icq for some subset G
of I, we add the subscript G to the objects Fy, P(t), my, p;, and C?

resulting respectively in Fg ¢, Pa(t), ma.t, pat, and C’&t. We are now
in a position to prove the following.

Theorem 6.2.2 If S = {¢;}ics is a CIFS, then for all G C I and
t € (0s,d] we have

|6P(t) _ ePc(t)| < K32+ KY||F, — Fa ]

Proof. Consider a function ¢ =rp; +u, r € R, u € C(X) and assume
that ||¢]| = 1. Then

1:Hwnzy/udmazzvy/pmm¢:|w.

Hence, using also Theorem 6.2.1(b), we conclude that ||u|| < |||+ |7| -
llpe|| <1+ K% Thus

1 1
1+K4%+1)> ——— . (6.16
T ea (L K D) = g (full + 7)) (6.16)

If we now relax the assumption ||[¢)|] = 1 but still keep ¢ # 0, then it
follows from (6.16) that

Il = 2 (il < |
Tl = 2z & \l Tl | [T

and therefore ||| > ﬁ(”“” +1r|), so that (6.16) remains true in this
case. If ¢p = 0, then r = 0, u = 0, and (6.16) is obviously satisfied in
this case. In view of Theorem 6.2.1(e) there is a unique representation

llrpe +ull =1 =

PGt =Tpt + U

with appropriate 7 € IR and u € CP(X). In view of Theorem 6.2.1(b)
we get

K< /pgtdmt = /(?”pt +u)dmy = r/ptdmt =7 (6.17)

Write Ay = eP® and A\g; = ePo®. Applying Theorem 6.2.1(b),
Theorem 6.2.1(a), £;-invariantness of the space C?(X), (6.16) and (6.17),
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we get

|Fy = Faul|K® > ||(Fy — Fau)pal = |IrFi(pe) + Fy(u) — Aa,epc.ill
= |[(rAepe — rAG.ept) + Fi(u) — Ag eul|

> 5—ga (1 = el - lloul |+ [ Fi(w) = A aull)
1 —dyr—d
> 2+KdK K=\ — Aa -
Thus [N\ — Age| < K342 + K?)||F, — Fgy|| and the proof is
complete. 0
Let

. 1 /
X =sup inf, {_E log II%II} :
The main result of this section, coming mainly from [HeU] and culmin-
ating the approach begun in [GM] and continued in [MU1], establishing
the rate of approximation of the Hausdorff dimension h = HD(Js) of
the limit set Jg of the system S by the Hausdorff dimensions of the limit
sets of its finite subsystems, is included in the following.

Theorem 6.2.3 If v > 0g and hg > v for some finite set G C I, then

0<h—he <x 'E*2+K% > (¢
i€I\G

Proof. Applying Proposition 2.6.13 along with Birkhoff’s ergodic the-
orem for the function f(w) = log|pw, (T(c(w)))|, w € I°°, we get

dP(t)

LI / log |6, ((o/(w))) dfie < —x,

where fi; is the lift to the coding space I of the measure p;m;. Hence

ha
eP(h(;) _ 1 — eP(hG) _ eP(h) — /

d he
—eP®ap = / P'(t)e"Wat
podt h

, . (6.18)
= 7/ —P'(t)ePDat z/ xdt = x(h — hg).
h

G ha
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On the other hand, using Theorem 6.2.2, we obtain
ePhe) _ 1 = ¢Plhe) _oPolhe) < K349 4 K)||F,, — Fa.nsl|
= KM+ K 3 [l

i€I\G
<KM2+ K" Y (el
i€I\G

Combining this inequality and (6.18) completes the proof. O

Notice that the assumptions v > 0g and hg > « imply that b > hg >
fs, and consequently the system S is strongly regular. On the other
hand, if the the system S is strongly regular, then there exist a finite
G C I with these properties.

6.3 Uniform perfectness

A compact set L C 'is called uniformly perfect if there exists a constant
0 < ¢ < 1 such that for every x € L and every radius 0 < r <1

LNn{we@:cer <|w—z|<r}#0.

This notion was introduced by Ch. Pommerenke in [Pol]. The main
consequence of uniform perfectness of the compact set L is that all its
points are regular in the sense of Dirichlet. The concept of uniform per-
fectness has been widely used in harmonic analysis. Some applications
for studying harmonic measure on the limits sets of CIFS and selected
literature can be found in [UZd]. Let us recall that

S(00) = Timi—eeti(X) =) |J @:(X),

F iel\F

where the intersection is taken over all finite subsets of I. We start with
the following sufficient condition for the limit set of a CGDMS to be
uniformly perfect.

Theorem 6.3.1 Suppose that the following condition (UP) holds. S(o0)
is finite and for each index i € I there exists an infinite countable set
{in}n>1 of elements in I such that i1 =i and

sup sup

i€l n>1

{ max{diam(¢i7L (X))v diam((biwrl (X))v diSt(¢i'rL+l (X)v ¢in (X))} } < 00
min{diam(¢;, (X)), diam(¢,, ., (X))} '
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Then J, the closure of the limit set J, is uniformly perfect.
Proof. Tt follows from (4.20) and (4.23) that for every 7 € I*
diam(6, (X)) < D6l < D*diam(e, (J)). (6.19)

Let C' be the maximum of 1 and the supremum appearing in the con-
dition (UP) above. It is sufficient to demonstrate that there exists a
constant 0 < ¢ < 1 such that for each positive radius small enough and
each point z € J the annulus A(z,cr,r) :={w € C: cr < |w— z| < r}
intersects J. Let us consider first the set X,(c0) C S(c0) of all those
points w € S(o0) for which there exists an infinite sequence {jn}n>1
for which the supremum appearing in condition (UP) is bounded from
above by C and

w E mn%oo(bjn (X) = n U Pjn, (X).

k>1n>k

We shall show first the uniform perfectness of J at the points w of
Xa(00). By the cone condition (4d) and the bounded distortion property
(4f), the set {n > 1: w € ¢;,(X)} is finite. Let n, > 1 be the least
element in the complement of this set. Set

R, = dist(w, ¢;,, (X))

and consider any radius 0 < r < R,,. Since w € lim, ¢, (X) and
lim,, o diam(¢;, (X)) = 0, there exists an element k > n,, such that
¢j, (X) € B(w,r). Then j > n,. Let p be a least such index k. If
diam(¢;,(J)) > r/8D*C, then using the fact that ¢; (J) C B(w,r), we
conclude that A(z,r/16D*C,r) N ¢;, (J) # 0. But since ¢, (J) C J, we
get

A(z,7/16D*C,r) N J # 0

and we are done in this case with any constant ¢ < 1/16D2C. So suppose
that diam(¢;, (J)) < r/8D?*C. Then by (6.19), diam(¢;, (X)) < r/8C.
So, by the definition of w,
. T . r
dist(¢;, (X), ¢, , (X)) < 3 and diam(¢;, , (X)) < 3
Since ¢;,_, (X) N (C\ B(w,r)) # 0, we deduce that
r

dist(¢; (X),0B(w,r)) < g + % =

Since ¢, (X) C B(w,r) and diam(¢;, (X)) < r/8C < r/4, we conclude

that ¢;,(X) C A(w,r — § — §,7) = A(w,7/2,7). Since J N ¢;,(X) # 0,
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we are done in this case with any constant ¢ < 1/2. Put
R=min{R, : w € X,(00)} >0 and ¢; = min{1/2,1/16D*C}.

Consider now an arbitrary point z € ¢;(J) for some ¢ € I and %
diam(¢;(X)) < r < R. Let {in}n>1 be the sequence claimed by our
hypothesis. Suppose that

0, ()N (€\B (2,51)) 20

for some n > 1. Then n > 2. Let ¢ > 2 be the least index n with
this property. If diam(¢;,_,(J)) > c¢17/32D?C, then using the fact
that ¢;,_, (J) C B(z, c1r/4), we conclude that A(z, ¢1r/64D?*C,cir/4)N
¢i,_, (J) # 0. But since ¢;,_, (J) C J, we get

A(z,clr/64D2C, ar/A)NJ #£0

and we are done in this case with any constant ¢ < ¢;/ 64D%C. So
suppose that diam(¢;,_, (J)) < ¢17/32D?C. Then by (6.19), diam(¢;,_,
(X)) < ¢17/32C. But then

dist (i, ,(X), i, (X)) < 2—; and diam(¢; (X)) < ==

Since ¢, (X) N (C'\ B(z,c17/4)) # 0, we deduce then that

cr car - C1

32 32 16

Since ¢;,_, (X) C B(z, c1r/4) and diam(¢;,_, (X)) < c17/32D*C < ¢7/
16, we conclude that ¢;,_,(X) C A(z, Fr— §& — 15, F7) C A(z, Gr,7).
Since J N ¢, ,(X) # 0, we are done in this case with any constant
¢ < ¢1/8. So, suppose in turn that ¢;, (X) C B(z,c1r/4) for all n > 1.
Let w € @ be an arbitrary point of lim,, o ¢;, (X). Then w € X,(c0) N
B(z,c17/4) and, as 7/2 < R < R,,, we conclude from what has been
already proved that A(w,cir/2,7/2)NJ # 0. Then A(w,cir/2,7/2) C
B(z,(r/2)+(c17/4)) C B(z,7). Take an arbitrary point z € A(w, c17/2,
r/2)NJ. Then |z — z| > | — w| — |zy| > c17/2 — c17/4 = c17/4 which
implies that A(z,c17/4,7) NJ # () and we are done in this case with
the constant ca = ¢1/4 = min{1/8,1/64D?C}. Obviously, taking ca > 0
appropriately smaller, if necessary, we have local uniform perfectness at
the point z for every r satisfying ﬁdiam(d)i(X)) <r< K™'D.

dist(¢s,_, (X),0B(z,c1r/4)) <

Passing to the last step of this proof, fix an arbitrary point z = 7(7) € J,
7 € I, and a positive radius r < diam(X). Let n > 1 be the least



6.3 Uniform perfectness 159

integer such that

¢r1,(X) C B(z, K7>D %cor). (6.20)
Consider the ball

B(r (o™ (1)), K[, _,|I7'r)

(note that w(c™(7)) = (b;‘i_l(z) and that if n = 1, then ¢, _, is the
identity map). Since r < diam(¢,|,_, (X)), using (4.20), we get

K¢y, 17t < K7 Mlgy, |17 diam(¢y), , (X))

(6.21)
< K7l¢5, [T Dll¢y, |l = K~'D.
Using (6.20) and (4.23) we obtain
K5, 7= K|, 17 (K2 D% (K7D %er)r)
> KD |, _, |7 diam(¢y),, (X))
>KD202_1||¢T|W AFID™ Mgy, 11 = D2y H|¢f, |

> ¢; ' diam(¢r, (X)) > adiam(% (X)).

This inequality and (6.21) enable us to apply the previous case, and
as a consequence, we obtain an annulus A(w (o™ (7)), co K~ 1||¢T‘n At
1||¢T‘n |I7*7) having a non-empty intersection with .J. Hence

rly (Al (0™ (7)), K|y, N7 K[, 171r) 0T # 0.

Assuming K to be so large that K ~'D < dist(X, dV), using the bounded
distortion property, the mean value inequality, and (4.21), we get

Ol s (AT (0™ (7)) 2K Mgy 17 K00 I17Hr)
C Az, caK %1, 7).

Hence A(z,coK~2r,7) N J # () and the proof is complete. O

As an immediate consequence of this theorem and Example 5.1.4 we get
the following.

Corollary 6.3.2 If I = {a,,}22; C IN is represented as a non-decreasing
sequence, then the closure of the set of numbers in [0, 1] whose continued
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fraction expansion entries are all contained in I, is uniformly perfect if
and only if
limsup(an+1 — an) < oo.
n—oo
As the following theorem shows, the limit sets of finite CIFS are all
uniformly perfect. The idea of the proof is however completely different.

Theorem 6.3.3 The limit set of a finite CIFS is uniformly perfect.

Proof. In view of Theorem 4.2.11 the system S is regular. Let m be
the corresponding h-conformal measure. Fix z € Jg and 0 < r < 1.
Applying Theorem 4.2.11 we then get

m(A(z, (20%) ", 1)) = m(B(x,r)) — m(B(z, (20%)/"r))

>C - c(ee?) i =7l - %C_lrh

(6.22)

In particular A(z, (2C?)~Y"r 1)1 Js # 0 and the proof is complete. [J

6.4 Geometric rigidity

In this section, following [MMU] we explore the structure of limit sets
J of infinite conformal iterated function systems whose closure is a con-
tinuum (compact connected set). Under a natural easily verifiable tech-
nical condition (always satisfied if the system is finite), we demonstrate
the following dichotomy. Either the Hausdorff dimension of J exceeds 1
or else J is a proper compact segment of either a geometric circle or a
straight line if d > 3 or an analytic interval if d = 2 (cf. Theorem 6.4.1).
From the viewpoint of conformal dynamics, this result can be thought
of as a far going generalization of results originated in [Sul] and [B2],
which are formulated in the plane case. The proofs contained there use
the Riemann mapping theorem and can be carried out only in the plane.
The proof presented in our paper is different and holds in any dimen-
sion. The reader is also encouraged to notice an analogy between our
result and a series of other papers (see e.g. ([B2], [FU], [MUZ2|, [Mal,
[Pr], [Ru], [Sul], [U1], [UV], [Z1], [Z2]) which are aimed toward estab-
lishing a similar dichotomy. However, to our knowledge, all these results
like those in [B2] and [Sul], were formulated in the plane and used the
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Riemann mapping theorem, except those in [MU2]. The current result
is however much stronger than that in [MU2] and in particular with our
present approach the main result of [MU2] can be strengthened as de-
scribed at the end of this section. Another corollary of our result is the
following: if a continuum C' in IR? is the self-conformal set generated
by finitely many conformal mappings satisfying the open set condition,
the Hausdorff 1-measure of C' is finite and one of the mappings is a sim-
ilarity, then the continuum is a line-segment. In particular, this holds
if all the maps are similarities, a result obtained early on by Mattila
[Ma3].

The main result of this section is the following.

Theorem 6.4.1 If d > 3, S = {¢;}ics is a CIFS, J is a continuum
(compact connected set) and dimp (S(00)) < dimg (J), then either
(a) dimg(J) > 1 or
(b) Jis a proper compact segment of either a geometric circle or a
straight line.
In addition, if any one of the maps ¢; is a similarity mapping, then J
s a line segment.

We note that the technical condition in Theorem 6.4.1 is necessary. A
modification of Example 5.2 of [MU1] shows that the dichotomy of The-
orem 6.4.1 in general fails if dimz(S(c0)) > dimg(J). Here is such an
example. Take any sequence of positive reals {r; : ¢ > 1} (for example
of the form b, 0 < b < 1) such that the equation Y ,o, 7! = 1 has a
(unique) solution and this solution is less than or equal to 1. Consider
a family {¢; : {z € R : ||z|]| < 1} = {z € R : ||z|]| < 1} : i >
1} of similarity maps satisfying the open set condition and such that
l|¢t]] = r; and S(c0) = {z € R? : ||z|]| = 1}. Then HD(Js) < 1 <
HD(S(c0)) and the closure Jg is connected. The set Js is obviously not
an arc.

We would also like to remark that in the case d = 2, for every i € I, ¢y;
is a holomorphic map bi-holomorphically conjugate with the linear map
¥(2) = 24 + ¢ (241) (2 — x4;) on some neighborhood W of z;;. Proceeding
then similarly as in the proof of Theorem 6.4.1 we could demonstrate
the same statement with the segment of the line or the circle replaced
by an analytic arc.

Since in the finite case the set S(o00) is empty, we get immediately from
Theorem 6.4.1 the following.
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Corollary 6.4.2 If d > 3, S = {¢;}ics is a finite CIFS and J is a
continuum, then either

(a) dimg(J) > 1 or
(b) Jis a proper compact segment of either a geometric circle or a
straight line.

In addition, if any one of the maps ¢; is a similarity mapping, then J
s a line segment.

The proof of Theorem 6.4.1 will consist of several steps. First of all we
assume from now on throughout the entire section that the assumptions
of Theorem 6.4.1 are satisfied and dimg(J) = 1. Our goal is to show
that then item (b) is satisfied. Since dimp(S(00)) < dimgy(J) = 1 and
J is a continuum, using Lemma 1.0.1, we conclude that Hy(J) > 0. It
therefore follows from Theorem 4.5.11 that the system S is regular. Let
m be the corresponding 1-dimensional measure. By Theorem 4.5.1 and
since dimg (S(00)) < dimg (J) = 1 the 1-dimensional Hausdorff measure
H; on J is absolutely continuous with respect to m and in consequence
H, |5 is a multiple of m. So, J is a continuum whose H; measure is finite.
Therefore, the following fact follows from [EH] and [Wh].

Lemma 6.4.3 J is a locally arcwise connected continuum.

Given z € IR?, § € IPIR?, the (d — 1)-dimensional projective space, and
v > 0, we put

Con(z, 0,v) = Con(z,n,~v) U Con(x, —n,7),

where n € IR? is a representative of § € IPIRY. We recall that a set Y’
has a tangent in the direction § € IPIR? at a point = € Y if for every
v>0
i H, (Y N (B(z,r) \ Con(z,6,7)))
im

r—0 T

=0.

Since we will consider only tangents of 1-sets (the set J above), this
definition coincides with the definition given on p. 31 of [Fal]. We
say that a set Y has a strong tangent in the direction § € IPIR? at a
point x provided for each 0 < 8 < 1 there is some r > 0 such that
Y N B(z,r) C Con(z,d,3). We shall prove the following.

Theorem 6.4.4 If Y is locally arcwise connected at a point r and Y
has a tangent 0 at x, then Y has strong tangent 6 at x.
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Proof. Suppose there is some 0 < 8 < 1 and points z,, in Y such
that for each n, |z, —a— < x, —a,0 > 0| > B|x, — z|. For each n,
let o, : [0,1] — Y be an arc from x to x, with diam(a,) — 0. For
each n, note that since Y has a tangent # € IPIR? at z, there is some ¢,
0 < t < 1such that o, (t) € Con(z, 0, 5/2). Let t,, be the largest number
such that a,(t,) € Con(z,0,5/2) and let s,, be the first number larger
than t, such that ay,(s,) € 9Con(z,0,3). Consider y,, a point of the
arc ay, from oy, (t,) to a,(s,) at maximum distance from z, and take
zn to be a point of this same subarc at minimum distance from z. If
llzn —al| < ||yn —al|/2, then considering the projection of this subarc on
the line through a and y,,

Hy (X N B(z, [[yn — z[]))
Con(z,0,5/2)

2 Hyn - x”/Q

If ||zn — || > ||yn — z||/2, then, considering the projection of this subarc
on the sphere with center a and radius ||y, — a||/2, we get

H, (X 1 B(z, lyn — =)
Con(z,0,5/2)

Thus, Y does not have a tangent at x. O

> (7/2)(B/2)|lyn — all.

We call a point 7 € I°° transitive if w(7) = I*°, where w(7) is the w-limit
set of 7 under the shift transformation o : I°° — I°°. We denote the set
of these points by I;* and put

gy = n(I5°).

We call the J; the set of transitive points of J and notice that for every
7 € I, the set {m(c™7) :n > 0} is dense in J (or J if this is the space
under consideration).

Lemma 6.4.5 If J has a strong tangent at a point x = 7(7), T € I°°,
then J has a strong tangent at every point of m(w(T)).

Proof. Suppose on the contrary that J does not have a strong tangent
at some point y € m(w(7)). Let 6 € IPIR? be the tangent direction of J
at x and let {ny}32, be an increasing sequence of positive integers such
that limy_co (0™ 7) = y. Passing to a subsequence, we may assume

that
i
lim ((ﬁ:"l"w) (=)

=2 (on,) @)

Wlny,

o=¢
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for some & € IPIR?. Since J does not have a strong tangent at 7, there
exists 0 < 8 <1 such that for every r > 0

JN B(y,r)\ JNCon(y,&,B) # 0.
Then
J N B(r(a™71),r)\ JN Con(n(c" 1), &, 3/2) # (6.23)

for all k large enough where

—1 /
(¢w|” ) (x)
ki/g'
(e2t,) @)
But in view of Proposition 4.2.3, for all » > 0 small enough we have
Do, (B(m(o™7), 7))\ Con(n(r), &, B/2) C

) P, (T(0™T)) g
=B rldls, 1D\ Con ( mgz)
|) \ Con(z, 8, 5/4).

Since in view of (6.23), J N Do, (B(m(o™1),7)) # 0, we conclude that
for every k large enough, J N (B(m,r“(b;‘ ) \Con(x,@,ﬂ/él)) # 0.
ng
Since limg—oo [|¢7, || = 0, this implies that ¢ is not the strong density
"k

Wlny,

= B(z,7|¢,

Wlny,

direction of J at z. This contradiction finishes the proof. O

Corollary 6.4.6 The continuum J has a strong tangent at every point.

Proof. Since H;(J) < oo, Corollary 3.15 from [Fal] shows that J has a
tangent at Hi-a.e. point in .J, and therefore at a set of points of positive
m measure. Since m(J;) = 1, there thus exists at least one transitive
point z in J having a tangent of J. By Theorem 6.4.4 and Lemma 6.4.3
J has a strong tangent at x, and it then follows from Lemma 6.4.5 that
J has a strong tangent at every point. O

Now, the following lemma finishes the proof of Theorem 6.4.1.

Lemma 6.4.7 Suppose that ¢ : RY — RY, d >3, isa conformal
diffeomorphism that has an attracting fized point a (p(a) = a, |¢'(a)] <
1). Suppose that a compact connected set M has a strong tangent at a,
that ¢(M) C M and that lim, oo ¢™(z) = a for all x € M. Then M
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is a segment of a ¢-invariant line or circle. If ¢ is affine (p(c0) = 00),
then the former possibility holds.

Proof. Since a is an attracting fixed point of ¢, there exists a radius
r > 0 so small that ¢~! (Ed \ B(a,r)) C R \ B(a, ), where R? is the
Alexandrov compactification of JR? done by adding the point at infinity.
Since R" \ B(a,r) is a topological closed ball, in view of Brouwer’s fixed
point theorem there exists a fixed point b of ¢~ in R \ B(a,r). Hence
b is also a fixed point of ¢ and b # a. Then the map

P =1ip10¢P0ip

(ip1 equals identity if b = oo) fixes 0o, which means that this map is
affine, and w = 4p1(a) is an attracting fixed point of ¢. In addition
(M) € M, where M = iy, (M), w € M, and M has a strong tangent
at w. Let [ be the line through w determined by the strongly tangent
direction of M at w. Since 1(w) = w, since ¢ (1) is a straight line through

w and since (M) C M, we conclude that (1) = [. Suppose now that
M is not contained in I. Consider z € M \ I. Then for every n > 0

" (x) € (M) \ (1) € M\ 1

and since the map 9 is conformal and affine

L™ (x) = w, 1) = (" (2 = w), " (1)) = L(z — w,1).

Since lim,— o %™ (z) = w, we therefore conclude that [ is not a strongly
tangent line of M at w. This contradiction shows that M C [. Since in
addition M is a continuum, it is a segment of [. (]

And indeed to conclude the proof of Theorem 6.4.1 it suffices to pick an
arbitrary index i € I (affine if exists) and to put ¢ = ¢;, M = J and
a = x;, the only attracting fixed point of ¢; belonging to J. (|

6.5 Refined geometric rigidity

Throughout the section we assume that d > 2. By TD we will denote
the topological dimension (we will only deal with subsets of IR? so all
Hausdorff and topological dimensions are finite). The following is the
main result of this section. It refines the main result of the previous
section, cf. [MyU].
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Theorem 6.5.1 If d > 3, S = {¢i}ier is a CIFS and HD(S(x0)) <
HD(J), then either

(a) HD(J) > TD(J) or
(b) J is a proper compact subset of either a geometric sphere of di-

mension TD(J) or a TD(J)-dimensional affine hyperspace, both
contained in IR?.

In addition, if any one of the maps ¢; is a similarity map, then the latter
case holds.

Since in the finite case the set S(co) is empty, we get immediately the
following.

Corollary 6.5.2 If d > 3, S = {¢i }icr is a finite CIFS, then either

(a) HD(J) > TD(J) or
(b) J is a proper compact subset of either a geometric sphere of di-

mension TD(J) or a TD(J)-dimensional affine hyperspace, both
contained in IR?.

In addition, if any one of the maps ¢; is a similarity map, then the latter
case holds.

Remark 6.5.3 Put k = TD(J). Since a compact subset of a k-dimen-
sional sphere or hyperspace G has topological dimension k if and only
if its interior in G is not empty, we see that in the second alternative
of Theorem 6.5.1 and Corollary 6.5.2, J contains an open ball in the
appropriate sphere or hyperspace and, for dynamical reasons, it turns
out that there is an open subset ) of that sphere or hyperspace such that
J=Q.

We first discuss some concepts and results from rectifialibity theory. A
beautiful exposition of this can be found in [Mal]. A set Q C IR? is called
k-rectifiable if H*(Q) > 0 and there exist Lipschitz maps g; : R¥ — IR?,
i=1,2,..., such that

H* (Q\ Ugi(ﬂ%k)> =0.

i=1

A set T C IR% is called purely k-unrectifiable if and only if H” (QNT)=0
for every k-rectifiable set Q.

It follows from Theorem 15.19 in [Mal] that for H"-a.e. point z in a
Ek-rectifiable set Q C IR? there is a unique approzimate tangent k-plane
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for @ at z. This tangent plane will be denoted in the sequel by T,Q as a
subset of G(d, k). We recall that G(d, k) is the Grassmannian manifold
of all k-dimensional linear subspaces of IR? and that the existence of a
tangent k-plane T.Q for @ at z implies that, for every 0 < s < 1,

lim iH (QNB(2,1)\ Z(2, T.Q,5)) =0,

where
Z(z,V,8) ={x € R d(z — 2, V) < slz — z|}.

The space G(d, k) has a natural measure 74 (see Section 3.9 in [Mal]
for its definition and basic properties). Given V' € G(d, k) we denote by
Py : IR* — V the orthogonal projection from IR? onto V.

The following lemma is crucial since it gives rectifiability of the limit set
provided the topological and Hausdorff dimension coincide.

Lemma 6.5.4 If S = {¢; }icr is a CIFS and HP) (Js) = HTD(j)(J) >

0, HD(J) = TD(J), then the system S is regular, m = H{I—z])b is the

k-conformal measure on J and the closure Jg is TD(Jg)-rectifiable.

Proof. Put k = TD(J). Since H*(J) > 0 and since HD(J) = k, we
conclude from Theorem 4.5.11 that the system S is regular and, using
Theorem 4.5.1, we deduce that H*(J) < oo and m = HI;;I—(kJ)L] is the
k-conformal measure on J. It follows from Federer’s theorem on p. 545
in [Fe] that the integralgeometric measure Zf(J) > 0. Since (see [Mal],
p. 86)

k(T 0/7 —1 a k a
THT) = /G " /V HO(7 Py (a))dH (a)dya (V).

we therefore conclude that there exists a Borel set G C G(d, k) with
Ya.x(G) > 0 such that H'(J N Py,'(a)) > 0 for every V € G and all a
in some set Wy C V with Hk(WV) > 0. In particular Py (J) > Wy
and therefore H*(Py(J)) > 0 for all V € G. Hence, it follows from
Theorem 18.1(2) on p. 250 in [Mal] that .J is not purely k-unrectifiable.
Therefore, combining Theorem 17.6 (notice that although this is not
indicated in Mattilas’s book, we need to know that H*(J) > 0 for this
theorem to make actually sense), Theorem 6.2(1) in [Mal] and the fact
that H*(J) = H*(J) > 0, we conclude that ©*(J,z) = 1 for all z in
some set F' C J with H*(F) > 0, where the density functions ©% as
well as ©F and ©*F were defined on p. 89 in [Mal]. Fix now z € J. It
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follows from the bounded distortion property (4f) that for all i € I and
all » > 0 small enough

H*(J 0 B(¢i(x), |6 (x)|r) = H*(¢:(J N B(z, K7 'r)))
> K, (¢ (x)"H*(J 0 B(x, K, 'r)),
where K, is such that lim,_.o K, = 1. Hence
H* (T N B(¢i(2), |¢;(x)|r) _ K Ko@) 1
H*(JNB(x, K
@t © @@ B

_ K_Qka(J N B(x, K, 1))
" (2K, )k

and letting r N\, 0 we conclude that
OF (7, ¢i(z)) > (T, ). (6.24)

Let m be the lift of the conformal measure m to the coding space I
and let fi be its shift-invariant version produced in Theorem 2.2.4. Since
by this theorem the dynamical system (o, ) is ergodic, it therefore
follows from Birkhoft’s ergodic theorem and (6.24) that the function
w +— OF(J, m(w)) is constant fi-a.e. Since fi(m~!(F)) > 0, we therefore
conclude that ©F(J, m(w)) = 1 for ji-a.e. w € I*®°. Thus OF(J,2) = 1
for H*-a.e. € J. Combining this with Theorem 6.2(1) in [Mal] we see
that ©%(J,z) exists and is equal to 1 for H"*-a.c. z € J. Invoking now
Theorem 17.6(1) in [Mal] finishes the proof. O

We now pass directly to the proof of Theorem 6.5.1. Put k = TD(Js)
and suppose that HD(J) < k. Since HD(S(00)) < HD(/J), using Propos-
ition 1.0.1, we conclude that HD(J) = HD(J) < k. Hence, HD(J) = k
and H*(J) = H*(J) > 0. Thus the assumptions of Lemma 6.5.4 are sat-
isfied. In view of this lemma the set .J is k-rectifiable. By Theorem 15.19
in [Mal] this equivalently means that for H*-a.e. z € J there is a unique
approximate tangent k-plane T..J for J at z.

We fix now such a point, say zg = m(w) € J, w € I°°, and make the

following renormalization. Set A, = |¢/, In (m(0™(w)))|~! and define then
Bn(z) = M(z — 20).

It follows from the bounded distortion property (4f) that each map-
ping B, 0 ¢, + X — IR? is locally Lipschitz continuous with Lipschitz
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constant K and from (4.20) that (3, o ¢,,,(X) C B(0,DK). There-
fore, the Ascoli-Arzela theorem applies and there exists an unbounded
increasing sequence of positive integers {nj}]‘?‘;l such that the sequence
P X — IR? converges uniformly to a continuous function ¥ : X — IR?,
where 9; = 3,, o ¢w\nj' The limit function ¥ : X — X is conformal.
We shall prove the following.

Claim 6.5.5 U(J) C Ty, J.

Proof. Suppose on the contrary that the claim does not hold. Then

there exists an open bounded set Q@ C ¥(J) such that
n = dist(Q, RF) > 0. (6.25)

Since €2 is an open subset of J, we get Hk(Q) > 0. Put U = U~1(Q)
and U; = f;(U). Then

0 <1 @) = [ |wita = i [t i B4, @)
= Tim B¥(,, (U;).
j—oo

Hence, there exists 7 > 0 and jo > 1 such that

0 <7 <HB,,(Uy) =\t H¥U;) (6.26)

nj

for all j > jo. Due to (6.25) and the boundedness of 2 we can choose
0 < s < 1 such that Z(0,IR* 2s) N Q = (). Consider the cones Z =
Z(0,T.,J,s) and Z; = Z(z0, TsyJ, /\gjls) = ﬁ;Jl(Z) Fix also a ball B =

B(0, R) such that Q C B(0, R/2) and set B; = (3, (B) = B(20, R\, ).
Since T,,.J is an approximate tangent k-plane of .J at zy, we have

_ —k _
lim \: HY (TN B;\ 25) = lim (RA;}) HE(T N B\ Z;) = 0. (6.27)
j—oo j—oo

But, if j is sufficiently large, then 3,,(U;) = ¥, o v=1(Q)c B\ Z and
therefore U; C J N B; \ Z;. It then follows from (6.26) that

X HY(TN B\ 2j) > A HE(U;) 27> 0

and this contradicts (6.27). We thus proved the claim and therefore the
“smooth or fractal” dichotomy announced in Theorem 6.5.1.

We are left to show that if one of the maps ¢; is a similarity map
(NiA; +a;, 0 < \; < 1), then J is contained in a k-dimensional hy-
perspace of IR?. And indeed, suppose on the contrary that J C Q,
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a geometric sphere in IR?. Since ¢;(Q) = \;A;(Q) + a; is a geomet-
ric sphere of dimension k and the sphere @ N ¢;(Q) contains the k-
dimensional set .J, this intersection is a k-dimensional sphere, and there-
fore equal to both @ and ¢;(Q). This contradicts the fact that ¢; : Q@ —
Q is a strict contraction with a Lipschitz constant equal to A;. O



7
Dynamical Rigidity of CIFSs

In this chapter we deal with dynamical rigidity stemming from the work
of Sullivan (see [Su3]) on conformal expanding repellers in the complex
plane. We ask the fundamental question when two topologically con-
jugate infinite iterated function systems are conjugate in a smoother
fashion. The answer is that such conjugacy extends to a conformal con-
jugacy on some neighborhoods of limit sets if and only if it is Lipschitz
continuous. This turns out to equivalently mean that this conjugacy
exchanges measure classes of appropriate conformal measures or that
the multipliers of corresponding fixed points of all compositions of our
generaters coincide.

7.1 General results

In this section we present the general rigidity results. We make no
assumption about the space X and the dimension d.

We call two iterated function systems F = {f; : X — X,i € I} and
G =1{g;: Y — Y,i € I} topologically conjugate if and only if there
exists a homeomorphism h : Jg — Jg such that

hofi=gioh

for all ¢ € I. Then by induction we easily get that ho f,, = g, o h for
every finite word w. The first result is the following.

Theorem 7.1.1 Suppose that F' = {f; : X — X}ier and G = {g; :
Y — Y}ier are two topologically conjugate conformal iterated function
systems. Then the following four conditions are equivalent.

171
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(1) 3C > 1Vw e I*
—y _ diam(g,,(Y))
CTl< —2 L <.
= Fam(fo(X)) =
(2) 19.,(yw)| = |fL(xw)] for all w € I*, where x,, and y,, are the only
fixed points of f, : X — X and g, : Y — Y respectively.
(8) 3E > 1Vw € I*
!/
A
— T
(4) For every finite subset T of I, HD(Jg,r) = HD(Jpr) and the
conformal measures mg,r and mp o h=1 are equivalent.

Suppose additionally that both systems F and G are regular. Then the
following condition is also equivalent to the four conditions above.

(5) HD(Jg) = HD(JF) and the conformal measures m¢ and mpoh™!
are equivalent.

Proof. Let us first demonstrate that conditions (2) and (3) are equi-
valent. Indeed, suppose that (2) is satisfied and let Kr and K¢ denote
the distortion constants of the systems F' and G respectively. Then for
all w e I, |lgLl| < Kelgl(wo)l = Kol f4(w)] < Kallf,] and similarly
lfIl < KFllgl||- So suppose that (3) holds and (2) fails, that is that
there exists w € I* such that |¢/,(v.)| # |f.(z.)]. Without looss of
generality we may assume that |g,(y.)| < |f,(2o)|. For every n > 1 let
w™ be the concatenation of n words w. Then gun(Yu) = 92 (Yw) = Yu
and similarly fon(z,) = ®y. S0, Ten = T, = Tp(W™) and Yy = Yy, =
7 (w™). Moreover |gin (yo)| = 190 (yo)[" and [fin(z0)] = [fi(20)["-
Hence

ol ()
=00 [ fin (2u)|

On the other hand, by (3) and the bounded distortion property

=0.

0 )l & BGMlglnll oot o

[fon (o)l = Mfonll ¢
for all n > 1. This contradiction finishes the proof of equivalence of con-
ditions (2) and (3). Since the equivalence of (1) and (3) follows immedi-
ately from the bounded distortion property, the proof of the equivalence
of conditions (1)—(3) is finished. We shall now prove that (3) = (5).
Indeed, it follows from (3) that E~'¢g () < Yrn(t) < Evan(t) for
all t > 0 and all n > 1. Hence Pg(t) = Pp(t) and therefore by The-
orem 4.2.13, HD(Jg) = HD(Jp). Denote this common value by h.
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Although we keep the same symbol for the homeomorphism establishing
conjugacy between the systems F' and G, it will never cause misunder-
standings.

Suppose now that both systems are regular (in fact assuming (3) regu-
larity of one of these systems implies regularity of the other). Then for
every w € I*

KM IS0 me(fulTr)) LA

(KrpE)™" < < < — < (EKg)".
Ilge, 1" ma(9.(Ja)) = Kg"|glL I
So, the measures mg and mp o h~! are equivalent, and even more
dmpoh™!
KpE) "< =2 < (EKe)".
(KrE)™" < T2 < (BKG)

Let us show now that (5)=-(3). Indeed, if (5) is satisfied then the
measure pup o h™! is equivalent to pg. Since additionally pp o h™1
and pug are both ergodic, they are equal. Hence, using the equality
HD(Jr) = HD(Jg) := h, we get

gL 11" = / 01" dme = me(gu(J)) < Ho(ge(Ja))
= pr o h ' (9.(Jg)) = pr(fu(Jr)) = mr(fu(Jr))
:/Ilehde = |If2I1"

and raising the first and the last term of this sequence of comparabilities
to the power 1/h, we finish the proof of the implication (5)=(3).

The equivalence of (4) and conditions (1)—(3) is now a relatively simple
corollary. Indeed, to prove that (3) implies (4) fix a finite subset T of I.
By (3) E7Y < ||fL11/1l95]] < E for all w € T*, and as every finite system
is regular, the equivalence of measures mg,r and mpgr o h~1 follows
from the equivalence of conditions (3) and (5) applied to the systems
{fi:ie€T}and {g; : 4 € T}. If in turn (4) holds and w € I*, then
w € T*, where T is the (finite) set of letters making up the word w,
and the measures mg,r and mgr o h~! are equivalent. Hence, by the
equivalence of (2) and (5) applied to the systems {f;}ier and {gi}ier
we conclude that |g,(yw)| = | f, (2w )]. Thus (2) follows and the proof of
Theorem 7.1.1 is finished. (]

We say that a CIFS {¢; : X — X : ¢ € I} is of bounded geometry if and
only if there exists C' > 1 such that for all 7,5 € I, i # j

max{diam(¢; (X)), diam(¢; (X))} < Cdist (¢:(X), 6 (X)).
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The next theorem provides a necessary and sufficient condition for two
systems of bounded geometry to be bi-Lipschitz equivalent.

Theorem 7.1.2 If both systems F = {f; : X — X}ier and G = {g; :
Y — Y}lier are of bounded geometry, then the topological conjugacy
h: Jp — Jg is bi-Lipschitz continuous if and only if the following two
conditions are satisfied.

o diam(f(X))
9= Gam(go(¥))

for some Q > 1 and all w € IT*.
1o dist (g:(Y), g;(Y))
for some D >1 and alli,j € IN, i # j.

<Q (7.1)

IN

D (7.2)

Proof. First notice that (7.1) and (7.2) remain true, with modified
constants @ and D if necessary, if X is replaced by Jr and Y is replaced
by Jg. Suppose now that z € f;(Jr) and y € f;(Jr) with ¢ # j. Then

|h(y) — h(z)| < diam(g:(Jg)) + dist(gi(Ja), 9;(Ja)) + diam(g; (Ja))

< Qdiam(f;(Jr)) + Ddist(fi(Jr), f;(JF))

+ Qdiam(f;(Jr))

<2QCdist(fi(Jr), f;(Jr)) + Ddist(fi(Jr), [;(JF))

< (2QC + D)dist(fi(Jr), f;(JF))

< (2QC + D)ly — z|.
Suppose in turn that  # y both belong to the same element fi(Jg).
Then there exist w € I* (Jw| > 1) and i # j € IN such that z,y € f,(JF),
z € fui(Jr) and y € f,;(Jr). From what has been proved so far we
know that g5 ' (h(y)) — g5 (h(2))] < (2QC+D)|f5 ' (y) - f ' (2)]. Since
ly = < |If51- 151 (y) = £ (2)] and [A(y) — h(z)| =< [|g || [95 " (R(y)) —
95 (h(@))], we get

q.,
IMw—hWHﬁHﬂHw—wbﬂy—ﬂ,

where the comparability sign we can write because of (7.1) and equival-
ence of conditions (1) and (3) of Theorem 7.1.1. In the same way we
show that h~! is Lipschitz continuous which completes the proof of the
first part of our theorem.
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So suppose now that h is bi-Lipschitz continuous. We shall show that
conditions (7.1) and (7.2) are satisfied. Indeed, to prove (7.1) suppose
that ¢ and b in Jp are taken so that |h(a) — h(b)| > idiam(g,(Jc)).
Then

diam(g.,(Ja)) < 2[h(a) = h(b)| < 2L|a — b < 2Ldiam(fy,(Jr)),

where L is a Lipschitz constant of h and h~!. In the same way it can be
shown that diam(f,,(Jr)) < 2Ldiam(g,,(J¢)) which completes the proof
of property (7.1). In order to prove the right-hand side of property (7.2)
we proceed as follows. Fix i,j € I, i # j and a # b € Jp. Then

dist(g: (Y, g;(Y))
< dist(g:(Je), g5(Jc)) < lgi(h(@)) — g;(h(B)] < LIfi(a) — f;(b)]
< L(diam(fi(X)) + dist(£:(X), £;(X)) + diam(f;(X)))
< L(2C + Ddist(fi(X). £;(X)),

where the last inequality follows from boundedness of geometry of the
system {f}ier. U

Remark 7.1.3 Suppose now that I = IN and that the maps i — ¢;(X)
are monotone, that is suppose that for alli and j, i < j implies ¢;(X) <
¢;(X). We claim that then the bounded geometry of the system is equi-
valent with the weaker condition

max{diam(¢; (X)), diam(¢s11 (X))} < Cdist(¢(X), pit1(X)).
Indeed, if i < j, then

max{diam(¢; (X)), diam(¢; (X))}

< max {max{diam(6x (X)), diam(érs1 (X))}

< igrglgjx_l{Cdist(%(X), br1(X))}

< Cdist(¢i (X), ¢;(X)),
where in writing the last inequality we used the monotonicity of the map

i +— ¢;(X). The opposite implication is obvious.

Remark 7.1.4 If I = IN and both maps i — fi(X) and i — g;(X) are
monotone, then condition (7.2) from Theorem 7.1.2 can be replaced by
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the following.

L dist(ge(Y), gear (Y)
O S B X)), o (X))

for some constant C > 1 and all k € IN.

<C (7.3)

Indeed, assuming (7.3) this follows from the following computation.

dist(g; (Y Zdlst 9:(Y), 96+1(Y)) + Z diam(gg (X))
k=i+1

_ j—1
< ZOdist(quxka(X)) +Q ) diam(fi(X))

k=i k=i+1
j—1

< max{C, Q} (Z dist(fi(X), fe+1(X))
k=i

+ i diam(fk(X))>

k=i+1

— max{C, Q}dist(f(X), f;(X)).

7.2 One-dimensional systems

We call a CIFS one-dimensional if d = 1. Our presentation of conjugacy
of such systems follows [HU1]. We start with an adaptation of the
concept of scaling function introduced by D. Sullivan (see [Su2]) in the
context of hyperbolic cookie-cutter Cantor sets. In order to define our
scaling functions we will need the following basic lemma.

Lemma 7.2.1 If {¢,, : X — X : n > 1} is a one-dimensional CIFS,
then for every closed subinterval K of X and w € IN*® the following
limit exists

|Pesnwnr...o0 ()]

lim = Sw, K
A oo (X)] 2

and the convergence is uniform with respect to K, n and w.

Proof. We shall show that the above sequence satisfies an appropriate
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Cauchy condition. Fix k < n. We then have

| P00 (I )I/I%k wo ()]
[P on00 (XD P00 (X))
_ |¢wn...w1c+l(¢Wk~~~w0(K))| |¢wnmwk+1(¢wk~~~wo(X))|
R | R VI ] 74

|¢wn wk+1( n)'
|¢w” wk+1(yn)|
for some Z,, € Pu,....wo (K) and yn, € P, .wo (X), where the last equality
sign follows from the mean value theorem. Denote now [¢, ..., (K)[/
|Pus; ..o (X)| by aj. In view of (7.4) and (4.18) we get
L ka
ST ges

(X" <

Thus the sequence {loga,}52, is a Cauchy sequence, and consequently
{an}22, itself is also a Cauchy sequence. O

|10gan—logak| < 1 7Sa|xn_yn| >

Let IV . denote the set of infinite sequences of the form . ..wpwp_1... w1
wg and let IN" denote the set of all finite words of the form WnWhn—1 - W1
wp. Lemma 7.2.1 allows us to introduce the scaling function (comp. also
[Su2], [PT] and [U4]). We shall now explore this notion in greater detail.
The weaker scaling function S™ is defined on the space N~ x IN, takes
values in (0, 1), and is given by the formula

N T (0 9)]
({wn}n Oa ) nh—{?go |¢w"wn,1”.w0(X)| )

where the limit exists due to Lemma 7.2.1.

The stronger scaling function S® is defined similarly but on the larger
space N x (INUC), where C denotes the set of all connected components
of X \ Uj2; ¢i(X). Frequently, given w € IN* we will consider the
function S*(w) : (INUC) — (1,00) given by the formula S*(w)(Z) =
S*(w, Z), and similarly we define the function S%(w). The following
theorem is an immediate consequence of Lemma 7.2.1.

Theorem 7.2.2 Both scaling functions S™ : N~ x IN and §° : IN x
(INUC) are continuous.
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We now go on to consider two systems F' = {f; : i € IN} and G =
{gi : i € IN}. Our first theorem about them concerns the relations
between possibilities of smooth extensuion of the topological conjugacy
h: Jp — Jg and the corresponding scaling functions.

Theorem 7.2.3 If the topological conjugacy h : Jp — Jg extends
in a diffeomorphic fashion onto X, then Jp and Jg have the same
strong scaling functions. Conversely, if two topologically conjugate one-
dimensional IFSs F' and G have the same weak scaling functions and
condition (b) of Theorem 7.1.2 is satisfied, then the topological conjugacy
is Lipschitz continuous.

Proof. Let us first prove the first part of this theorem. Indeed, let us
keep the same notation A for its diffeomorphic extension to X and let
—~—00
D be an arbitrary closed subinterval of X. For w € IN  we can write

S, D) o onwo (D] g oo (R(D))]
S(w,h(D))  1=00 | fur.wo (X)) [Gun...0 (V)]

)
i Dy ()
n—oo |gwn...w0(h(D))| |9wn---wo(y)|

Now, by the mean value theorem there exist a,, and b, respectively in
fum..wo(D) and in f,, . ., (X) such that

S@,D) _ o foneunn(D)
S(w, (D)) n=oe | fu...w0(D))]

fonowon KO 1 (bn)

/ | .
oGO 2 ()

Since ' is uniformly continuous with no zeros and since |b, — a,| — 0
the last limit is equal to 1 which finishes the proof of the first part of
our theorem.

In order to prove the second part of this theorem it suffices to show
that condition (7.1) of Theorem 7.1.2 is satisfied. So, let 7= 7y...74—1
be an arbitrary word. Our aim is to show that [(g;-)'(h(z;))| = |(f+) (z-)],
where z, is the only fixed point of the map f, : X — X. First notice
that for every n

g1 (V)

gz (V)

g g0 Jgrnma 0 [gemn (V)
|g7—"+1(Y)| |ng7'0~..Tq_2(Y)| |ng7'0~..Tq_3(Y)| |g7'n7'0(Y)| .
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Hence

nti (Y
lim |g'r + To( )|
e T (V)] (7.5)

= S;L'Uoo (TO)S:'UOOT()...TQ_Q(Tq_l)S;L'UOOTo...Tq_g (Tq—2) e S:'UOOTO (Tl)

and similarly

nt1p, (X
o g ()
n=05 | frng, (X)) (7.6)

= 575 (10) 5700 1. my 5 (Ta=1) S50y ry o (Tg=2) -+ ST (T1).-

Since grn+1.0(Y) = g7 (grr (Y) and since frn+1,(X) = fr(frr (X)),
it follows from the mean value theorem that there exists z,, € f-, -, (X)
and g € gromy (V) such that |gsrg (V)] = lgt ()| - lgraro(¥)] and
| frntir, (X)] = [fr(yn)| - | frro(X)|. Thus in view of our assumptions
and (7.5) and (7.6) we get

gz (yn)l NGt V)], frntin (X))
lim ="~ = lim u 0
n—oco |fl(xn)]  n—o0 |grnr (V)] | frnro (X))

Now, a straightforward computation shows that v, — vy, and x, —

=1

z,, where y, and z, are fixed points of g, and f, respectively. Hence
lg-(y-)| = | f-(x7)| and the equivalence of this condition with condition
(1) of Theorem 7.1.1 finishes the proof. O

We end this section with the rigidity result concerning real-analytic non-
essentially affine one-dimensional systems. We recall from the previous
chapter that a one-dimensional system S = {¢; : X — X}y is said
to be real-analytic if and only if there exists a topological disk D such
that all the maps ¢; extend in a conformal (so 1-to-1) fashion to D.
Suppose that S is regular. Let m be the conformal measure associated
to the system S and let p be the only probability S-invariant measure
equivalent with m. We call the system S essentially affine (cf. [Su3]
and [HU1]) if and only if all the Jacobians Dy, = d’;—‘:ﬁ”, i € I are
constant. More detailed discussion concerning the concept of essential
affinity will be provided in the two following sections. We shall now prove
the theorem, which is in a sense much stronger than both Theorem 7.1.1
and Theorem 7.1.2.

Theorem 7.2.4 If both systems {f; : X — X}ier and {g; 1 Y — Y}ier
are reqular and real-analytic and neither is essentially affine, then the
following conditions are equivalent.
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(a) The conjugacy between the systems {f; + X — X}ier and {g; :
Y — Y}ier is real-analytic.

(b) The conjugacy between the systems {fi : X — X}ier and {g; :
Y — Y}ier is Lipschitz continuous.

(c) g (yu)| = |f,(zn)| for allw € IN*, where z,, and y,, are the only
fized points of f, : X — X and g, : Y — Y respectively.

(d) 38 > 1Vw e IN*

e
(¢) 3E > 1Vw € IN*
ol _
A
(f) HD(Jg) = HD(Jg) and the measures mg and mpg o h™1 are

equivalent.
(9) The measures mg and mp o h™! are equivalent.

Proof. The implication (a)=-(b) is obvious.That (b)=-(c) results from
the fact that (b) implies condition (1) of Theorem 7.1.1, which in view
of that theorem is equivalent with condition (2) of Theorem 7.1.1, which
finally is the same as condition (c) of Theorem 7.2.4. The implications
(¢)=(d)=(e)=(f) have been proved in Theorem 7.1.1. The implication
(f)=(g) is again obvious. We are left to prove that (g)=-(a). And indeed,
if (g) holds, then up = pg o h meaning that J;, = dgﬁ—;h = 1. Since
ho fu, = gu o h, the chain rule implies that J, o f, - Jy, = Jg, oh - Jy
and consequently

wa = ng o h

Since the system G is not essentially affine, there exists a contraction
gi € S such that the Jacobian Dy, = d’;—igi is not constant and which, due
to Corollary 6.1.5, is real-analytic. This implies that Dy, has only finitely
many extremal points, since otherwise the equation Dgi = 0 would have
an accumulation point in Y which in turn would imply that D, would
be constant on Y, contrary to the definition of g;. Hence Dg_i1 o Dy, is
well defined and 1-to-1 on an open set V' C X, and h = D' o Dy, on
V N Fp. Consider now w € IN* such that f,(X) C V. Then the map
9ot o (D, oDy)o f, : X — X extends h and, due to Corollary 6.1.5
again, is real-analytic.

We shall now explore the case when d > 2. Because of the different
techniques used we treat the cases d = 2 and d > 3 separately. Although



7.8 Two-dimensional systems 181

the exposition of the case d > 3 is more elegant and clear, we decided
to present the case d = 2 first since it is applied in the case d > 3. Our
exposition follows [MPU] in the case when d = 2 and [U5] if d > 3.

7.3 Two-dimensional systems

At the very beginning of this section we would like to make use of the fol-
lowing two results concerning holomorphic univalent maps of the plane.

Theorem 7.3.1 (see Ex. 5 on p. 224 in [Ne]) A necessary and sufficient
condition for a holomorphic univalent function ¢ : ID — € with ¢'(z) =1
to map the unit disk ID onto a conver domain is that

e 250

forallze D.

and

Theorem 7.3.2 (see Theorem 1.5 on p. 8 in [CG]) If ¢ : ID — T is a
holomorphic univalent function, then

2¢"(2) 20z | _ 4l
¢'(z) 1=z 7 12
forall z€ D.

An easy argument combining the above two results leads to the following
remarkable convexity result.

Theorem 7.3.3 If ¢ : B(w, R) — 'is a holomorphic univalent function,
then the image ¢(B(w, R/8)) is convex.

Generalizing the concept of one-dimensional systems from the previous
section we now call the system S = {¢;}icr one-dimensional if there
exists a set D : J C D C V composed of finitely many real-analytic
curves with pairwise disjoint closures such that ¢;(D) C D for all i €
I (see [MPU]). We prove the following result about one-dimensional
systems.

Lemma 7.3.4 If a non-empty open subset of J is contained in a one-
dimensional real-analytic curve, then the system S is 1-dimensional.
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Proof. Since J is compact it suffices to show that each point in J has a
neighborhood contained in a real-analytic curve. The assumptions of the
lemma state that there exists a point € J, an open ball B(z) centered
at = and M, a real-analytic curve, open-ended, containing J N B(x).
Fix now an arbitrary point z € J. Since z € J there exists w € I*
such that ¢, (z) € J N B(x); moreover ¢,(V) C B(z). Then the set
#.(V) N M contains ¢,,(V) N J, an open neighborhood of ¢, (z) in J,
and consists of countably many real-analytic curves. Let I' be one of
them, the connected component of ¢, (V) N M containing ¢, (z). It
contains an open neighborhood of ¢, () in J. Then ¢~1(T") contains an
open neighborhood of z in J. O

We now provide the following definition of essential affinity, generalizing
that from the previous section.

Definition 7.3.5 We say that the system S is essentially affine if S is
conjugate by a conformal homeomorphism with a system consisting only
of conformal affine contractions (i.e. of the form az +b).

The first aim of this section is to establish in the following theorem
several conditions equivalent with essential affinity.

Theorem 7.3.6 Suppose that the system S = {¢;}icr is regular and
denote the corresponding conformal measure by m. Then the following
conditions are equivalent.

(a) For each i € I the extended Jacobian Dy, : U — IR is constant,
where U is the neighborhood of X produced in Corollary 6.1.5.

(b) There exist a continuous function u : X — IR and constants
¢ € R, 1€ 1, such that

10g|¢;|:’u*uo¢i+ci

foralliel.
(¢c) There exist a continuous function u : J — IR and constants
¢ € R, i1 €1, such that

log |¢;] =u —wuo ¢+ ¢

foralliel.

(d1) The conformal structure on J admits a Euclidean isometric re-
finement so that all maps ¢;, i € I, become affine conformal;
more precisely there exists an atlas {1 : Uy — €} with open
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disks Uy, consisting of conformal injections such that |, Uy D J,
al Uy NUs and Uy N ¢;(Us) are connected and the compositions
Py o Pt and Py o ¢; o YL, respectively on s (Uy N Us) and
Vs0d; H(UiNgi(Us)), are conformal affine with |(; o) | = 1.

(d2) As (A1) but no assumptions on |(1y0p7 )| (i.e. the atlas is only
conformal affine).

(d3) The system S is essentially affine.

(eh) There exist a cover {Bx}aen of J consisting of open disks and a
family of harmonic functions vy : By, — IR, A € A, such that for
all \,2 N €A andallicl

Y — Y = const (7.7)
on BxN By and

argy@s — ya +yn © ¢ = const (7.8)

on gf)i_l(B’A N ¢i(By)), where arg ¢} : By — IR is a continuous
branch of argument of ¢ defined on the simply connected set By.
All the sets By N By and ¢; *(B4 N ¢i(By)) are connected.
(er) As (eh) but harmonic replaced by real-analytic.
(ec) As (eh) but harmonic replaced by continuous.
(f) VD¢i(z) =0 for all z € J and all i € I if S is one-dimensional.
If S is not one-dimensional then

det(VD; 0 ¢, (2), VDgi(2)) = 0
forallz€J and alli € I,w € I* .

Proof. We shall prove the following implications: (a)=-(b)=-(c)=-(d1)
=(d2)=(a), (d3)=(d2)=(eh)=(er)=-(ec)=(d2)=-(d3), (a)=(f)
and (f)=(er). Since the implication (d2)=- (d3) is rather easy and the
opposite is obvious, we could simplify our considerations proving that
(d3) implies (eh) instead of proving that (d3) implies (d2). We chose
however this approach since it can be easily adapted to the case of con-
formal expanding repellers (see [PU1], cf. [Su3]). In the next section
(d > 3), we follow the other one.

e (a)=(b). Since for every i € I, Dy, = (po ¢;) - |¢}|° - p~', we have
log(|Dg, ) = log(|p| o ¢:) + dlog|¢}| —log|pl.

Thus to finish the proof of the implication (a)=(b) it suffices to set
¢i = log(Dy,) and u = % log|p).
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e The implication (b)=-(c) is obvious.

(c)=>(d1). Fix an element v € J and an element 7 € I*°. Given n > 1
and a word w € I"™ we denote by @ the flipped word wpwy,—1...w1. Our
first aim is to show that the series

> (10g19}, (6z7—(2))| ~ log &, (67— ()] (7.9)

n>1

converges absolutely uniformly on V', where for n = 1 we set ¢ e

Idy. Indeed, it follows from the bounded distortion property (4f) and
(4e) that

log |6/, (65— ()| — log |6, (07— ()| < KL |orp—(2) = 67— (v)
< KLs"™ Y|z —
< K Ldiam(V)s"™Y,
(7.10)
Since
KL
Y K Ldiam®(V)s"~D* < 7€1llaims( ) < o,

n>1

the proof of the absolute uniform convergence of the series defined by
(7.9) is complete. We now can define the function u, : V. — IR by setting

u(2) = u(e)+ Y (l0g 164, (67— (2))| ~log |6, (67— (W)]) - (711)

n>1

The function u, : V — IR, as the sum of an absolutely convergent series
of harmonic functions, is harmonic. Iterating the formula appearing in
Theorem 3.1(c), we obtain for every n > 1 and every z € J
n
u(z) — u(w) = 3 (o8], (677 —(2)] ~ log |6}, (6 (1))
k=1
T u(dr(2)) — uldr(v)).
Since, by the bounded distortion property, |¢T(z) - (i)j(vﬂ < s™ and
since the function u : J — IR as continuous on a compact set is uniformly

continuous, it follows from the last display that w,(z) = u(z) for all
z € J, i.e. u, is a harmonic extension of u on V. From now on we will

drop the subscript v and write simply u : V' — IR. Since all the functions
log |¢}| and u —wo ¢; + ¢;, @ € I, are harmonic on V, each set

Zi ={z €V :log|¢;(2)| = u(z) —uo ¢i(2) +ci},

i € I, is either equal to V or is a real-analytic set.
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Suppose first that Z; = V for all i € I. For every w € J consider
a ball B(w) C V centered at w. Let l, : B(w) — IR be a harmonic
conjugate function to the harmonic function v : B(w) — IR so that
u + ily : B(w) — € is holomorphic. Write G,, = exp(u + il,,) and
denote by ¥, : B(w) — @ a primitive function of G,,. Since 9., (w) =
Gy (w) # 0, there exists a disk U,, C B(w) centered at w and such that
Ywlu,, is injective. Using Theorem 7.3.3 we may assume that in addition
all the sets U,, are so small that all the images ¢;(Uy), i € I, w € J,
are convex. We claim that the family {1y, : U, — @}, 7 forms an atlas
demanded in (d1). Indeed, fix w,v € J and consider an arbitrary point
z e U, NU,. Then

(Y 0 ¥y 1) (o (2)) = ¥ (2) - (W, (2) 7 = Gu(2) - G5 (2)
= exp(i(lw(z) — lv(z)))

and therefore (1, 0 ;1) is constant with absolute value 1 on v, (U, N
Uy), since hy, and h, differ by an additive constant on the connected
set Uy, N U, as harmonic conjugates to the same harmonic function w.
To discuss (¢U o ¢;o w;l)/ fix again arbitrary w,v € J and for every
i € I consider the intersection U, N ¢;(U,,). As the intersection of two
convex sets, this set is convex, and consequently connected. Take now
an arbitrary point z € ¢;1(U1, N ¢;(Uy)). Since Z; = V, we therefore

have

|(¢1} o¢;0 w;l)/(%(z)ﬂ

= [0, () (03(2)) - 67(2) - (U, (2) 7 = |Gu(i(2)) - ¢
[ exp(u(@i(2) +ilu(di(2)) — u(z) — ilw(2)] - |6;(2)]
= exp(u(¢i(z) — u(2))|¢}(2)|

=e“.

(2) - G (2)

)

Hence the function (wv oo, 1)/, as holomorphic and having constant
absolute value, is constant on the connected set 1, 0 ¢; ' (U, N ¢;(Us,))-

Suppose in turn that Z; # V for some ¢ € I. Since equation (c) of
Theorem 3.1 is satisfied on compact J, then J C Z;. Since J is infinite
its non-empty open part is contained in a real analytic curve, so the
system is one-dimensional. Hence by Lemma 2.1 there are finitely many
real-analytic pairwise disjoint curves whose union M contains J. Since
¢i(J) C J for all i € I, decreasing M if necessary, we may assume that
¢;(M) C M for alli e I.
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Change coordinates holomorphically on a neighborhood of M so that
M C IR. (This uses the consequence of our assumptions that there is
no closed curve among the components of M; with relaxed assumptions
allowing the existence of such a curve we would change it to the unit
circle and then use charts being branches of z — log(iz).) Since the
function v : M — IR is real-analytic, it uniquely extends to a complex-
analytic function % on an open neighborhood of M in V. Now we proceed
similarly as in the previous case; we define v,, w € J, to be a primitive
of % on a sufficiently small neighborhood of w € V and we cha&\th/at
(Y —wotp, 1) =1 on 9, (U,NU,). Now note that t—1uo¢p;+c; = log|¢l|,
where the latter expression is a holomorphic extension of log |¢}|, which
extends the equality (c). Note that log |¢}| = log+¢;, where £+ depends
on whether ¢!

7

is positive or negative. We use the fact it is real. The
equality extends the equality on J because the functions on both sides
are holomorphic. We conclude with

(¥, ) © B3 © Vg ) (o (2))] = €

for all z € ¢; (U, N ¢;(U,,)). Hence (Vs () © Pi © w;l)/ is constant on
the connected set v, o ¢; ' (U, N ¢§-Uw)). The proof of the implication
(¢)=(d1) is complete.

Remark. As an intermediate step in the proof of the implication (c)=-(d1)
we proved (bh) (compare later (eh)), namely the property (b) with u
harmonic on a neighborhood of J, here V, provided the system S is not
one-dimensional (Z; = V for all ¢). For S one-dimensional we can also
prove (bh) but indirectly, via (d1). Indeed assuming (d1) and M in IR
we set the harmonic extension u = log |/ | independent of v.

e The implications (d1)=(d2) and (d3)=-(d2) are obvious.

o (d2)=-(a). Let {tx : Ux — C}rca be a finite conformal affine atlas for
the system S. Fix 8 € A, take a number ng > 1 so large that diam(V")s™0
is less than a Lebesgue number of the cover {Ujx}aea of J, consider any
number n > ng and for every w € I"™ choose one element A(w) € A such
that ¢, (V) C Uy). Next, given n > ng and w € I™ consider the map

(wz\(w) © ¢w © 'l/)g_l)l © wﬁ

defined on Ug. Since our atlas is affine, this function is constant on every
sufficiently small neighborhood of every point in J N Ug and therefore,
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as real-analytic, it is constant on Ug. Denote its value there by cg .
Since for every z € Ug

PR A R Y R E =) el L), (7.12)
|w|=n |w|=n
since by Theorem 1.3

lim £"(1)(z) = p(z) (7.13)

n—oo

and since the product |¢’ﬁ(z)|5 U () (P (2))|7? is uniformly bounded
away from zero and infinity, we conclude that there exists a constant
M > 1 such that for all z € Ug and all n > 1

M7P< > e, <M. (7.14)
|lw|=n

Fix now an € > 0 and ny > ng so large that for alln > n; and all w € I™

sup{ ¥} w) © Gul ™} — mf{[ (o) 0 Gul T} < /M.
Then, using (7.12), we conclude that for all n > ny and all 21, 22 € Ug

D (bl (@u(z2)I ™ = chulth)(@u(a)| )| < e

|lw|=n
and therefore
lim | Y (Gt (u(22))] 70 = G uthw) (9u(21)) )| = 0.

n—o00
lw|=n.

Combining this, (7.12) and (7.13) we conclude that there exists a con-
stant cg > 0 such that for all z € Ug

Tim > e ) (6u(2)] 7 = e,
|wl=n

Combining in turn this, (7.12) and (7.13) we conclude that for all z € Ug
p(2) = calts(2)]°- (7.15)

Fix now i € I, w € UgNJ, and choose A € A such that ¢;(w) € Uy and
a connected neighborhood V,, C Ug of w such that ¢;(V,) C Ux. Then
for every z € V,

Dy, (2) = po ¢i(2)l (=) p(2) 7" = exlvh (@) - |64 - 5 (=)
= exc;  ([BA(6:(2))] - 18] - [y ()] 7Y)°
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and therefore, since our system S is affine, an is constant on V,,. Since,
by Theorem 2.2, Dy, is real-analytic on U, we thus conclude that Dy,
is constant on U. The proof of the implication (d2)=-(a) is finished.

e (d2)=-(eh). We can assume the sets U; appearing in condition (d2)
are open balls. Since J is compact, we may choose from the family {U;}
a finite subcover {By}xea of J. Define then for every A € A the map
vx 1 By — IR to be a continuous branch of argy and additionally for
every i € I, arg,¢; : By — IR to be a continuous branch of argument
of ¢. These branches exist since B) is simply connected and ¢} and
¢, nowhere vanish. Of course all the maps vy, A € A, are harmonic.
Consider now two indices A\, A’ € A such that By N By, # 0. Since
our atlas is affine, ¥x(2) = ¥y o ¥ (Wa(2)) = a(a(2)) + b for all
z € By N By and some a,b € €. We conclude that vy — ya is on
By N By equal to arg(a) up to an integer multiple of 27r. This means
that (7.7) is satisfied. Since all the contractions {¢; }ics are affine in the
atlas ¢y : By — @, we conclude that given A\, \' € A, i € I there exist
constants d, ¢ € @ such that for every z € ¢; ' (Bx N ¢:(B)))

P 0 i(2) = a0 g oYy H(a(2)) = da(z) + c.

We conclude that argy ¢, —yx 4y o¢; is equal to arg(d) up to an integer
multiple of 27 on the connected set ¢;'(Bx N ¢;(By)). This means
that (7.8) is satisfied. Thus the proof of the implication (d2)=-(eh) is
complete.

e The implications (eh)=-(er)=-(ec) are obvious.

e (ec)=-(d2). The general idea is here the same as in the proof of the
implication (¢) = (d1). Surprisingly, we do not get directly (c)=-(d1).
For this we need to go via (d2)=-(a)=-(d1).

Let 46 > 0 be a Lebesgue number of the cover {By}xea of J. By
compactness of J there exists a finite set T and points v, € J, t € T,
such that the family {B(vt, d) }rer is a cover of J. Since 44 is a Lebesgue
number of the cover {Bj}xea, for every t € T there exists at least one
element A(t) € A such that B(v,20) C Byy). Fix now to € T', 7 € I,
that is similarly as in the implication (¢)=-(d1). Then for each integer
n > 1 choose t,, € T such that (bT‘—n(vtO) € B(v,,0). Since ¢ on
B(vy,, 6) shrinks distances by a factor at least s < 1 for n > 1, we get
(bT‘—n(B(vto,(S)) C B(vt,, (14 5)d). Now, for every i € I and every A € A
let argy¢, : By — IR be a continuous branch of argument of ¢}. It
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follows from (4.5) that
|arg,, ()¢ (y) — arg, (t)¢; ()| < Lly — x|

forallt € T, all i € I and all x,y € B(v,d), where L = 6/d. Hence for
all z € B(vy,, )

Z largy s, )@, (077, (2)) — arga, )97, (677, (Vi)

n>1

<DLtz — | (7.16)

n>1

1
< Ldiam®(V) 7 < oo

_sOt

Iterating formula (7.8) we obtain for every n > 1 and every z € B(vy,, 9)

7)\(250) (Z) - ’YA(to) (’Uto)

= argyy, (@, (677, (2)) — argg,_yor, (07, (vs))
k=1

+ Mt (77(2)) = Wactn) (D777 (01)-

Since for all t € T', B(vy, (1 + 5)0) C B(vt,2d) C By, all the functions
Yat) | B(ve,(14+5)5) are uniformly continuous. Therefore, since the set T
is finite, since ¢m(z),¢m(vto) € B(vy,, (1 + s)d) and since |¢T(z) -

d——(vt,)| < 0s™, applying (7.16) we conclude that for all z € B(v,, d)

T|n

Yacto) (2)

= Mty (Vo) + D ar8x (1, (67, (S5 (2))

k=1
— argy ) 07, (o7 (veo))-

Thus the function vy,)| B(vi,,6) a8 the sum of an absolutely uniformly
convergent series of harmonic functions is harmonic. So, all the functions
M) : B(vg,8) — IR, t € T, are harmonic.

Remark that in the case when S is not 1-dimensional the equation (ec)
assumed only on J (analogously to (c)) would be sufficient for v, exten-
ded by the formula above to satisfy (ec) on V; in particular (eh) would
be proved.

However, if S is one-dimensional the existence of v, satisfying (ec) on
J is always true. Just take for 4 an argument of the direction tangent
to M, the union of a finite family of real-analytic curves containing .J.
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Now, for every t € T by l; : B(v,d) — IR denote the harmonic
conjugate to y(). Thus the function Gy = exp(ls +iya)) @ B(ve, ) —
€ is holomorphic. Denote by ¢, : B(vt,d) — € a primitive of Gi.
Fix w € J and choose t € T such that w € B(v,d). Since 9}(w) =
exp(l¢(w) + iya) (w)) # 0, there exists a disk U, C B(vt,d) such that
Yt|u,, is injective. Applying Theorem 7.3.3 as before, we may assume
the disks U, to be so small that all the sets ¢;(U,) are convex. We
claim that the family {¢y, : U, — €}, 7 forms an affine atlas for the
iterated function system S. Indeed, fix w,v € J and consider ¢, € T
such that U, C B(vt,0) C By and U, C B(vy,0) C Byy. Then for
every z € U, NU, we get

(w05 (u(2)) = ¥, (2) (W4, (2)) T = Gy (2) G (2)
= exp(le(2) + v (2) =l (2) — iy (2))
= exp(i(yae) (2) — M) (2)) exp(le(2) — 1o (2)).
Since by (7.7) va@) — Ya@) is constant on z € Uy, N Uy C Uy NUxw)
and since I; and [y differ on Uyy) N Uxry by an additive constant as
harmonic conjugates to harmonic functions 7y« and vy respectively,
we conclude that (1, 09 1) is constant on ¥, (U, N U,).

Now fix w,v € J, i € I, and write C = ¢; (¢:(Uy) N U,)). Since
¢i(Uy) NU,)) is a convex set and therefore connected, its continu-
ous image C is also connected. Then there are ¢,t’ € T such that
Uw C B(v,0) C By, Uy C B(vy,0) C By and C' is contained in
a connected component of By N ¢;1(BA,(t)). Using the chain rule we
then get for all z € C

(%o 0 di 0 ") (¥ (2)) = Uy (41(2)) 85 (2) (¥, (2))
= Gy (9i(2))i(2)Gy ' (2)
= exp(i(yaw) (61(2))) + Lo (6i(2)) + log |4 (2)]
+ iargy ;) 93 (2) — i (2) — 1i(2))
= exp(ly(¢i(2)) + log |¢7(2)] — li(2))
x exp(i(argy ;) #i(2) — ) (2) + M) (0i(2))).
Hence, using (7.8) we conclude that the derivative (1, 0 ¢; 01, 1)’ has a

constant argument on 1), (C) and consequently (1), 0¢;01,,1)" is constant
on 1, (C). The proof of the implication (ec)=-(d2) is complete.

e The implication (a)=(f) is obvious.
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e (f)=-(er). Suppose first that the system S is 1-dimensional. Then the
condition VD¢ = 0 on J is similar (formally weaker) to D¢1 constant
in (a). We prove (er) similarly, via (¢)=-(d1)=-(eh).

Assume now that S is not one-dimensional. Suppose that VD¢i =0
on J for all i € I. Since S is not one-dimensional, it implies that
VDy, = 0 on U for all i € I. Thus Dy, = 0 is constant on U for all
i € I, since U is connected. So, item (a) is proved in this case and
therefore, in view of what we have already proved, so is (er).

So, we may assume that there exists j € I and w € J such that
VDy,(w) # 0. By continuity of the function VD¢j there thus exists a
neighborhood W C V of w € € on which VD, nowhere vanishes. Let
us consider on W' the line field | orthogonal to VDy,. By the definition
of the limit set J, for every z € J there exists 7 € I* such that ¢,(z) €
JNW. Then define

1(2) = (67 )5, (=) U+ (2))), (7.17)

where, temporarily changing notation, (¢, 1);57(2) denotes the derivative
of the map ¢! evaluated at the point ¢,(z) and the display above
expresses its action on a line element. We want to show first that in
this manner we define a line field on J. So, we need to show that if
¢-(2), dy(2) € JNW, then

(@75, () Ur(2))) = (67, () (U8 (2)))- (7.18)

Suppose on the contrary that (7.18) fails with some z, 7,7 as required
above. Then there exists a point € WN.J and v € I* (in fact for every
x € W there exists ) such that ¢, (z) is so close to z that

(d’?);r(%(m)(l(‘lﬁr(%(m)))) # ((b;l)/d)n(qb,y(x))(l((bn((b"((x))))'
Hence
671 (ol (Br(@) # (65, oyl ().

So, either

(679)5, . (2 (D7 (2)) # U(2)
or

(D Vo ()L (D (2)) # U(2).
Suppose for example the first incompatibility of {’s holds. Then

det(vb(bg‘ ° ¢T’Y('r)v V[)%' (.Z‘)) #0
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contrary to our assumption. Thus the line field [ is well defined on .J
and it immediately follows from the method this field is constructed
that it is invariant with respect to all the contractions ¢;, i € I. Notice
that formula (7.17) defines an invariant line field on V. We can use any
7 € I* such that ¢,(V) C W. The resulting ! does not depend on 7
because for any other such 7 (7.18) holds for z € J, so it holds on the
whole of V. Otherwise the system would be one-dimensional because [ is
real-analytic so the equation holds on a real-analytic set. The argument
argl is of course defined up to integer multiplicity of #. Using again
Theorem 7.3.3, one can find { By}, a finite cover of J by disks contained
in V, small enough that all the images ¢;(B), i € I, are convex. Then
all the intersections By N By and By N ¢;(By/) are connected. Define
v as an arbitrary branch of argl on By. Then (7.7) and (7.8) follow
from the invariance of I under S, with constants ¢(A\, \') and ¢(\, X, )
that are multiples of . Thus (er) is proved.

e (d2)=(d3). Let {1y : Uy — Cher be the atlas produced by (d2).
Fix x € Jg, choose s € T such that x € Ug and then p € I'* such that
xz € ¢,(J) C ¢p,(W) C Us. Consider now the iterated function system

Sp = {wso¢po¢io¢;1 01/1;1}1'617

where the role of X is played by 14(¢,(X)) and the role of W is played
by s (¢, (W)). It follows from (d2) that each map ¢s0¢,0p;0¢, oh !,
i € I, is affine on each sufficiently small neighborhood of each point of
1s(¢,(J)). Hence, as holomorphic, this map must be affine on the whole
connected domain (¢, (W)). O

Let us prove now a technical fact about 1-dimensional systems.

Proposition 7.3.7 Suppose that F = {f; : X — X}ier and G = {g; :
Y — Y}lier are two not essentially affine topologically conjugate systems.
Suppose also that the measures mg and mpoh™1 are equivalent. If one
of these systems is 1-dimensional, then so is the other one.

Proof. Suppose on the contrary that GG is not 1-dimensional. Then it
follows from Theorem 7.3.6 that there exist y € Jg, j € I, w € I* and a
neighborhood Wy C @ of y such that the map

g= (ng o'yw,ng)



7.8 Two-dimensional systems 193

is invertible on Ws. Since the measures mg and mpoh ™! are equivalent,
after an appropriate normalization purp = pug o h meaning that D) =
ducoh — q Gince ho f; = g, o h for all 7 € I* and since Dy, = 1,

dur
Goh=F

on J, where F = (ij o*yw,ﬁfj). Write x = h™!(y). Then h =G to F
on WiNJp for some open neighborhood W1 of  in @' such that F(W;) C
G(W3). Since F,G ™1 are real-analytic, the image G~ to F(W1NMp) for a
small enough such W is a real-analytic curve and G~ 1o F (WinMp)NJg
contains an open neighborhood of y in Jg. Using now Lemma 7.3.4 we
conclude that G is 1-dimensional. O

The main result of this section is contained in the following.

Theorem 7.3.8 If two conformal reqular iterated function systems F =
{fi : X = X}ticr} and G = {g; : Y — Y}ier} satisfying the open set
condition are not essentially affine and are conjugate by a homeomorph-
ism h: Jp — Jg, then the following conditions are equivalent.

(a) The conjugacy between the systems F and G extends in a con-
formal fashion to an open neighborhood of Jr.

(b) The conjugacy between the systems F and G extends in a real-
analytic fashion to an open neighborhood of Jr.

(¢) The conjugacy between the systems F and G is bi-Lipschitz con-
tinuous.

(d) 19.,(yo)| = |fL(xw)] for all w € I*, where x,, and y,, are the only
fixed points of f, : X — X and g, : Y — Y respectively.

(e) IS > 1Vw e I*

S—l S dla‘m(gw(y)) S S.
diam(f,, (X))
(f) 3E > 1Vw e I*
gt < Il _
7511
(9) HD(Jg) = HD(Jr) and the measures mg and mp o h™! are

equivalent.
(h) The measures mg and mp o h~1 are equivalent.

Proof. The implications (a)=(b) and (b)=-(c) are obvious. That
(¢)=(d) results from the fact that (c) implies condition (1) of The-
orem 7.1.1, which in view of that theorem is equivalent with condition
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(2) of Theorem 7.1.1, which finally is the same as condition (d) of The-
orem 7.3.8. The implications (d)=-(e)=-(f)=(g) have been proved in
Theorem 7.1.1. The implication (g)=-(h) is again obvious. We are left
to prove that (h)=-(a). We shall first prove that (h)=(b). So, suppose
that (h) holds. Then, after an appropriate normalization up = pg o h
meaning that Dy = %L;h = 1. If F is one-dimensional, then by Pro-
position 7.3.7, so is G and the implication (h)=-(b) follows from The-
orem 7.2.4 and the fact that each real-analytic map between real-analytic
curves extends to a (complex) analytic map defined on some of their
neighborhoods in €. Hence, we may assume that neither system F or G
is 1-dimensional. Therefore, since G is not essentially affine, there exist
y € Jg, j € I, w € I and a neighborhood Wy C € of y such that the
map

g= (ng ng,ng)
is invertible on W5. Since ho f. = g, oh for all 7 € I* and since Dy, = 1,
Goh=F

on Wi N Jy, where F = (l~)fj o gw,f)fj) and W is a neighborhood of
x = h~Y(y) C € Since G is invertible on Wa, G(y) = F(z) and F is
continuous, we may assume that F(W;) C G(W2). Hence G~ o F is well
defined on Wy and G~ o Flyw, s, = h. Consider now w € I'* such that
fw(Jr) C W1. Since

gil of(fw(JF)) = hofw(JF) = 9w © h(JF) = gw(JG) C gw(VG)v

since g,,(W2) is open, and since f, and G~! o F are continuous, there
exists an open neighborhood Vi C Vi of Jr such that f, (V1) € Wy and
G o F(fu(V1)) C gu(W2). Hence, the map

95 oG o F)ofui Vi = €

is well defined and by Corollary 6.1.5 is real-analytic, and g ;! o (G710
F) o fulsr = h. Thus, the property (b) is proved.

(b)=(a). Let H be this real-analytic extension of h on some neighbor-
hood Wg of Jp in @. If F is one-dimensional and Dp is the family
of real-analytic curves coming from the one-dimensionality of F', then,
in view of Proposition 7.3.7, GG is also one-dimensional and the real-
analytic map H|ps, : Dp — D¢ has a (complex) analytic extension to
some neighborhood of Dp in €. So, we may assume that F' is not one-
dimensional. We may also assume Wx to be so small that H' is a linear
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isomorphism at every point of Wg. Define the function ¢ : Wr — IR by
the formula

_ _H N
YO = ey
Suppose that ¥(§) = 1 for some point £ € Wr. Since for every w € I*
D(fo(€)) = ' (fo I g, (H (&) - H'(§) - (fu (€)M
I ODTHE (g (H () - H'(©) - (f1()~)
_ Tl _
ey

and since {f,(¢):w € I*} D Jp, we conclude that ) = 1 identically
on Jp. Since 1 is real-analytic and since F is not 1-dimensional, using
Lemma 7.3.4, we conclude that 1 = 1 on an open neighborhood of Jp.
But this means that H is conformal. So, we may assume that ¢ (z) # 1
for every z € Wg. Define then the field {E,}.cw, on Wr as follows.

|H'(2)w
|w]
For every z € Wg, the set E, is a linear subspace of €' of dimension > 1.
Its codimension is > 1 since ¥(z) # 1. In conclusion dim(E,) = 1 for all
z € Wg. Obviously E. depends continuously on z. Since the maps f; :
€ — @, i €, are conformal, f{(z)(E.) = Ey,(.) for all i € I and putting
locally vya(z) = arg(E,), it therefore follows from Theorem 7.3.6(ec)

that the system F' is essentially affine. This contradiction finishes the
proof. O

E, = {we@': —|H’(z)|}u{0}.

7.4 Rigidity in dimension d > 3

In this section we strengthen the rigidity results of the previous section,
cf. [U5]. We begin with the following.

Lemma 7.4.1 Suppose that ¢ : R* — IR%, d > 3, is a conformal
diffeomorphism that has an attracting fized point a (p(a) = a, |¢'(a)] <
1). If M is an open connected C-submanifold of IR? such that (M) C
M and a € M, then M 1is either a subset of a ¢-invariant affine subspace
of the same dimension as M, or a subset of a ¢-invariant geometric
sphere of the same dimension as M.

Proof. Since a is an attracting fixed point of ¢, there exists a radius
r > 0 so small that ¢_1(§d \ B(a,r)) C R \ B(a,r), where R’ is
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the Alexandrov compactification of IR? obtained by adding the point
at infinity. Since R \ B(a,r) is a closed topological ball, in view of
Brouwer’s fixed point theorem there exists a fixed point b of ¢~! in
R’ \ B(a,r). Hence b is also a fixed point of ¢ and b # a. Then the map

wzib7lo¢oil;%

(ip1 equals identity if b = co) fixes 0o, which means that this map is
affine, and w = 41(a) is an attracting fixed point of 3. In addition
Y(M) € M, where M = i, (M), w € M, and ¢ : R® — R, as an
affine map, can be written in the form AA + ¢, where A > 0 and A is an
orthogonal matrix. Since ¢)(M) C M, and since 1) is a diffeomorphism,
V' (2)(T.M) = Tw(Z)Z\Z. In particular ¢/ (w)E = E, where E = T, M.

Without looss of generality we may assume that M is contained in the
basin of immediate attraction to w. We shall show that

T.M = FE

for every z € M. And indeed, take an arbitrary point point z € M.
Since ¢’(z) = AA for all z € IR? and since A\A is conformal, we get for
all n > 0 that

Z(T.M,E) = £(A"(T.M), A"E)
= Z((W") ()T-M), E) = L(Tyn(z)M, E),

where Z denotes the angle between linear hyperspaces. Since lim,,_,
T¢7L~(z)]\~/.f = T,M = E, we conclude that Z(T, M, E) = 0, or equivalently
T.M = E. Since the only integral manifolds of a constant field of linear
subspaces are affine subspaces, we conclude that M is contained in an
affine subspace. Since M is an open subset of it, this affine subspace is

¢-invariant. Since M =i, 1(M), we are done. O

We call the system S = {¢;}icr at most ¢-dimensional, 1 < ¢ < d,
if there exists Mg, either a g-dimensional linear subspace of IR% or a
g-dimensional geometric sphere contained in IR?, such that J C Mg
and ¢;(Mg) = Mg for all i € I. We call the system S = {¢;}ics
g-dimensional if ¢ is the minimal number with this property.

Lemma 7.4.2 If a non-empty open subset of J is contained in a q-
dimensional real-analytic submanifold, then the system S is at most q-
dimensional.
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Proof. The assumptions of the lemma state that there exists a point
x € J, an open ball B(x) centered at x and M, a p-dimensional open
connected real-analytic submanifold M containing J N B(z), where 1 <
p < q is the minimal integer with this property. Fix now an arbitrary
auxiliary point z € J. Since 2 € J, there exists w € I* such that
bw(2) € J N B(x); moreover ¢, (V) C B(x). Then the set ¢, (V)N M
contains ¢,,(V) N J, an open neighborhood of ¢, (z) in J, and consists
of countably many connected p-dimensional real-analytic submanifolds.
Taking the length of w large enough we may assume that this countable
family is a single manifold. Then N = ¢ (¢, (V)N M) is a connected
p-dimensional real-analytic submanifold (there are no branching points
since ¢! is 1-to-1) containing J and contained in V. For the purpose of
this proof it is not important whether N is in fact independent of w or
not. Fix an arbitrary i € I. Let z; € J be the only attracting fixed point
of ¢. Since the connected component C; ,, of ¢ (N)NN containing z; is a
real-analytic manifold of dimension < dim (V) < dim(M) = p, it follows
from the definition of p (its minimality) that dim(C; ) = p. Hence, the
two connected p-dimensional real-analytic open manifolds ¢F(N) and
N are extensions of the same p-dimensional real-analytic manifold C; ,,.
Therefore, since lim,_,o, diam(¢?"(N)) = 0 and since z; € ¢F(N), we
conclude that for all n > 1 so large that diam(¢P(N)) < dist(x;, ON),
we have ¢(N) C N. Hence, in view of Lemma 7.4.2 applied with
¢ = ¢, we gain that NV is an open subset of a p-dimensional set Mg,
either an affine subset or a geometric sphere contained in IR? invariant
under ¢?. Now, for every j € I, ¢;(Ms) N Mg # () since J C Ms.
Since in addition ¢;(Mg) N Mg is either an affine subset or a geometric
sphere contained in IRY, we conclude from the minimality of p that
o7 (Mg) = Ms. O

We define essentially affine systems similarly as in the plane case.

Definition 7.4.3 We say that the system S is essentially affine if S is
conjugate by a conformal homeomorphism with a system consisting only
of conformal affine contractions (i.e. of the form AA+1b).

The first goal of this section is to prove the following characterizations
of essential affinity.
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Theorem 7.4.4 Suppose that the system S = {¢;}icr is regular and
denote the corresponding conformal measure by m. Then the following
conditions are equivalent.

(a) For each i € I the extended Jacobian Dy, : U — IR is constant,
where U is the neighborhood of X produced in Corollary 2.3.

(b) There exist a continuous function u : X — IR and constants
¢ € R, i1 €1, such that

log |¢5] = u —uo i +c
foralliel.

(¢c) There exist a continuous function u : J — IR and constants
¢ € R, i1 €1, such that

log |¢5] = u —uo ¢ +c;
foralliel.
(d) The system S is essentially affine.
(er) There exist a real-analytic function v :V — Lis(d) such that

/

Yo é—jl ~’y_1 =k; € LC(d)
for every i € I, where Lis(d) is the group of all linear isometries
on IR and LC(d) is the group of all linear conformal (of the form
AA) homeomorphisms of IRS. The composition of linear maps we
denote here and in the sequel either by - or we put no sign.
(ec) The same as (er) but 7 is required to be continuous only.
(9) If S is not q-dimensional, then the vectors

(VD¢i 0 ¢y (2)) i1
are linearly dependent for all z € J, all i € I and all sequnces
(W)L, € (I°)s.

(f) If S is g-dimensional, 1 < q < d, then either S is essentially
affine or there exists a field of linear subspaces in T Mg of di-
mension and co—dimension greater than or equal to 1 defined on
a neighborhood of J in Mg and invariant under the action of
derivatives of all maps ¢;, i € 1.

Proof. We shall prove the following implications: (a)=(b)=(c)=(d)=(a),
(d)=(er)=(ec)=(d) and (a)=(g)=(f)=(d).

e (a)=(b). Since for every i € I, Dy, = (po ¢;) - |¢}|° - p~*, we have

log(|Dy,|) = log(|p| o ¢;) + dlog|¢%| — log |p)-
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Thus to finish the proof of the implication (a)=(b) it suffices to set
¢i = log(Dy,) and u = log|p|.

e The implication (b)=-(c) is obvious.

(¢)=(d). If all the maps ¢;, i € I, are affine , there is nothing to
prove. So, we may assume that there exists j € I such that the map
¢; is not affine. For every n > 1 let a(™ be the inversion center of
¢7. We shall prove that the sequence {a™}22; does not converge to
o0. Indeed, suppose on the contrary that this sequence converges to oc.
Since a(™) = ¢J_n1(oo) = ((bj_l)”(oo), we therefore get

= ¢;( lim (¢71)") = ¢;( lim a®) = ¢;(c0)

which means that ¢; is affine. This contradiction shows that there exists
a subsequence {k, }52; such that a(*») — g for some a € R?. Fixv € J,
the unique fixed point of ¢; : V' — V. Iterating equation (c) n times,
we get for every z € J that

u(2) = u(v) = log |¢n (2)] — 10g |8 (0)] + uldyn (2)) — u(dyn (v)
— —2log||z — || + 21og [[v — a™|| + u(d;n (2)) — u(w).

0 = lim a™ Y = lim qﬁj((qﬁj’l)”)

Since ¢;n(z) converges to v and since the function w is continuous,
passing to the limit along the subsequence {k, }2 ;, we get u(z) = u(v)—
2log ||z — a|| + 2log||v — a||. Define the conformal map G : R? — IR?
by setting

G(2) = el — al Pig. (2).

Then log |G’ (2)| = u(v) +2log||v—a|| — 21og||z — a|| = u(z). Therefore,
using (c) again, we get for every ¢ € I that log|¢}| = log|G'| — log |G’ o
@i| + ci, or equivalently that

(G odi0GYY (2)] = e (7.19)

for all z € G(J). Suppose that G o ¢; o G~1 is not affine and let w and
A > 0 denote respectively its inversion center and the scalar coefficient.
Then (7.19) takes the form A||z — w||~=2 = e% on G(J) or

[z —w|[* = Xe™% on G(J).

So, G(J) is contained in the sphere S(w, v/ Ae=¢) centered at w and of
radius v Ae~¢. Since for every n > 0, Go¢? o G~HG(J)) = Gog?(J) C

G(J), we conclude that all the descending sets G o ¢ o G™1(G(J)) are
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contained in the sphere S(w,vAe=¢). Let H C S(w,vVAe~¢) be a

minimal sphere (in the sense of inclusion) containing at least one of the
sets G o ¢ o G™Y(G(J)), n > 0. Thus there exists k& > 0 such that
Go¢FoG™Y(G(J)) C H. Then

Go¢l™ oG HG(T)) c HN (G o ¢ o G (H)). (7.20)

Since G o ¢; o G~Y(H) is either a sphere or an affine subspace of IR? and
since Go g™ o G=1(G(J)) contains at least three points (is uncountable
in fact), the intersection H N (G o ¢; o G™1(H)) is a sphere (at least 1-
dimensional) again. Therefore by the minimality of H and by (7.20) we
conclude that H N (G o ¢; o G™'(H)) D H, which means that G o ¢; o
G~Y(H) D H. Therefore, since dim(G o ¢; o G™1(H)) = dim(H), we
conclude that

GopioG™'(H)=H. (7.21)

Let z; be the unique fixed point of the map ¢; : V' — V. Since Go ¢;' o
G~Y(z) — G(=;) uniformly on G(V) C G(J), it follows from (7.19) that
¢i > 0. So, for every z € S(w,VAe™%) D H,

(G 0 610 G (2)] = Aillz — wl| =2 = AATLe = e,
This implies that Gog;oG ! is a uniform contraction on H and therefore
Go¢?oG™1(z) — G(x;) uniformly on H. This however contradicts (7.21)
and finishes the proof of the implication (c)=(d).
e (d)=(a). Let G : R? — IR? be a conformal homeomorphism provid-

ing conjugacy of S with a system consisting only of conformal affine
contractions. Then for every ¢ € I

=|(GopioG1)(2)]

is a number independent of z € G(V). By the chain rule we have for
every z € V

Z ENE Z G’ (2)"|G (2 |5ng7

=n
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Fix now j € I. Then for every n > 1 and all z € V we get

( )(¢5(2)) Plwlen |G (85(2)I°1G" (9 (05 () Ty 92,
) )

(2)

|95 (2)[° =

i
(1 S o1 G PG (G0 (N T 92,
x 016/ (2) 716 (65 ()|
S e [E G ()P

T GG (G P

Since ||¢y, (z) — zo|| < const sl where z,, is the only fixed point of
¢, 1V — V., we conclude that

£ W6 (2) i

uniformly on V. Hence, applying Theorem 7.1.1, we conclude that

5 o — g EM@E)
Do, = pl6; (oI (" = lim TSI (" = of

on X. Since D¢j is real-analytic on U, we conclude that E¢j = gj-l on
U. The proof of the implication (d)=-(a) is complete.

e (d)=(er). Define

T ar

Since for every i € I, G o ¢; o G~! is affine, we conclude that G’ o ¢; o
Gl ¢oGr(G) oGt =k € LO(d). Hence

G\ o, ‘b?).(G/)_l oGlo M
<(|G'|) o (i) (@ B

and it suffices to take v = ‘g:‘. Thus the proof of the implication

(d)=(er) is complete.

e The implication (er)=-(ec) is obvious.

e (ec)=-(d). If all the maps ¢;, i € I are affine, there is nothing to prove.
So, assume that there is j € I such that ¢; is not affine. Then no iterate
¢;n is affine. Let a™ denote the inversion center of . Fixve J. By
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(ec) the following holds for every z € V and every n > 1

(N qs; (z)
O Y O (2
- <|¢;n(v)|> ('7 s ( )) (’7 djn ( <|¢/n )

= (T(v) " (7 0 0 (1)) ™ (7 0 G (2)) T

where T, (w) = Id — 2Q(w — a(™) and in the canonical coordinates @ is
given by the matrix

ZTiT 5
Qx) =
el
We shall now prove that the sequence {a(™1}5, does not converge to
oo. Indeed, suppose on the contrary that lim, ... a™ = oco. Since
a™ = qu’,} (00) = (q&;l)”(oo), we therefore get

0 = lim "V = lim (n hHr = ¢;( lim (d); )")

n—00 n—00 n—00

—¢J(llma ) ¢;j(o0)

which means that ¢; is affine. This contradiction shows that there exists
a subsequence {k,}°%, such that a(*») — a for some a € IR?. Then for
every n > 1,

(¥(0)) 7 9(2) = (T, ()7 (70 by (1)) ™ (70 bjoe (2)) T (2),

and taking the limit when n — oo, we obtain
(y(®) ™M (2) = (1d = 2Q(v — a)) " (Id - 2Q(z — a))
or, equivalently,
1(2) = 4(v) (1d = 2Q(v — @)) ™" (Id — 2Q(= — a)).
Define
G =4(v)(1d—2Q(v —a)) " 0.
Then

G'(2) = 4(0) (1d - 2Q(v — a)) ' —

m(ld —2Q(z — a)).
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Hence

G'(2)

|G (2)]
Therefore for every ¢ € I, (ec) takes the form

G'ogi(z)  ¢i(2) ( G'(2) ) e

G"odi(2)] |i(2)] \IG"(2)] z

Suppose that G o ¢; o G~! is not affine. Then for y, the inversion center
of G o ¢; 0o G™1, we get in canonical coordinates that

= ~(v)(Id - 2Q(v — a))_l(ld —2Q(z —a)). =(2)

(2m — Ym)(2n — Yn)
Omn — 2 = (ki) mr
T e B
for all z € V and all m,n € {1,2,...,d}, where § denotes the Kronecker
symbol here. But this is impossible and we conclude that G o ¢; 0 G~}

is affine. The proof of the implication (ec)=-(d) is complete.
e The implication (a)=-(g) follows from the implication (a)=-(d).

e (g)=(f). Conjugating the system S by a conformal diffeomorphism
we may assume that Mg = R?. Given i € I and (w))7_, € (I*)? let

A= (i,wV . . w@)
and let Hy : IR? — IR? be the map defined by the formula

Hu(z) = (Dg, © ¢ (2), .., Dy, 0 ¢y (2)).

Suppose first that for every ¢ € I there exists A such that H, = 0 on
J. Since S is not (¢ — 1)-dimensional, this implies that H/; = 0 on a
neighborhood of J in IR?. But then Dy, is constant on an open subset
of IRY having a non-empty intersection with .J. Since by Corollary 6.1.5
D% is real-analytic, it is therefore constant on the appropriate set U,
produced in this corollary. Hence, in view of already proved implication
(a)=(d), the system {¢; : IR? — IR} is conjugate by a conformal
diffeomorphism p : R? — IR? with an affine system. Since p extends to
a conformal diffeomorphism from IR? to IR and since an extension of
an affine map in IR? to an affine map in IR? is also affine (if ¢ < 1 we
need to be certain that these extensions are of the form AA 4 b), we are
done in this case.

So, suppose that there exists ¢ € I such that for every A with the
first element equal to i there exists x € J such that H';(x) # 0. Choose
we Jand A = (i,w®, ... w@) such that dim KerH’,(w) is minimal,
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say equal to p < g — 1. By the assumptions of (g), dim KerH/, (w) > 1.
So
1 <dimKerH) =p<q-—1
on W, a neighborhood of w in IRY. By the definition of the limit set J,
for every z € V there exists 7 € I* such that ¢, (z) € W. Then define
1(2) = (67 1), (o) (Ker H)y (6 (2))),

where, temporarily changing notation, (¢, 1)21»( 2) denotes the derivative

of the map ¢! evaluated at the point ¢, (z). We want to show first that
we define in this manner a line field on V. So, we need to show that if

¢+ (2), dn(z) € W, then
(67 UDr (D) = (67 UEn(2). (722)

Suppose on the contrary that (7.22) fails with some z, 7,7 as required
above. Then there exists a point x € W and v € I* (in fact for every
x € W there exists v) such that ¢,(z) is so close to z that

(¢;1)%T(%(x))(l(@(%(ﬂf)))) # (@71);”(%(@)(l(¢n(¢v($))))~
Hence
(D73 )5, ()L (D7 (2)) 7 (D19)'5, () L (P ().
So, either
(075, () [ (P7+(2)) # KerH)j ()
G710yl (2)) # KerH'y ()

Without loss of generality we may assume that the first inequality holds.
Since (Haor)' (@) = Hi (67 ()6 (2), we get Ker((Haop,,) (x)) =
I ()" (KerH ) (¢r+(2))) and therefore

Ker((Ha o ¢ry) (2)) # KerH'y(z). (7.23)

If now ¢~ (x) is sufficiently close to z, then ¢,~(z) is so close to ¢-(2)
that ¢ (x) € W. Then

+ dim (KerH/y (¢+())) = p = dim(KerH; (z)). (7.24)

Consider now linearly independent vectors (vD(biO(bw(kl) (),..., V[)qﬁio
G0 (), t = ¢ — dim(KerH/y (z)). If v € KerH/;(z), then < VD¢, o
¢w£kj)($),v >= 0 for all j = 1,2,...,t. Suppose that each vector
VD¢i 0 y)ry(2), j = 1,...,q, is a linear combination of the vectors
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(VDQSZ- 0t (), ..., VDg; 0 b i) (z)), t = ¢—dim(KerH,(z)). Then
< VDé¢io ¢ty (),v >=0forall j=1,...,q and all v € KerH; ().
Hence Ker((Ha o ¢r,)')(z) D KerH/;(z). Thus using (7.24) we con-
clude that Ker((Ha o ¢-+)')(z) = KerH/;(z). This contradicts (7.23)
and shows that there exists 1 < u < ¢ such that the vectors (VDqSi o
(bw(kj)(m));:l together with the vector VD@- o ¢w(u)m(x) form a lin-
early independent set. Hence, if B = (i, w1y, w®) . Wk 4 i)
((g = (t +1)) 9’s at the end), then the rank of Hy(z) is greater than
or equal to ¢ + 1. Thus KerHp(x) = ¢ —rank(Hj(z)) <¢— (t+1) =
q — g+ dim(KerH/,(z)) — 1 = p — 1, which is a contradiction with the
definition of p and finishes the proof of the implication (g)=-(f).

e (f)=(d). In order to prove this implication suppose that there exists
a field of linear subspaces E, in T Mg of dimension and co—dimension
greater than or equal to 1 defined on a neighborhood of J in Mg and
invariant under the action of derivatives of all maps ¢;, i € I. Con-
jugating our system by a conformal diffeomorphism, we may assume
that Mg = IRY. Fix an element j € I. In the course of the proof
of Lemma 7.4.1 we have shown that besides one attracting fixed point
z; € X, the map ¢; has a different fixed point y; € R?. Conjugate the
system S by the inversion i,, 1 (equal to the identity if y; = co) and
denote the resulting system by S1. Put ¢; =iy, 10¢;014,, 1 for all i € I.
The field F, = Z;J1(Ex) is defined on a neighborhood W of Jg, and it
is Si-invariant. Since v; : IR? — IR? is linear, inspecting the appropri-
ate part of the proof of Lemma 7.4.1 we see that the field {F,}rew is
constant, say equal to F. So, the field of affine subspaces {z + F},ew,
as the unique field of integral manifolds of the Si-invariant field {F'} of
linear subspaces, is Sy-invariant, which means that ¢ (x+F) = ¢;(z)+F
for every ¢ € I and every x € W. So, if 1; is not affine for some i € I,
then 2+ F must contain t; ' (c0), the center of inversion of v;, for every
x € W. Since W is open in IR? and since dim(F) < g — 1, this is im-
possible and proves that v; is affine. The implication (f)=(d) is thus
proved. O

Our next result is the following rather unexpected fact.

Proposition 7.4.5 Suppose that F = {f; : X — X}ier and G = {g; :
Y — Y}ier are two not essentially affine topologically conjugate systems.
If the measures mg and mp o h™' are equivalent, then the systems F
and G are of the same dimension.
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Proof. Suppose on the contrary that the dimensions of F' and G are not
equal. Without loss of generality we may assume that p =dim F < g =
dim G. Since G is not essentially affine, it follows from Theorem 7.4.4
that there exist y € Jg, i € I, a sequence (w(j))?:1 € (I*)9 and a
neighborhood W¢g C Mg of y such that the map

Gg= (f)gi 0 gyys--.,Dg;o Jo@)

is invertible on We. Since the measures mg and mpoh™! are equivalent,
after an appropriate normalization yur = g o h which means that Dy, =
dueoh — 9 Gince ho f; = g, o h for all 7 € I* and since D), = 1,

durp
Goh=F

on Jp, where F = (Df; o f,a),...,Dfio fuw). Write z = h™1(y).
Then h = G~ ' o F on Wr N Jp for some open neighborhood Wi of
in Mp such that F(Wr) C G(W¢). Since by Corollary 6.1.5, the maps
F and G! are real-analytic, the image G~ o F(Wr) for an adequate
Wg small enough, is a real-analytic submanifold of dimension < ¢ and
G~ o F(Wr) N Jg contains an open neighborhood of y in Jg. So,
invoking Lemma 7.4.2, we conclude that G is at most p-dimensional.
This contradiction finishes the proof. O

The main result of this section, concerning of course smooth conjugacies
is contained in the following.

Theorem 7.4.6 If two conformal reqular iterated function systems F =
{fi: X =X :ieltand G={g;: Y =Y :i € I} both satisfy-
ing the open set condition are mot essentially affine and are conjugate
by a homeomorphism h : Jp — Jg, then the following conditions are
equivalent.

(a) The conjugacy between the systems F and G extends in a con-
formal fashion to an open neighborhood of X .

(b) The conjugacy between the systems F and G extends in a real-
analytic fashion to an open neighborhood of X .

(c) The conjugacy between the systems F and G is bi-Lipschitz con-
tinuous.

(d) 19.,(yw)| = |fL(xw)] for all w € I*, where x,, and y,, are the only
fixed points of f, : X — X and g, : Y — Y respectively.

(e) IS > 1Vwe I*

g1 diam(g (1))

< Tam(f(x) =
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(f) A€ > 1Vw € I*

A
A
(9) HD(Jg) = HD(Jr) and the measures mg and mp o h™' are

equivalent.
(h) The measures mg and mp o h™! are equivalent.

Proof. The implications (a)=(b) and (b)=(c) are obvious. That
(¢)=(d) results from the fact that (c) implies condition (1) of The-
orem 7.1.1, which in view of that theorem is equivalent with condition
(2) of Theorem 7.1.1 which finally is the same as condition (d) of The-
orem 7.4.6. The implications (d)=-(e)=(f)=(g) have been proved in
Theorem 7.1.1. The implication (g)=-(h) is again obvious. We are left
to prove that (h)=(a). We shall first prove that (h)=(b). So, suppose
that (h) holds. Then, after an appropriate normalization pp = ug o h,
which means that D, = dgﬁ—;h = 1. Since G is not essentially affine, it
follows from Theorem 7.4.4 that there exist y € Jg, i € I, a sequence
(w(j))?:1 € (I*)? and a neighborhood W C Mg of y such that the map

G= (Egi 0 gy - -, Dgj o Juo)

is invertible on Wg. Since ho f, = g-oh for all 7 € I'* and since Dy, = 1,
we have

Goh=F

on Jp, where F = (Dfz o fwu),...,bfi o fwm))' Fix Wg, an open
neighborhood of * = h=Y(y) in Mp so small that F(W;) C G(Wa).
Hence G~! o F is well defined on Wy and G~! o F|w, . = h. Consider
now w € I* such that f,(Jr) C Wi. Since

g_l O]:(fw(JF)) = hofw(JF) = Juw Oh(JF) = gw(JG) C gw(VG)a

since g, (V) is open and since f, and G~! o F are continuous, there
exists an open neighborhood V/. C Vr of X such that f,(V}) C Wy and
Gt o F(fu(VE)) C gw(Ve). Hence, the map

gglo(g_lo]:)owaVIé_’w

is well defined, by Corollary 6.1.5 is real-analytic, and g ;' o (G710 F)o
fwlse = h. Thus, property (b) is proved.

The last step of the proof of Theorem 7.4.6, that is the implication
(b)=(a), can be carried out using ideas from the proof of Lemma 7.2.7
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in [Pr] as follows. Let H be this real-analytic extension of h on a neigh-
borhood of Wg of Jg in Mp. We may assume Wy to be so small that
H’ is a linear isomorphism at every point of Wr. Define the function
1 : Wgp — IR by the formula

_H ()]
Y& = )
Suppose that 1(£) = 1 for some point £ € Wr. Since for every w € I*
|H' (£.(6))]] gL (H (&) - H'(€) - (L)~
P(fu(§)) = 7 10 _
Vel = it raen 11 (9L, (H(€)) - H'(€) - (f(€)~1) ]
_men _
= )1~ Y©

and since {f,(¢) :w € I*} D Jp, we conclude that ) = 1 identically
on Jp. Since 9 is real-analytic and since F is g-dimensional, using
Lemma 7.4.2 we conclude that 1) = 1 on an open neighborhood of Jp.
But this means that H is conformal. So, we may assume that t(z) # 1
for every z € Wp. Define the field {E.}.cw, on W as follows.
/
E, = {w € R : % = ||H’(z)||} u{0}.

For every z € Wp, the set E, is a linear subspace of IR? of dimen-
sion > 1. Its codimension is > 1 since ¥(z) # 1. Obviously E, de-
pends continuously on z. Since the maps f; : IR? — IR? are conformal,
Ji(2)(E.) = Ey,(.) and it thereofore follows from Theorem 7.4.4 that the

3
system F' is essentially affine. This contradiction finishes the proof. [J
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Parabolic Iterated Function Systems

In this chapter we develop the general theory of conformal parabolic
iterated function systems (see [MUT]).

8.1 Preliminaries

Our setting is this. Let X be a compact connected subset of a FEuclidean
space IR?. Suppose that we have countably many conformal maps ¢; :
X — X, i € I, where I has at least two elements satisfying the following
conditions.

(1) (Open set condition) ¢;(Int(X)) N ¢;(Int(X)) = 0 for all ¢ # j.

(2) |¢L(x)] < 1 everywhere except for finitely many pairs (i, z;), ¢ € I, for
which x; is the unique fixed point of ¢; and |¢}(z;)| = 1. Such pairs
and indices ¢ will be called parabolic and the set of parabolic indices
will be denoted by . All other indices will be called hyperbolic.

(3) Vn > 1 Vw = (w1, ...,wy) € I" if w,, is a hyperbolic index or w,—1 #
wn, then ¢, extends conformally to an open connected set W C IR?
and maps W into itself.

(4) If i is a parabolic index, then (), @i (X) = {z;} and the diameters
of the sets ¢ (X) converge to 0.

(5) (Bounded distortion property) 3K > 1¥n > 1 Vw = (wq,...,wp) €
1" Vx,y € V if w, is a hyperbolic index or w,_1 # wy,, then

|4 ()]
|60, (2)]

(6) 3s < 1Vn >1VYw € I" if w, is a hyperbolic index or wy,—1 # wy,
then ||¢.,|| < s.

< K.

209
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(7) (Cone condition) There exist «,! > 0 such that for every x € 90X C
IR? there exists an open cone Con(x,a,l) C Int(X) with vertex ,
central angle of Lebesgue measure «, and altitude [.

(8) There exists a constant L > 1 such that

165 )] = i@l < LIl - ly — =]

for every i € I and every pair of points z,y € V.
(9) For every i € Q put

Xi= |J 4.
jen{i
We will also need the following.

> i

n>0

%, < o00.

We call such a system of maps S = {¢; : ¢ € I} a subparabolic iterated
function system. Let us note that conditions (1),(3),(5)—(7) are modeled
on similar conditions which were used to examine hyperbolic conformal
systems. If Q = 0, we call the system {¢; : i € I} parabolic. As declared
in (2) the elements of the set I'\ 2 are called hyperbolic. We extend this
name to all the words appearing in (5) and (6). By I* we denote the
set of all finite words with alphabet I and by I°° all infinite sequences
with terms in I. It follows from (3) that for every hyperbolic word
w, ¢,(W) C W. Note that our conditions insure that ¢;(z) # 0, for
all ¢ and x € V. We provide below without proofs all the geometrical
consequences of the bounded distortion properties (5) and (8), derived
in Section 4.1 which remain true in the parabolic case. We have for all
hyperbolic words w € I'* and all convex subsets C' of W

diam (¢, (C)) < [[¢,[|diam(C) (8.1)

and
diam(¢,,(V)) < DI|¢, ]I, (8.2)
where the norm || - || is the supremum norm taken over V and D > 1 is

a universal constant. Moreover,
diam(¢., (X)) = D71 ||¢L || (8.3)

and

¢u(B(z,1)) D B(¢u(), K@), |Ir), (8.4)
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for every z € X, every 0 < r < dist(X,dV'), and every hyperbolic word
w € I*. Also, there exists 0 < § < « such that for all z € X and for all
hyperbolic words w € IT*

¢w(Int D Con(¢w 1||¢w||)
D Con (¢ (), B, D~*diam(¢,(V))),

where Con(¢.(z), 5, D[ ||) and Con(czbw(fc),B,D‘Qdiam(%(‘/))) de-

note cones with vertices at ¢, (), angles 3, and altitudes D~1||¢/ || and

(8.5)

D~2diam(¢,,(V)) respectively. In addition, for every w € I* (not ne-
cessarily hyperbolic) and every x € X, there exists {(w,z) > 0 such
that

¢ (Int(X)) D Con(¢w(x),ﬁ,l(w,m)). (8.6)

The important point in (8.6) is that by conformality we can get a cone
with vertex x and opening angle g lying in ¢,,(X), but we cannot say
anything about the height of this cone unless w is a hyperbolic word, in
which case we have (8.5). For each w € I U I*°, we define the length
of w by the uniquely determined relation w € I'“l. If w € I* U T> and
n < |w|, then by w|, we denote the word wyiws . ..w,. Our first aim in
this section is to prove the existence of the limit set. More precisely, we
begin with the following lemma.

Lemma 8.1.1 For all w € I the intersection ()5 Pu,(X) is a
singleton.

Proof. Since the sets ¢, (X) form a nested sequence of compact sets,
the intersection (1,5, @u|, (X) is not empty. Moreover, it follows from
(4) that if w is of the form 7i°°, 7 € I*,i € Q, then the diameters of the
intersection ﬂi:o bu), (X) tend to 0 and, in the other case, the same
conclusion follows immediately from (6). In any case, (,~q ®w|, (X) is
a singleton. O
Improving slightly the argument just given, we get the following.

Lemma 8.1.2 limy, o SUP|, |, {diam(¢w (X))} = 0.

Proof. Let g(n) = max;eq{diam(¢;» (X))}. Since § is finite it follows
from (4) that lim,— g(n) = 0. Let w € I*°. Given n > 0 consider
the word w|,,. Look at the longest block of the same parabolic element
appearing in w|,,. If the length of this block exceeds /n then, since due
to (2) all the maps ¢, j € I, are Lipschitz continuous with a Lipschitz
constant < 1, we have diam(¢,, (X)) < g(y/n). Otherwise, we can find
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inwl, at least "7‘7{5 = /n—1 distinct hyperbolic indices. It then follows
from (6) (and Lipschitz continuity with a Lipschitz constant < 1 of all
the maps ¢;, i € I) that diam(¢|,, (X)) < svn—1, O

We introduce on I*° the standard metric d(w,7) = e~", where n is the
largest number such that w|, = 7|,. The corollary below is now an
immediate consequence of Lemma 2.2.

Corollary 8.1.3 The map @ : I*® — X, m(w) = (),50 P, (X), is
uniformly continuous.

The limit set J = Jg of the system S = {¢; };cs satisfies

T =m(1°) =] é:(J).
iel
We recall that the set J is not compact if the index set [ is infinite. This
of course is one of the main technical issues to handle.

Lemma 8.1.4 If X is a topological disk contained in @, then every
parabolic point lies on the boundary of X.

Proof. Suppose on the contrary that a parabolic point z; € Int(X).
Let D' = {2 € €: |z|] < 1} and let R : D' — Int(X) be the Riemann
map (conformal homeomorphism) such that R(0) = x;. Consider the
composition R~! o ¢; o R : D! — D'. Then |(R™! o ¢; o R)(0)] =
|R'(0)|~Y|R'(0)| = 1. Thus by Schwarz’s lemma R~o¢;o R is a rotation.
Since ¢y = Ro (R™' o ¢; 0 R) o R71, it follows that ¢;(X) = Ro (R 'o
¢ioR)o R™1(X) = X. This contradiction finishes the proof. O

8.2 Topological pressure and associated parameters

4

Our first goal is to relate the pressure of the “volume potential” func-
tion ¢ to the way pressure was defined in Section 3.1. We consider the
function : I*° — IR given by the formula

((w) = —log|dl, (m(a(w)))I.

Using heavily condition (8), we shall prove the following.

Proposition 8.2.1 The function ¢ defined above is acceptable.
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Proof. Fix n > 1 and w, 7 € I*® such that wl|, = 7|,. It then follows
from (8) that

19() = 9(r)| = flog L, (r(o(w)| = log |6, (=(o(1))]
164, (x(a@))] = 6L, (x(o(r)|

= min{|¢Z, (@)1 oL, @)}
B 1oL,

= min{[L, (@)L 19%, (o @]}

x |m(o(w)) = m(a(7))].

If wy is a hyperbolic index, then using the bounded distortion property,
we get

l9(w) = g(7)| < LK|r(0(w)) — (o (7))|"

On the other hand, since there are only finitely many parabolic indices,
there is a positive constant M such that if wq is parabolic, then

l9(w) = g(7)| < LM|m(o(w)) — 7(a(7))|*.

Let I’ = Lmax{K,M}. Since X being compact is bounded, taking
n = 1, it follows from the last inequalities that max;e I{sup(g|[i]) -
inf (g];;))} < L'diam®(X) < oo. The uniform continuity of g follows from
inequality |g(w) — g(7)| < L'|n(0(w)) — (o (7))|* and Corollary 8.1.3.
O

We define for each W C X

1
Pw () = lim ~ > ||éL [

|w|=n

where ||¢),||w = sup{|¢],(x)| : © € W}. Let us note that

—inf{s: 3 37 [1ellliye ™ < oo},

n>1|w|l=n

We now introduce some notation. For each i € Q, let I}, = {w € I? :

£i}.

Lemma 8.2.2 P(o,—t¢) = P(¢).
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Proof. First, we show P(t) = P;(¢). Clearly, P;(t) < P(t). To prove
the converse inequality, suppose P ;(t) < s. Then using (5)

DN

n>1|w|=n

:Z Z ||¢i;||te_3”+zzz Z [

n>1 |w|=n,wn ¢Q n21i€Q k=1gperr
<K'y Y el *S"+KtZZZ Do lhillie
n>1 w|=n,wn¢Q n21i€Q k=1 e
n
SK'Y D > Nelllie + KDY D D
n>1 |w|=n,w,¢Q n21i€Q k=1gern

X [|¢ e mheY

<KUY S lleLllhe

n>1|w|=n

So, P(t) < s and consequently P(t) < P;(t). Next, we compute

1
i = i(
nlgréo nlog E exp sup E tg(o

w|=n TE[w] =0

= lim —log > exp(sup Zt10g|¢ (m(o? (1))
j=1

n—oon TE W]

P (0, 7t€)

|lw|=n

T 1 / n t
—nh_{f(;oglog Z sup |¢w(ﬂ-(o- T))l

|w|:n'r€[w}
. 1 12
= Jim o 32 Il = Ps(0) = P,
wl|=n

O

Our next goal is to prove that for parabolic systems the image of all shift-
invariant measures also satisfies a measure theoretic open set condition
known for hyperbolic systems (see Theorem 4.4.1). At this point we
make essential use of the cone condition.

Theorem 8.2.3 If u is a shift-invariant Borel probability measure on
1°°, then

1o (6,(X) N 6y(X)) =0
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for all incomparable words T,p € I*.

Proof. We begin by describing a situation which we show to be im-
possible. Suppose that there exist a point x € X, an integer ¢ > 1 and
an increasing sequence {ny}r>1 of positive integers along with pairwise
different words p®), 7(*) € E™ such that

T € g m(X)N P (X)

and p®|,, _, = 7®|,. _,. Passing to a subsequence we may assume
that ngy1 — ng > ¢ for every k > 1. We shall construct by induction
with respect to k > 1 a sequence {Cy}r>1 such that for every k, Cj
consists of at least k + 1 incomparable words from {p(j), @) .4 < k}.

Indeed, set C; = {p(), 7}, Suppose now that Cy has been defined.
If p*+1) does not extend any word in Cj, then we form Cj,1 by adding
p*+D to C). We can do a similar thing in case 7(*t1) does not extend
any word in Cj. If, on the other hand, p(**1) extends some word & in
Cj, and 7(**1) extends a word 1 in Cj, then s and 1 are both exten-
ded by p*+1) since for j < k, [p0)|, |70)| < nj < ng, npgr > g + g,
and p+D|,  _ = 7kFD) . Since the words in Cj, are incom-
parable, kK = n and this is the only word in C} which is extended by
both p**+1) and 7(*+1) | In this case we form Cjy; by taking away & and
adding both p*+1) and 7*+1)| Now the sets {¢.(X) : k € Cy} are non-
overlapping since the words are incomparable. By (8.6) we get k+1 pair-
wise disjoint open cones each with vertex x and opening angle 3. This is
clearly impossible if k is large enough. So it is impossible to have such a
point x.

Let @ be a shift-invariant probability measure and suppose that p o
7 (X)Np,(X)) > 0 for some incomparable words 7, p € I*. Without
loss of generality we may assume that |7| = |p|. Put E = ¢, (X)N¢,(X)
and set

Ex=( U bo(E).

k=0n=k |w|=n

In view of what we have just proved Es, = (). On the other hand,
by (8.6), for every n > 0, each element of X belongs to at most 1/
elements of @, (X), w € I™ (we assume that A\g_1(S?"!) = 1). Using
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this and the o-invariance of measure p, we get for every n > 0

pom! U¢w(E) > 67! Zuow P ( ))
|wl=n

|lw|=n

> 53 !

lw|=n
= pon 1 (E),
where wA = {wk : k € A} for every set A C I*°. Hence, for every k > 0,

por [ {J U ou(B) | =8 por (E),

n=~k |w|=n

and therefore ppo 7 1(Eyx) > B lpon Y(E) > 0. This contradiction
finishes the proof. O

Let

0=0(S)=inf{t >0:P(t) < o}.
Following the previous chapter we call 8 the finiteness parameter of the
system S. Recall that o = {[i] : i € I} is the partition of I*° into

initial cylinders of length 1. The following result has been proved in the
hyperbolic context as Theorem 4.4.2.

Theorem 8.2.4 If i is a shift-invariant ergodic Borel probability meas-

ure on I such that H, (o) < oo, xu(0) = [(du < oo and either
Xu(o) >0 orh,(c) >0 (hy(o) >0 zmplzes Xu(o) >0), then
h
HD(pon ) = M.
Xu(0)

The same proof goes through. Let
B =p(S) =sup{HD(puon 1)},

where the supremum is taken over all ergodic finitely supported (so shift-
invariant) measures of positive entropy. Of course there are many such
measures. We shall prove the following.

Proposition 8.2.5 The pressure function P(t) has the following prop-
erties:

(1) P(t) >0 for allt >0
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(2) P(t) >0 for all0 <t < .
(3) P(t) =0 for allt > 3.
P(t) is non-increasing.
(t)
(t)

BN
N—

9)

(6) P(t) is continuous and convex on (6,00).

P(t) is strictly decreasing on [0, 5].

Proof. (1) Let i be a parabolic index and let x; be the correspond-
ing parabolic point. Then 7(i*®) = z;. Let p be the Dirac meas-
ure supported on i*°. Of course, u is ergodic, finitely supported, and
Jtgdp = tlog|¢l(z;)] = 0. Hence, by Theorem 2.1.6 and Proposi-
tion 8.2.1, P(o,tg) > h,(0) + [tgdu =0 and (1) is proved.

(2) Suppose that 0 < ¢ < (. Then there exists an ergodic, o-invariant,
and finitely supported measure u of positive entropy such that HD(u o
771 > t. So, Theorem 8.2.4 applies to give t < HD(u o7~ !) <
h,(¢)/xu(0) which due to Theorem 2.1.6 and Proposition 8.2.1 implies
that P(o,tg) > h,(0) + [tgdu > 0.

(3) Suppose that P(t) > 0 for some ¢ > 0. Then in view of Theorem 2.1.6
and Proposition 8.2.1 there exists an ergodic o-invariant finitely suppor-
ted measure p such that h, (o ) txu(o) > 0. Therefore h,(c) > 0 and
hence, by Theorem 8.2.3, ¢ < & ( ) =HD(port) < 3. We are done.

(4) Suppose that t; < to. It is clear from the definition of pressure that
P(t2) = oo implies P(t1) = co. So, we may assume 6 < t; < ta. Fix € >
0. By Theorem 2.1.6 and Proposition 8.2.1 there exists an ergodic finitely
supported measure o such that by, (o) + [ tagdps > P(0,t2g) —e. Then
by Theorem 2.1.6 and Proposition 8.2.1, P(o,t19) > hy, (0)+ [ t1gdps =
hy, (o) + [tagdus + [(t1 — t2)gdpz > hy, (o) + [ tagdps > P(o,tag) — €.
Letting € \, 0, we are done.

(5) Suppose 6 < t; < t2 < (. Since P(o,t2g) > 0, in view of The-
orem 2.1.6 and Proposition 8.2.1 there exists an ergodic o-invariant and
finitely supported measure us such that

1 to —t
o) + [ tagds > max{§,1 o 1}P<a, b (87)

Then h,,, (o) > P(o,t29)/2 > 0 and therefore by Theorem 8.2.4, ’”EZ% =

HD(p2 o 71) < 3. Hence [ —gdus > hy,(c)/B8 > P(0,t2g)/26. Thus,
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using (8.7), Theorem 2.1.6 and Proposition 8.2.1, we get

P(o,t1g) > hy, (o) + /tlgd/iz = hm (o) Jr/tzgd,uz + /(tl — t2)gdpo
—t

> P(o,t2g) — P(o, tzg) 23

+P( )

45
to
= P(Uv t2.g) + P(07 t29)

4@ >P((T,tgg).

An application of Hélder’s inequality shows that each function

is log convex. Therefore the map ¢t — P(t), t € (6,00), is convex and
consequently continuous. U

Let us remark that it is possible that 5 = 6. We will call such systems
“strange” and deal with them in more detail in sections 8.4 and 8.5.
Also, although it can happen that s = 0, we always have P(0) > log2
and therefore h > 0.

8.3 Perron—Frobenius operator, semiconformal measures
and Hausdorff dimension

It follows from Proposition 8.2.5 that (3 is the first zero of the pressure
function. We shall provide below more characterizations of this number.
Given t > 6(S) we define in a familiar fashion the associated Perron—
Frobenius operator acting on C'(X) as follows

=Y 165 @) f(¢i ().
el
Notice that the nth composition of £ satisfies
= > 16L@)I"f(u(x))-
|w|=n

Consider the dual operator £; acting on the space of finite Borel meas-
ures on X as follows

Ly (W)(f) = v(Le(F))-

Notice that the map v — L} (v)/L;(v)(1) sending the space of Borel
probability measures into itself is continuous and by the Schauder-
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Tikhonov theorem it has a fixed point. In other words £ (v) = Av,
for some probability measure v, where A = L5(v)(1) > 0. A probability
measure m is said to be (A, t)-semiconformal provided that £} (m) = Am.
If A = 1 we simply speak about t-semiconformal measures. Repeating
a short argument from the proof of Theorem 3.6 of [MU1] we shall first
prove the following.

Lemma 8.3.1 If m is a (A, t)-semiconformal measure for the system S
with A > 0, then m(J) = 1.

Proof. For each n > 1 let X,, = U|w|=n ¢, (X). The sets X,, form
a descending family and ﬂn21 X,, = J. Notice that ﬂXw op, = llx
for all w € I'* and therefore, using the (A, t)-semiconformality of m, we
obtain for every n > 1

A"m(X,) = /ILX”dE?;”(m) = /Ef(ﬂxn)dm

:/ > gLl (Ax, © du)dm

|lw|=n
= [ ¥ toiitam = [ nxaciom)
|lw|=n
= /)\"ledm ="
Thus, m(X,,) = 1 and therefore m(J) = m(ﬂnzl Xn) =1 O
We set

Yalt) = gL II"

|wl=n

We note that 6(S) = inf{t : ¥(t) = ¥1(t) < oo}. In order to demon-
strate the existence of (eF'®), t)-semiconformal measures we shall prove
the following.

Lemma 8.3.2 If t > 6(S) and L;(m) = Am for some measure m on
X, then A = P®).
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Proof. We first show the easier part that A < e(*). Indeed, for all

n>1
v = [Lraam = [ Y ld @)l dm(z)

|w|=n
/Z CARZED S AT
|w|=n
and therefore
1
1 < lim —1 LIt =P(1). )
osA< lim “log Y [J6L]I" = P() (88)

In order to prove the opposite inequality, for each p > 1, let T}, =
Zuelf,’ ¢, ||*; where I? is the set of those words w € I such that
wp—1,wp are not the same parabolic element. For each n,

Ya(t)= Y NoLl < DLl +>- > NelLlllleill’

|w|=n wely i€Q yernt
+ 0 3 AL+ ) el < Z#ﬂTk,
1€ yerp=2 i€Q

where Ty = 1. Take 0 < ¢(n) < n that maximizes Ty. Then 1, <
(n 4 1)#QT ) and therefore

1
P(t) = lim —log,

(1og(n +1)  q(n)
+ .
n n Q( )

< lim inf
n—oo

log Ty(n) + = log#Q) (8.9)

< max{O hmsup log T, }

n—oo T

Let

= > el

wely

It follows from condition (5) of a subparabolic iterated function system
that for alln > 1, w € I and all z € X

gL ll" < K*|¢l, ()"

Summing we have T,, < K*£(1)(z) and integrating this inequality with
respect to the measure m, we get

mgw/@m@mmgww
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Thus, by (8.9)

P(t) < max{0,lim sup 1 log T, } < max{0,logA}.

n—oo N
If now t < B(S), then by Proposition 8.2.5(2), P(t) > 0, and we therefore
get P(¢t) < logA. Thus, we are done in this case. So, suppose that
t > B(S). Then by Proposition 8.2.5(3), P(¢t) = 0 and in view of (8.8)
we are left to show that A > 1. In order to do it fix an arbitrary
0 < n < 1. It follows from conditions (4) and (2) that for all n large
enough, say n > ng, |¢i.(z)] > n™ for all i € Q and all z € X. Fix
j € Q. We then have for all n > ng

A" = /]ld/;*n(m) :/ Z |¢,|“dm > /|¢;n|tdm2 /ntndm:ntn.

|wl=n

Thus A > 1 and letting n " 1 we get A > 1. O

Lemma 8.3.3 For every t > 0(S) a (P(t),t)-semiconformal measure
exists.

Proof. In view of Lemma 8.3.2 it suffices to prove the existence of an
eigenmeasure of the conjugate operator £;. But this has been done in
the paragraph preceding Lemma 8.3.1. O

Let e = e(S) be the infimum of the exponents for which a ¢t-semiconformal
measure exists. We shall shortly see this infimum is a minimum. Also,
let h = hs be the Hausdorfl dimension of the limit set J. As an imme-
diate consequence of Proposition 8.2.5(3) and Lemma 8.3.3 we get the
following.

Lemma 8.3.4 ¢(S) < 5(S).

Now, suppose that m is t-semiconformal, or equivalently
[ S Llrosyan= [ fam. (8.10)
we[‘n

for every continuous function f : X — IR. Since this equality extends
to all bounded measurable functions f, we get

m(ou(A) = 3 / L1 (Lg, 4y © 6r) dm > /A Lfdm (811

Tel™

for all n > 1, w € I"™ and all Borel subsets A of X.
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Our next task in this section is to note that h < e. But this follows
immediately from the following lemma whose proof, using (8.10), is the
same as the proof of Theorem t4.4.1.

Lemma 8.3.5 If m is a t-semiconformal measure, then H'|; < m and

the Radon-Nikodym derivative (fi_?;: is uniformly bounded from above.

Since obviously 8 < h, we have thus proved the following characteriz-
ation of the Hausdorff dimension of the limit set; cf. Theorem 4.2.13,
which is true in the hyperbolic context, and the discussion preceding it.

Theorem 8.3.6 ¢ = 3 = h = the minimal zero of the pressure function.

As an immediate consequence of Lemma 8.3.5, Lemma 8.3.3, Proposi-
tion 8.2.5(3) and Theorem 8.3.6 we get the following.

Corollary 8.3.7 The h-dimensional Hausdorff measure of the limit set
J is finite.

8.4 The associated hyperbolic system. Conformal and
invariant measures

In this section we describe how to associate to our parabolic system a
new system which is hyperbolic and whose properties we applyto study
the original system, in particular to prove the existence of h-conformal
measures. However, we begin this section with a result describing the
structure of t-semiconformal measures with exponents t > h. Let

Qe ={o(;) 11 €QweTl"}.

So, Q, is the set of orbits of parabolic points. The following the-
orem allows us to conclude that a t-semiconformal measure is conformal
provided the parabolic orbits do not mix.

Theorem 8.4.1 Ift > h and my is a t-semiconformal measure, then my
is supported on Q, that is my(Q.) = 1. If for every w € I* and every
i€ Q, 7 ¢y (z;)) = wi™, then each t-semiconformal measure (t > h)
is t-conformal.
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Proof. For every r > h let m, be an r-semiconformal measure. Note
that the existence of at least one such measure (for every r > h) has been
proved in Lemma 8.3.3, cf. also Proposition 8.2.5(3) and Theorem 8.3.6.
It is then not difficult to see that for every r > h there exists a Borel
probability measure .. on I°° such that m, o7~ = m, and m,([w]) =
[1¢.,["dm,, for all w € T*. Now, fix t > hand h < s < t. Let Q, =
{wi® i€ Q,weI*}. Ifw¢ Q., then there exists an increasing infinite
sequence {n}7°, such that either wy,, ¢ Q or wy,—1 # wp,. In either
case, using condition (5) we get

ma(lwlon]) = [ 16L,, P < 16, 1 = 16, 1116, I

<1l JI°K° [ 1oL, fdm, (8.12)
= K6, I ma (el ).

/
Wny

It immediately follows from conditions (6) and (2) that limy_ [|¢], || =
0. Combining this and (8.12) we conclude that 77,(I° \ Q.) = 0 or
equivalently m;(€,) = 1. Since 77 1(Q,) D Q., we get my(Q) =
mpom Q) > ﬁzt(fl*) = 1. The proof of the first part of Theorem 8.4.1
is complete. The second part is an immediate consequence of (8.10) ap-
plied to the indicator functions of the sets of the form ¢,(A), where
w € I* and A is a Borel subset of X. O

Consider now the system S* generated by I, where
L ={¢injin>1i€Q, i#jtU{p: kel\Q}

It immediately follows from our assumptions that the following is
true.

Theorem 8.4.2 The system S* is a hyperbolic conformal iterated func-
tion system.

Proof. The conditions (4a)—(4d) immediately follow from our assump-
tions and the definition of the system S*. We only need to prove condi-
tion (4e). So, fix ¢ € Q and j € T\ {i}. Consider arbitrary n > 1 and
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z,y € X. Write t = min{|¢}(z)| : i € O,z € X} > 0. We then get

\|¢;nj<y>| 6 (@)

o i (1) ) |9in; (1)
= s @I oy = 1918 |¢>Zn]<x>|‘
< llog |6, ()| — log|8,(@)]| + 3 [log ! (e, ()] — log|64(dus, @)
k=0
1)~ 1@+ 3 16k, WD) 1646, @)
||¢ [ 2

n—1
< | KLly—a| + - ZL|¢” v) - ¢ikj(ﬁv>l>

k 0
; (w)l>

n—1
(KL|y96|+ > x5 (y)
k=0
L oo
< (mee &3 ot -
k=0
L

T)| .

In particular all the families tLog = {tlog|¢}|}ser, are Hélder.

= |

The limit set generated by the system S* is denoted by .

The next lemma shows that as long as we are interested in the fractal
geometry of the limit set Jg, we can replace this set by J§.

Lemma 8.4.3 The limit sets J and J* of the systems S and S* respect-
ively differ only by a countable set: J* C J and J\ J* is countable.

Proof. Indeed, it is obvious that J* C J. On the other hand, the only
infinite words generated by S but not generated by S* are of the form
wi®, where w is a finite word and 7 is a parabolic element of S. (|

Definition 8.4.4 If S is an iterated function system with limit set J,
then a measure v supported on J is said to be invariant for the system
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E)=v (U ¢Z(E)>
iel

and v is said to be ergodic for the system S provided v(E) =0 or v(J \
E) = 0 whenever v(E A J;c; ¢i(E)) = 0.

S provided

Let us set up some notation. Let Jy C J consist of all points with a
unique code under S. For each z = n(w) € Jy express w = i"7, where
i is a parabolic element, n > 0, 71 # ¢ and define n(x) = n. For each
k >0, put

Br={z € Jy:n(z) =k} and Dy, = {z € Jy : n(z) > k}.

The next theorem shows how to obtain invariant (o-finite) measures for
the parabolic system S provided that a probability S*-invariant measure
is given.

Theorem 8.4.5 Suppose that u* on J* is a probability measure invari-
ant under S* and p*(Jo) = 1. Define the measure pu by setting for each
Borel set E C Jy,

=3 Y W @u(E)N D) = 303 i (6 (B)) 4 (B). (8.13)

k=0 |w|=k E>1i€Q

Then p is a o-finite invariant measure for the system S and p* is ab-
solutely continuous with respect to w. If, for each i € I, the measure
W o @ is absolutely continuous with respect to the measure p*, then
and p* are equivalent; and if u* is ergodic for the system S*, then u is
ergodic for the system S. Moreover, in this last case p is unique up to a
multiplicative constant.

Proof. Let us check first that p is S-invariant. Indeed,

Ues®) | =D > w [ snlJei(B) | +D 1 (0B

jel k>1i€Q jel jel

ZZZM (i (B)) + > u*(¢5(E

k=1i€Q jel JjerI
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ZZZM (¢ir(E) N D) +ZZZ“ (¢sx;(E) N By)

1ieQ jeI k=1i€Q jeI
+) w(65(E
JeI
k=2 Q k=11i€Q j#i jerl
= ZZ + 15 (E) + Y 1(94(E)) = p(E),
=24ieQ JEQ

where the last equality holds due to the invariance of p* under S*. The
invariance of p has been proved. Since Jo = J,,~ Bn, in order to show
that p is o-finite it suffices to demonstrate that u(B,) < oo for every
n > 0. And indeed, given n > 0 we have

=D > W (@i (Bn)) + 1 (Bn)- (8.14)

k>1ieQ

Now, for every i € §,
¢i’€ (Bn) C B U Bn—i—k-

Hence, u(Bn) < 2#Q 3207 1* (Br) = 2#Qu* (UpZ Br) = 2#Qu*(X) =
2#Q. Thus, p is o-finite. It follows in turn from (8.13) that u(E) = 0
implies p*(F) = p*(E N Dg) = 0. So, p* is absolutely continuous with
respect to p.

Now suppose that for each i € I, the measure pu* o ¢; is absolutely con-
tinuous with respect to the measure p*. If u*(E) = 0, then p* (¢, (E)) =
0 for all w € I*. Thus, it follows from (8.13) that u(E) = 0 and the
equivalence of p and p* is shown. Suppose now that F is S-invariant,
implying that J;c; #:(E) C E. Then U,,c;. ¢ (F) C E and since p* is
ergodic, either p*(E) = 0 or p*(E°) = 0. Since p is absolutely continu-
ous with respect to p*, this implies that either u(E) = 0 or u(E°) = 0.
Hence p is ergodic and the proof is complete. O

We can provide the following necessary and sufficient condition for the
S-invariant measure produced in this theorem to be finite.
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Theorem 8.4.6 If the assumptions of Theorem 8.4.5 are satisfied, then
the o-finite measure p produced there is finite if and only if

Z nu*(B,) < oco.

n>1

Proof. Let usset BY, = {x € Jy : @ = n(j"7),5 € Q\{i}, 7 € I*°, 71 # j}
and D' = J,,5o By,- By (8.14), we can write

plI) =D w(Ba) =Y Y > 1 (d(Bn))

n>0 n>0 k>0 i€
= Z Z 1 (Brn) + Z Z ZM* (¢ir (B';LL))
k>0n>0 k>0n>0 el
=D D W (Bran) + Y #(¢x(DY)
k>0n>0 k>04ie
= Z(n + 1)p*(Bn) + Z w(Bn) = Z(n +2)u* (By).
n>0 n>0 n>0

O

The main result of this section, relating conformal measures of the sys-
tems S and S*, is provided by the following.

Theorem 8.4.7 Suppose that S is a parabolic conformal iterated func-
tion system and the associated hyperbolic system S* is reqular. Then m,
the h-conformal measure for S*, is also h-conformal for S and m is the
only h-semiconformal measure for S.

Proof. We will first show that m is h-conformal for the system S
over the limit set J. We will then associate with S one more hyperbolic
system S** and use some properties of this system to verify that m is
h-conformal for S. Since m(J*) = 1, the probability measure m clearly
satisfies the first condition for conformality: m(J) = 1. Next, we will
show that m satisfies equation (4.30) for all Borel subsets A of J. Since
J\ J* is countable and m is atomless, it suffices to show that (4.30f)
holds for Borel subsets of J*. Also, since (4.30) holds whenever i is a
hyperbolic index even for Borel subsets of X, we only need to verify
(4.30) for parabolic indices. Let

G ={A: Ais a Borel subset of J* and (4.30) holds Vi € Q}.
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Since G is closed under monotone limits, it suffices to show that (4.30)
holds for every subset U of J* which is relatively open. Let

F={welX:w
= (albl)v (02b2)» (a3b3)» s ;VTL A, bn € Q» bn 7& an»anJrl}'

Let W = x(T"). Using Theorem 2.2.4, Theorem 3.2.3, Proposition 4.2.5
and Birkhoff’s ergodic theorem, we see that m(W) = 0 and m(¢;(W)) =
0,Vi € Q. Let us demonstrate that if ¢ € Q and w = (w1,wa,ws,...) €
I2°\ T, then there is some [ such that for every k >, (w1,...,wg) € I
and the concatenation i*wy *- - -xwy, can be parsed (or regrouped) so that
it represents an element of I. To see this, first suppose that w; € I\ Q.
Then [ = 1 since i * wy * - - - * Wi can be parsed as iwy,ws, . ..,w, which
is an element of I}. Now, suppose w; = p"q where p € Q) and p # q.
If p = ¢, then again [ = 1, since 7 * wy * -+ * wi can be parsed as
i"*t1q,wa, ..., wy which is an element of I*. If i # p and n > 1, then
i%wy * -+ xwy can be parsed as (ip,p" " 'q,w2,ws,...,wi) € I and
also in this case [ = 1. If, on the other hand, n = 1 and p = i, then
w1 = arby, where a1 € Q and by # ay. If by € I\ Q, then i xwy %+ xwy
can be parsed as (ia, by,we,ws,...,wk) € IF and [ = 1. So, suppose
that by € Q. Now, consider wo. If wy € I\ 2, then the concatenation
1% wi %+ *xwy can be parsed as (ia1, bywa,ws,...,wg) € IF and [ = 2.
Otherwise we = p™q, where p € Q, ¢ # pand n > 1. If p = by,
then 7 % wy * -+ - * wg, can be parsed as (ial,b?ﬂq,wg, ...,wg) € IF and
Il =2 If p# b and n > 1, then i % w; * --- * wy can be parsed as
(ia1,b1p, p"1q,ws, ..., wi) € I} and | = 2. If, on the other hand, n = 1,
then wy = agbs, where as # by, ba. If by € T\ Q, then @ % wy % -+ * wy
can be parsed as (ia1, bias, bo,ws,...,wi) € IF and | = 2. So, we may
assume that by € . Now, excluding inductively in this manner the
cases when i % wy * --- * wy can be parsed in such a fashion that it
would belong to I}

*

we would end up with the conclusion that w € T,
contrary to our assumption. Now, let U C J* be relatively open. Then
there is a set M C I, consisting of incomparable words and such that
U\W C U ep @-(J*) CU, and if 7 € M then i * 7 € I}}. Thus,

m(¢:i(U)) = m(¢i(| - (T U U\ Jo-(J7) =D miei(-(J7)))
— 5 "M dm = "N dm = " dm,
S tocotan=32 [ giim= [ joifam,

where the third equality follows since m is h-conformal for the system
S* and in the fourth equality we additionally employed the change of
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variables formula. Now, we want to show

m(¢i(J) N 6;(J)) =

whenever ¢ # j. Again, it suffices to verify this when J is replaced
by J* and at least one of the indices ¢ and j is parabolic. As before
there is a set M; C I of incomparable words and such that J*\ W C
Urear, @-(J*) C J*, and if 7 € M; then i x 7 € I7. Also, let M; C I}
have similar properties with respect to the index j. Then

m(¢i(N)N () =m( |  ¢ir(J)N65(J))

T,pEM; X M;
< Z m(ir(J7) N djp(J7)) = 0.
M; x M

Finally, to show that m is conformal, we must demonstrate that (4.30)
and (4.31) hold whenever A is a Borel subset of X. Note that it suffices
to show that m(A) = 0 implies m(¢;(A)) = 0, for all Borel subsets A of
X and all parabolic indices . In order to prove this, we introduce a new
hyperbolic system. The index set for this system is L. = I®\ {(i,4,i) :
1€ QU{p"q :p € Q, q#p, n > 2} Let us prove that the system
S** satisfies the bounded distortion property. To see this, read a word
weIf asaword in I : w = (w1, ws,...,wy,). If w, € I'\ Q, then we
have bounded distortion by property (5) of the system S. If w,, €  and
Wn—1 7 Wy, then again by property (5) we have bounded distortion with
constant K. If w,_1 = wy, then w,_s # w,_1, by the definition of I},

Then the word w|,—1 satisfies the hypothesis of condition (5) and so

6L 1P, (Do, WIS, (v)]
L) el (bu, W)II6L, )]
1Al .
< :
- Kmax{min{@(x) cx € X} S
where the last number is finite since € is. To see that S** satisfies the
open set condition, notice that ¢;;i (Int(X)) N Ppgr (Int(X)) = O for all

ijk # pgr. Next consider ¢in;(Int(X)) N ¢pmq(Int(X)), where n,m > 2.
If i # p, this intersection is empty. Also if ¢ = p and n # m, the

intersection is empty. Otherwise, ¢ # j and the intersection is empty.
Finally, consider ¢ ;(Int(X)) N ¢pgr (Int(X)), where n > 2. If ¢ # p or if
i = p and ¢ # 14, the intersection is empty. Otherwise, i = p = ¢ and in
this case r # i since the word (4,4,4) is not allowed in I... Finally, the
hyperbolicity of the system S** is an immediate consequence of property
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(6). So, S** is a hyperbolic conformal iterated function system. Also,
since each element of I2° can be parsed into an element of I3, we have
J** = J* = J\ {eventually parabolic points}. Also notice that if the
system S* is regular, then the system S** is regular. To see this note
that we have already shown that if m is conformal for S*, then m is
conformal for S over J. Thus m is conformal for S** over J. So, for
each n, 1 = [,dm = [, ¢ ,(z)|dm. But, for each z € J, we
have

weln,

DLtz Y @) = ()T Y LI

weln, welr, weln,

where K** is the distortion constant for the system S** over X. Integ-
rating this formula against the measure m we get

Yol =1 ()T gLl

welr, welr,

From this it immediately follows that P**(h) = 0. But, this is equivalent
to saying that there is an h-conformal measure m** for the system S**
over X. We only need to prove that m** = m. Let G be open relative
to J*. Let W be a collection of incomparable words in I,, such that
G = Uyew @ (J*). Since m is conformal for S** over J,

Z/|¢> jam < 3 KoL < S KhK**h/w jdm™*

wew weW weWw
_ KhK**hm**(G)

*%

Interchanging m and m™* in the above estimate, we get

(KhK**h)flm**(G) § m(G) § KhK**hm**(G)

From this it follows that m and m** are equivalent. To show that
m = m**, let A be a Borel subset of X. Then m(¢,(4)) = m(¢,(AN
J)) +m(du(A\ J)). But, since m** is conformal over X, m**(A\ J) =
fA\J |¢/,|"dm** = 0. So, since m is conformal for S over .J, we have
m(¢u(A)) = [4ns10L1"dm = [, |¢,,|"dm. Also, one can show that
(4.30) holds using the same procedure. Thus, m is conformal for S**
over X. Finally, to see that m is conformal for the entire system S over
X, let ¢ € Q2 and choose an arbitrary g # i, ¢ € I. Then iq € I, and
iqi € I,y. Thus,

/ (6 [P dm = m(ig($4(A)) = m(igi(A / |6s 2.
i(A)
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So, if m(A) = 0, then since [¢ |" is positive on ¢;(A), we have

m(éi(4)) = 0.

In order to prove the second part of our theorem suppose that v is an
arbitrary measure supported on J and satisfying

V(6w (4)) > /A |60, v (8.15)

for all Borel sets A C X and all w € I*. We show that m is absolutely
continuous with respect to v. Indeed, for every w € I} we have

V(9u(X)) = / 6L > KR
X
> K [ oL Idm = K~ m(6,(X)).
X

Next, consider an arbitrary Borel set A C X such that v(4) = 0. Fix
€ > 0. Since v is regular there exists an open subset G of X such
that AN J* C G and v(G) < e. There now exists a family F C I} of
mutually incomparable words such that AN J* C J,cr¢u(X) C G.
It easily follows from Lemma 4.2.4 that there exists a universal upper
bound M on the multiplicity of the family {¢,(X) : w € F}. Hence,
using the fact that m is supported on J*, we obtain

m(A) =m(ANJ7) <m ( U %(X)) <3 meu(X))

weF weF

< K" w(¢u(X)) < K" My ( U %(X)) < K"Mu(G)

weF weF
< K"Me.

Thus, letting € \, 0, we get m(A) = 0, which finishes the proof of the
absolute continuity of m with respect to v. Our next aim is to show
that v(J \ J*) = 0. Suppose on the contrary that v(J \ J*) > 0. Set
P = {¢o(x;) : i € Q, we I*}. Since J\ J* C P, v(P) > 0. Write
v =1 + v1, where vg|x\p = 0 and v1|p = 0. Thus v(P) = v(P) > 0.
Since ¢, (P) C P for all w € I*, we get for every Borel set A C X and
every w € I*

v0(6w(4)) > 10(6u(AN P)) = v(du(AN P))
!/ 1 h v = !/ h U
z/ml%l d /A|¢w| dvo
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Hence, multiplying vy by 1/19(X), we conclude from what has been
proved that m is absolutely continuous with respect to vy. Since vo(X \
P) = 0, this implies that m(X \ P) = 0, and consequently m(P) = 1.
This is a contradiction since any conformal measure of a hyperbolic
system is continuous. Thus v(J*) = 1. Suppose now in addition that
v is h-conformal for S. Then, as we have just proved, v is h-conformal
for S* (this statement includes that fact that v(J*) = 1). The equality
v = m follows now from Theorem 4.2.9.

Finally, notice that using the argument from the proof of Lemma 3.10
from [MU1] and proceeding as in the proof of Theorem 5.7 from [MU7]
one could prove that m is the unique h-semiconformal measure for S. O

Following the case of hyperbolic systems we call a parabolic system
regular if there exists an h-conformal measure for S supported on J*.
Since such a measure is h-conformal for S*, as an immediate consequence
of Theorem 8.4.7 we get the following.

Corollary 8.4.8 The parabolic system is regular if and only if the as-
sociated system S* is regular.

In trying to say something about parabolic systems which are not reg-
ular, we are led to introduce the class of “strange” systems, which by
definition are those systems for which there is no ¢ with 0 < P(t) < occ.
In the hyperbolic case the strange systems coincide with systems which
are not strongly regular or equivalently with those with § = h. This last
characterization continues to be true also for parabolic systems and this
class may also be characterized by the requirement of the existence of a
number « (which then turns out to be § = h) such that P(¢) = oo for all
t < o and P(t) = 0 for all ¢ > a. Let us remark that we do not want to
call the strange systems “irregular” since the irregular hyperbolic sys-
tems are precisely those for which no conformal measure exists whereas
for a strange parabolic system the following questions remain open.

Questions. Can there exist a strange parabolic system such that the
associated hyperbolic system is regular? Can there exist a strange para-
bolic system with a purely atomic h-conformal measure?

Let

Pr(t) = s (1).
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We shall prove the following.

Proposition 8.4.9 If the system S is strange, then so is S*.

Proof. Since hg« = hg, P*(t) <0 for all ¢ > hg. So, we are only left
to show that P*(¢) = oo for all ¢ < hg. And indeed, fix t < hg. Since
S is strange, P(t) = oo and therefore 9(t) = co. Since {2 is finite, this
implies that 3\ I6/]lF = o0 But then 47() > e I = oo.
Hence P*(t) = oo. O

Let us briefly touch on the packing measure of J. Since J* is dense in
J, as an immediate consequence of Theorem 4.5.2 and Theorem 8.4.7
we get the following.

Corollary 8.4.10 Suppose that S is a parabolic iterated function system
and the associated hyperbolic system S* is regular. If JNInt(X) # 0 (that
is, if the strong open set condition is satisfied), then the h-dimensional
packing measure of J is positive.

Let us remark here that in Corollary 8.3.7 we have proved that the
h-dimensional Hausdorff measure of J is finite.

Finally, let us give some results about equivalent ergodic invariant meas-
ures for regular systems. As a consequence of Theorem 8.4.7 we have
the following.

Corollary 8.4.11 Suppose that S is a parabolic iterated function sys-
tem and the associated hyperbolic system S* is reqular. Let m be the
corresponding h-conformal measure for S*. Then there exists a unique
probability measure p* equivalent with m with Radon-Nikodym deriv-
atives bounded away from 0 and infinity. The measure p* is ergodic
and invariant under S* and, up to a multiplicative constant, there ex-
ists a unique o-finite measure p equivalent with m and ergodic invariant
under S.

Proof. The first part of this corollary is an immediate consequence
of Theorem 2.2.4. That m is h-conformal for S follows from The-
orem 8.4.7. The last part is a consequence of this conformality (the
measures p* o ¢; are therefore absolutely continuous with respect to p*)
and Theorem 8.4.5. (|
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Corollary 8.4.12 If the assumptions of Corollary 8.4.11 are satisfied,
then the o-invariant measure pu produced there is finite if and only if

i€Qn=1

where, let us recall, X; = J,4; ¢;(X).

hdm < oo,

Proof. Since by Corollary 8.4.11 the measures m and p* are equivalent
with Radon-Nikodym derivatives bounded away from 0 and infinity, it
therefore follows from Theorem 8.4.6 that u is finite if and only if the
series ), -, nm(By) converges. Since m(B,) =} _.q fX |l | dm, the
proof is complete. O

Corollary 8.4.13 If for every i €  there exists some [3; and a constant
C; > 1 such that for alln > 1 and for all z € X;

i+l i+1

-1 -8 ’ — L
Cr'n™ P <|¢m(z)| <Cin~ i,

then the o-finite invariant measure p produced in Corollary 8.4.11 is
finite if and only if

h>2max{ﬁiﬁi1:ieﬂ}.

Proof. The proof is an immediate consequence of Corollary 8.4.12. [J

8.5 Examples

This section contains examples illustrating some of the ideas developed
in this chapter.

Example 8.5.1 Apollonian packing.

Consider on the complex plane the three points z; = e2mi/3 5 =0,1,2
and the following additional three points: ag = V3 — 2, a1 = (2 —
V3)e™/6 and ay = (2 — V/3)e ™9/6. Let fo, f1, and fo be the Mdbius
transformations determined by the following requirements: fo(z0) = 2o,
fo(z1) = az, fo(z2) = a1, f1(20) = a2, f1(21) = 21, f1(22) = ao, f2(20) =
a1, fa(z1) = ag, and fa(z2) = z2. Set X = B(0,1), the closed ball
centered at the origin of radius 1. It is straightforward that the images
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fo(X), f1(X) and fo(X) are mutually tangent (at the points ag, a1
and ag, respectively) disks whose boundaries pass through the triples
(20, a1,0a2), (21,a0,a2) and (22, ap,a1) respectively. Of course all the
three disks fo(X), f1(X) and f2(X) are contained in X and are tangent
to X at the points zg, z1 and 25 respectively. Let S = { fo, f1, f2} be the
iterated function system on X generated by fy, f1 and fs. Notice that
all the maps fy, f1 and f, are parabolic with parabolic fixed points zg, z1
and zo respectively. It is not difficult to check that all the requirements
of a parabolic system are satisfied. Observe that the limit set J of the
parabolic system S coincides with the residual set of the Apollonian
packing generated by the curvilinear triangle with vertices zg, z1, 22. In
[MUS], using a slightly different iterated function system, we have dealt
with geometrical properties of J, proving that 1 < h = HD(J) < 2,
0 < H" < 0o and P"(J) = oo. In this paper we want to study its
dynamical properties. Let us first notice that the system S* is regular.
Indeed, changing bi-holomorphically the system of coordinates so that
1 is sent to oo it is not difficult to show (see [MUS8] for details, cf. the
next chapter) that

n(z) — (\/g_n)z+n
0 —nz+n+3

and
3

(—nz+n+V3)2
By the symmetry of the situation this implies that

(7o F)Y ()= o

for all i # j. Hence ¢*(t) =< Y.,~; =%. Thus 6(S*) = 1/2 and
¥*(1/2) = oco. This means the system is hereditarily regular. Thus,
the assumptions of Theorem 8.4.7 and Corollary 8.4.11 are satisfied in
our case. Let m be the h-conformal measure for S and let p be an
S-invariant o-finite measure equivalent with m. We shall prove the fol-
lowing central dynamical property of our system.

(f3)'(2) =

Theorem 8.5.2 The invariant measure p of the Apollonian system

{fo, f1, fo} is finite.

Proof. In the proof of regularity of S*, we have observed that |(f*)'| <
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1/n? on X;, i =0,1,2. Since h > 1 = 211?, it therefore follows from

Corollary 8.4.13 that p is finite. O

Example 8.5.3

A large class of examples appears already in the case when X is a
compact subinterval of the real line IR. We call such systems one-
dimensional. If the parabolic elements ¢; of a one-dimensional system
S have, around parabolic fixed points x;, a representation of the form

¢i(x) = x + alz — ;)P + o((x — x;)' ) (8.16)
then (see e.g., [U4])

_ B+l

|¢n ()| <™ 7 (8.17)

outside every open neighborhood of z;. Hence the following theorem is
a consequence of Theorem 8.4.7 and Corollary 8.4.13.

Theorem 8.5.4 If S is a one-dimensional parabolic system with finite
alphabet and satisfying (8.16), then S is regular and any S-invariant
measure p equivalent with the hg-conformal measure is finite if and only
if h > 2max{ (1€ QY.

Bi
Bi+1
Proof. The regularity of S* is checked in exactly the same way as in
Example 8.5.1. So, the system S is regular by Corollary 8.4.8. Since the
other assumptions of Corollary 8.4.13 are satisfied by (8.17), the proof
of this theorem is an immediate consequence of Corollary 8.4.13. O

Corollary 8.5.5 If S is a one-dimensional parabolic system with finite
alphabet, and if for alli € Q, B; > 1 (or equivalently if all ¢;’s are twice
differentiable at x;), then S is reqular and the corresponding invariant
measure [ equivalent with the hg-conformal measure is infinite.

Proof. The proof is an immediate consequence of Theorem 8.5.4 and
the fact that h < 1. O

We would like to close this section with some examples of strange sys-
tems.

Example 8.5.6

Our aim here is to describe a class of one-dimensional systems which
are strange. Towards this end consider an arbitrary hyperbolic system
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S = {¢i : i € I} on the interval X = [0, 1] such that ¥(6(S5)) < oo
or equivalently P(0(S)) < oo (examples of such systems may be found
in the section Examples of [MU1]); we may assume that there is an
interval G = [0,7) with G C X \ U,¢; ¢i(X). Consider also a parabolic
map ¢ : X — G such that 0 is its parabolic point and ¢ has the following
representation around 0:

o(r) =z — axPt 4+ 0(m6+1),

where 6(5) B;l > 1 and a > 0. We shall prove the following.

Theorem 8.5.7 If F C I is a sufficiently large finite set, then the system
Sp ={¢} U{¢;:i eI\ F} is strange.

Proof. In view of (6.2) and the relation between 6(S) and [ there
exists a constant C' > 1 such that for each i € I, 3", <, |[(¢"0¢;)'||**)
C||44]17¢9). Since 15(0(S)) < oo, for every sufficiently large finite set
F c I wehave (C+1)cnr [|¢:]|°¢5) < 1. Hence

V5. (009) = Y II617S + > D gm0 ga) I

1€I\F i€eI\Fn>1

< D IPS + 0 Y (1119
i€I\F i€I\F

—(C+1) 2 IS < 1.

i€I\F

Hence Pg, (6(S)) < 0 and therefore, as hsx = hs,, Ps.(t) = 0 for all
t > 6(S). On the other hand, since for every t < 6(S), ¥g(t) =
and since F' is finite, 15, (t) = |[¢'[|" + 3;cp p |45]]° = oco. Hence
Pg,(t) = c0. O
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Parabolic Systems: Hausdorff and Packing
Measures

In this chapter we continue our studies of a parabolic iterated function
system S = {¢; }ier, following closely [MU9]. We keep all the notation
introduced in the previous chapter. Our main goal is to characterize con-
formal measures of finite parabolic systems in terms of Hausdorff and
packing measures. This simultaneously provides the answer to the ques-
tion about necessary and sufficient conditions for these two geometric
measures to be finite and positive.

9.1 Preliminaries

For every integer ¢ > 1 we denote
ST ={¢p,:we I}

Of course Jg« = Jg and sometimes in the sequel it will be more con-
venient to consider an appropriate iterate S? of S rather than S itself.
The following proposition is an immediate consequence of condition (4)
from the previous chapter.

Proposition 9.1.1 If the alphabet I is finite, then
S*(00) = {x; 1 i € Q}, the set of parabolic fixed points.
In Section 4 we shall prove the following.

Theorem 9.1.2 If S is a finite parabolic IFS, then the system S* is
hereditarily regular and consequently an h-conformal measure for S*
erists.

238
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From now, unless otherwise stated, we will assume that the alphabet I
is finite and m will denote the h-conformal measure produced in The-
orem 9.1.2. Combining this theorem along with Corollary 8.3.7 and
Corollary 8.4.10 (due to the existence of parabolic elements the strong
open set condition is satisfied) we get the following.

Theorem 9.1.3 If S is a finite parabolic IFS satisfying the strong open
set condition, then H'(J) < oo and P"(J) > 0.

The following main theorem of this chapter contains a complete descrip-
tion of the h-dimensional Hausdorff and packing measures of the limit
set of a finite parabolic IFS.

Theorem 9.1.4 Suppose that S is a finite parabolic IFS satisfying the
strong open set condition. Then

(a) If h < 1, then 0 < P"(J) < 0o and H"(J) = 0.
(b) If h =1, then 0 < H"(J),P"(J) < cc.
(¢c) If h> 1, then 0 < H"(J) < oo and P"(J) = c0.,

This sort of theorem has appeared in the context of Kleinian groups in
[Sud], in the context of parabolic rational functions in [DU3], for rational
functions with no recurrent critical points in the Julia set in [U6] and
for parabolic Cantor sets (which comprise 1-dimensional parabolic IFS)
in [U4]. The idea of our proofs is different. It is based on the neces-
sary and sufficient conditions for the Hausdorff and packing measures to
be positive and finite, provided by Theorem 4.5.3 and Theorem 4.5.5.
The inducing procedures proposed in [UZd] indicate that in the case of
parabolic rational functions and perhaps even in the case of maps with
no recurrent critical points in the Julia set, one can demonstrate appro-
priate versions of Theorem 9.1.4 as a corollary of Theorem 9.1.4 proved
here. We shall also prove in Section 4 the following.

Theorem 9.1.5 If S is a finite parabolic IFS, then
BD(J) = HD(J),

where BD(J) denotes the upper ball-counting dimension called also box-
counting dimension, Minkowski dimension or capacity.

The dynamical properties of the parabolic IFS proved in Sections 2 and
3 and needed for the proofs of Theorem 9.1.4 and Theorem 9.1.5 are
provided in the beginning of Section 4 in a unified fashion. Therefore
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the reader interested in Theorem 9.1.4 and Theorem 9.1.5 only may
actually read Section 4 independently of Section 2 and Section 3.
Section 2 mainly deals with dynamical properties of a single parabolic
conformal diffeomorphism and can also be viewed as an introduction to
the technically more complicated Section 3, which deals with dynamical
properties of a single simple parabolic holomorphic map. Both sections
provide a compact systematic description of the quantitative behaviour
of parabolic maps needed for the proofs in Section 4. The qualitative
behavior of a single parabolic holomorphic map considered in Section 3
is known as Fatou’s flower theorem (see [Al] for additional historical in-
formation). Some quantitative results can be also found in these papers.
At the ends of both Sections 2 and 3 some facts about parabolic iterated
function systems are proved. We want to end this section with a short
terminological convention. Given two sets A, B C IR? we denote

dist(A, B) = inf{||a — b]| : (a,b) € A x B} and
Dist(A, B) = sup{||la — b]| : (a,b) € A x B}.

9.2 The Case d > 3

Definition 9.2.1 We call a conformal map A : IR® — IR parabolic if it
has a fized point w € IR and a point £ € R\ {w} such that |A'(w)| =1
and limy, ., A" = w.
Let
A= i;,11 oAoiy,1 =tiy10A0i, 1.
Then A(co) = oo and therefore
A=\D+ec,

where A > 0, D is an orthogonal matrix, and ¢ € IR%. From now on,
without loss of generality, we will assume that w = 0, i.e., w is the origin,
and we will write 4 for 7g .

Lemma 9.2.2 If A : R? — IR? is a parabolic conformal map and if A
is the scalar involved in the formula for A, then A = 1.

Proof. If A < 1, then A : R? — IR is a strict contraction and due
to Banach’s contraction principle, it has a fixed point b € IR¢ such that
lim,, o A"(z) = b for every z € IR?. However, this is a contradiction,
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since limy, 00 A™(4(§)) = co. Thus, A > 1. Assume A > 1. Then for
every z € R?\ {0},
1A' ()] = [li" (AGi(2) A" (i(2))i' ()] = MAG D221
= Al [AD(|[2]]72(2)) + ¢l 72
= A[AI2lI7D(2) + [N~
= A"HIID/ =) + (U=l /A )el 172,

Since lim,_¢ ||2|| = 0 and since || D(2)|| = ||#]|, we deduce that ||A"(0)|| =
lim, o ||4’(2)|] = A~! < 1. This contradiction shows that A < 1, and
consequently A\ = 1. O

Next, we want to estimate the rate at which A™(z) goes to 4oo.

Lemma 9.2.3 If A : R? — IR? is a parabolic conformal map, then there
exists a non-zero vector b € IR? and a positive constant k such that for
every z € IR? and every positive integer n

A"z = nb]| < ||2]] + 5.

Proof. By a straightforward induction, we get

n—1

A"z = D"z + Z D (c).

§=0
Write ¢ = b+ a, where b is a fixed point (a priori perhaps 0) of D and
a belongs to W, the orthogonal complement of the vector space of the
fixed points of D. Since lim, oo A™(i(§)) = oo, W is not the trivial
subspace of R?. In addition, D(W) = W and D —Id : W — W is
invertible. Since

n—1
(D-1d) [ Y D’(a) | =D"a—a
7=0

and since ||D"a —a|| < 2||al||, we therefore conclude that for every n > 1

S Di(a)|| < 2llall- (D — 1)l
7=0

Hence,

n—1
|47z —nb|| = || D"z + 3 DI(a)|| < Iz +2[|[(D = 1) - flall
j=0
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Again, since lim,, .o, A™(i(§)) = oo, we finally conclude that b #0. O
As an immediate consequence of this lemma we get the following.

Corollary 9.2.4 Let A : IR — IR? be a parabolic conformal map. For
every compactum F C IR?, there exists a constant Bp > 1 and integer
Mg € IN such that for every n > Mg and every z € F

Bp'n < ||A"z|| < Bpn.

Lemma 9.2.5 Let A : R* — IR? be a parabolic conformal map. For
every compactum L C IR?\ {0}, there exist a constant Cri > 1 and
integer N, € IN such that for every n > Ny, and every z € L

Cr. 'nT2 < (A (2)]] € Cpan~? and diam(A™(L)) < Cpin~2
Proof. By the chain rule, we find for every z € IR\ {0}

1(A™) () = [l (A" G- 1A G- 1 ()]
=1 A" (i(2))l1 2121172
For every z € L, Dist 2(0, L) < ||z||=2 < dist™(0, L), and in view of
Corollary 9.2.4, if n > M;,), then B;&)n < [|A™z|| < Bjyn. Con-
sequently, if 2 € L and n > M;(z,), we have

—2

(BiyDist(0, L)) “n=2 < [|(A")'(2)]| < Bffp,dist™*(0, L)n ™

O

Lemma 9.2.6 Let A : R* — IR? be a parabolic conformal map. For
every compactum L C IR?\ {0}, there exists a constant Cr2 > 1 such
that for all integers k,n withn >k > 1,

Dist(A*(L), A"(L)) < Cra |k~ = (n+1)7"|
and
Dist(A™(L),0) < Cpan™'.
Proof. Let us start with the second inequality. If n > M;) and z € L,
then, by Corollary 9.2.4, we get [|A"z|| = ||A"(i(2))||~* § Bz(L)n Land
the second inequality follows provided C7p, 5 is sufficiently large.

Towards obtaining the first inequality, for every set Y C IRY, let
conv(Q)) denote the convex hull of Y.  Obviously, conv(Y) C
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B(Y,diam(Y")) and diam(conv(Y)) = diam(Y"). By using Lemma 9.2.3,
we have for every u € L and n € IV,
| A1 (i) — A™(i(w)]]
<A™ (i(w) = (n 4+ 1)b — (A™(i(u)) — nb) + b]|
< 2(J[i(u)l] + &) + [[b]] < 2(Dist(0,4(L)) + ) 4 [[b]].
Next, choose a positive integer Ny such that Dist(0, COHV(Ut2N0
At(i(L)))) = H > 0 and Ny||b|| > Dist(0,i(L))+r+|[b|| := M. We claim

there is a positive constant C' such that if u,v € L,k > Ny and 5 > 0,

then
1

||Ak+j+1 (v) — A’”j(u)H < Cm'
In order to see this, note that
| AFH7H (0) — A (u)|
< (AT (i(v))) — (AT )|
+ (AR (i(u))) — (A (i(w))]
< sup{|[d'(w)l] : w € [A*TF(i(v)), AV (i(u))] ]
« A~k+j+1i(v) o Ak+j+1i(u)||
+sup{[|i'(w)[| : w € [A (i(u)), AT (i(u))] ]
« flkﬂﬂi(u) _ AkﬂZ(U)H
< diam(i(L)) sup{|jwl| = : w € [AMH(i(v)), AT (i(w))]}
+2M sup{||w| 7 : w € [A (i(u), A (i(u))]}.
Now, if w € [A¥+I+1(i(v)), AFt7+1(i(u))], then by Lemma 9.2.3, |jw —
(k+7+1)b]| < Dist(O,iN(L))+/i and ||w|| > (k+7+1)[||b]|—(Dist(0, i(L))+
#)/No]. Also, since [|AR+9 (i(u)) — (k + § + 1)b]| < [|i(w)]| + & + |[b]], if
w € [A*I(i(u)), AKTIFL(i(u))], then ||w— (k+j+1)b|| < Dist(0,4(L))+
# + |[ol] and [[w]| = (k +j + D[bl] = (Dist(0,i(L)) + & + [|b[])/No] =
(k+ 7+ 1)[||b]] = M/No]. Combining these inequalities establishes our

claim.
Therefore, if Ng < k < n we have

,_.

n—

k—
Dist(A* (L), A™(L Z Dist (A" *1(L), A (L))
—k

<Y Clk+4)2<Crok™ —(n+1)7h
=0

<.
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for some constant Cf, o > 1. Clearly, increasing C, o appropriately, we
see that the last inequality is also true for all 1 < k& < n. The proof of
the first part of our lemma is thus complete. O

Lemma 9.2.7 For every compactum L C IR\ {0} there exist a constant
Cr3 > 1 and an integer ¢ > 0 such that for all k > 1 and alln >k +¢q

dist(A*(L), A*(L)) > Cprs(k™" —n™1)
and

dist(A™(L),0) > Cp3n™*.

Proof. First, notice that it follows from Lemma 9.2.3 that if w,z €
i(L) and k,n € N, then

(n = k)[[b]] = 2(Dist(0,i(L)) + &) < [|[A™(w) — A" (2)]|.
Therefore, there is a positive integer qg such that if n — k& > ¢q, then
||A™(w) — A¥(2)]] > (1/2)]|b||(n — k). Let Ny be as in the proof of
Lemma 9.2.6 and M,y be as in Corollary 9.2.4. Let k,n > Ny =
max{No, M;ry}. Consider two arbitrary points z,w € i(L) and para-
metrize the line segment + joining A¥(z) and A”(w) as

y(t) = AF(2) + t(A™ (w) — A¥(2)), t € [0,1].

The curve i() is a subarc of either a circle or a line; let [(i(y)) be its
length. We have

(7))
1 1

- / G 07 (8)]1dt = / ()] - [ ()t
0 0

— A" (w) - A5(2)| / Iy (6)]|2dt

— A" (w) — A5(2)| / 1 (2) + H(A (w) — A%(2)||2dt

> [|A™(w) ~ A’“(Z)II/O (1A% @)1+ 4] A" (w) = A ()|1) "t
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= ||A™(w) = A*(2)|| - [|A™ (w) — AF(2)|| 7
[[A¥ ()] |4+ A™ (w)— A% (2)]|
u”“du

) /Ilf\’“(Z) ) ) )
= [[A )| = ([[A% )| + [|A™ (w) — A*(2)]])
o Aw-Ae

[AR ()] - (|| A% (2)]] + [ A" (w) — A*(2)]])

(9.1)

We have

- - ~ 1 1
k n k
A + [|A™ (w) — A" (2)[| < Biyk + Ciry (E - —n+1>~

So, there is a constant U such that ||A*(2)|| + ||A"(w) — A*(2)|| < Un.
In view of Corollary 9.2.4, there is a constant Qg such that

An w) — Ak Py
i) = @A = A G

Thus, there is a constant ) such that if &k > Ny and n > k + qg, then

1(i() > Q™" =n71), (9.2)
If i(y) is a line segment, then
A" (i(w)) = A*(i(2)]] = 1(i(7)) = Q™ —n7h). (9.3)

If, however, i(7y) is an arc of a circle, then consider the ray
g(t) = AF(2) + t(A™(w) — AF(2)), t € (—o0,0].

Proceeding exactly as in the formula (9.2) and using the estimate
lg@OI] < [[A*(2)]] — ]| A" (w) — A¥(2)]|, we get

. > -2 __ || Ak P -1
LRy R EACT

And applying Corollary 9.2.4 we get {(i(g)) > Bi_(i)k’1 > Bi(L)(k’l —
n~1). Therefore, invoking (9.2), we deduce that both arcs joining the
points A¥(i(z)) and A™(i(w)) on the circle i({ A*(z) +t(A™(w) — A*(2)) :
t € RU{oo}}) have the > min{B;(1), Q}(k~' —n~'). Thus, also taking
into account (9.3), we see there is a constant Py such that if k,n > N;
and n — k > qg, then

dist(A*(L), A™(L)) > Py(k~' —n™1).

Since 0 is not an element of U;V:ll AJ(L), and since it follows from
Lemma 9.2.3 that A*(L) — 0 as k — oo, there is a constant Cp 3
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such that the first part of the conclusion of the lemma holds. Applying
the proved part of the lemma, we conclude that

dist(A™(L),0) = Jim dist(A™(L), A*(L))
Z klim CL73(7171 — kiil) = CL,3n71.

O

We end this section by proving the following result concerning general
parabolic IFSs in dimension d > 3. The first is a straightforward con-
sequence of Lemma 9.2.3. First, let us note that Lemma 9.2.6 shows
that a conformal parabolic map in IR?, d > 3 has a unique fixed point.

Proposition 9.2.8 If {¢; : X — X }ier is an at least three-dimensional
parabolic conformal IFS (I is allowed to be infinite), then x;, the only
fized point of a parabolic map ¢;, belongs to 0X.

Proof. In view of Lemma 9.2.3, for every R > 0 large enough and every
n > 1, the set ¢;({z : ||z|| > R}) is not contained in {z : ||z|| > R}.
Consequently, for every neighborhood U of x;, the set ¢'(U) does not
converge to x;. Since however lim,,_,« ¢} (X) = z;, the point z; cannot
belong to Int(X). O

9.3 The plane case, d =2

We call a holomorphic map ¢, defined around a point w € €, simple
parabolic if ¢(w) = w, ¢'(w) = 1 and ¢ is not the identity map. Then
on a sufficiently small neighborhood of w, the map ¢ has the following
Taylor series expansion:

p(2) =z +alz —w)PT +b(z—w)PT2 ...

with some integer p > 1 and a € €\ {0}. Being in the circle of ideas re-
lated to Fatou’s flower theorem (see [Al] for extended historical informa-
tion), we now want to analyze qualitatively and especially quantitatively
the behavior of ¢ in a sufficiently small neighborhood of the parabolic
point w. Let us recall that the rays coming out from w and forming the
set

{z:a(z —w)? <0}
are called attracting directions and the rays forming the set

{z:a(z —w)? >0}
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are called repelling directions. Fix an attractive direction, say A =
w+ &/—a=1(0,00), where {/- is a holomorphic branch of the pth rad-
ical defined on @\ a=!(0,00). In order to simplify our analysis let
us change the system of coordinates with the help of the affine map

p(z) = V—a~t 4+ w. We then get
po(z) =pLodop(z)=2z— 2Pt 4 b{/—a=12P2 4. ..

and p~1(A) = (0,00) is an attractive direction for ¢y. We want to
analyze the behavior of ¢ on an appropriate neighborhood of (0, €), for
€ > 0 sufficiently small. In order to do it, similarly as in the previous
section, we conjugate ¢g on €'\ (—o0, 0] to a map defined “near” infinity.
Precisely, we consider {/-, the holomorphic branch of the pth radical
defined on @'\ (—o0, 0] and leaving the point 1 fixed. Then we define the
map

1
H(z)= 7
and consider the conjugate map

¢=H 'ogooH.
Straightforward calculations show that

b(z) =z+1+0(z %) (9.4)

and
p+1

¢'(2) =1+0(lz[ 7). (9.5)
Given now a point z € (0,00) and a € (0,7), let
S(zr,a) ={z: —a <arg(z —z) < a}.

The formula (9.4) shows that for every a € (0,7) there exists z(a) €
(0, 00) such that for every z > z(«)

35w © 8 (a4 3.0). 9.6)

|z| > B? (9.7)
and

Re(d(2)) > Re(2) + % (9.8)
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for all z € S(z,a), where B is the constant responsible for O(|z|7%) in
(9.4). The following lemma immediately follows from (9.7), (9.4) and
(9.8) by a straightforward induction.

Lemma 9.3.1 For every compactum F C S(z(«), «) there exists a con-
stant Cp > 1 such that for every z € F' and everyn > 1

Cp'n <14"(2)| < Cpn.

Using a straightforward induction, one gets from (9.4) and Lemma 9.3.1
that
P (2) =z 4+n+ O(max{nl_% ,logn}) (9.9)
and

¢"(2) = " (2) + (n — k) + O(In' "7 — k' 7)), (9.10)

where the constant involved in “O” depends only on F' and ¢q. Using
Lemma 9.3.1 and (9.5) we shall prove the following.
Lemma 9.3.2 For every compactum F C S(z(w), «) there exists a con-
stant Dp > 1 such that for every z € F' and every n > 1

D' < (") (2)] < Dr.

Proof. For every z € S(z(a),a) let g(z) = ¢/(z) — 1. By the chain
rule, we have for every z € S(z(a), ) and every n > 1

@) = [[#@ ) =) [[(+ @ (=)
=0 j=1

Using (9.5) and and the right-hand side of of Lemma 9.3.1, we get for
every z € F and every j > 1 that

p+1 _ptl p+1

9@ (DI =0(1¢(2)] " ) <Cp " O™ 7).

p+1

Since the series Zjoil j~ » converges, the proof is complete. O

For every = € (0,00) and « € (0, ) let
Sole, ) = H(S(x, )

and

S:;‘(J:,oz) =po H(S(z,a)) = p(So(z, a)).
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The regions Sy(z, @) and S(f(:c, «) look like flower petals containing sym-
metrically a part of the ray (0,00) and the ray A = w + {/—a=1(0, c0)
respectively and form with these rays two “angles” of measure a/m at
the points 0 and w respectively. We recall from the previous section that
conv(M) denotes the convex hull of the set M. Combining Lemma 9.3.1
and Lemma 9.3.2 we deduce the following.

Lemma 9.3.3 For every a € (0,7/2) and for every compactum F C
S(z(a), a) there exists a constant Crp > 1 such that for every n > 1

Cr'n < dist(0, conv(¢™(F))) < Dist(0, conv(¢" (F))) < Cpn.

Let us now use the properties of the map (5 and establish useful facts
about the map ¢.

Lemma 9.3.4 For every compactum L C S(f(ac,a) there exists a con-
stant Cp, > 1 such that for every z € L and every n > 1
p+1 p+1

Cpn™ 7 <|(¢")(2)], diam(¢n(L)) < Crn™ v .

Proof. It of course suffices to prove this lemma for ¢ replaced by
¢o. Since H™1(L) is a compact subset of S(x(a),«) and since H'(z) =
—%27%, using the chain rule along with Lemma 9.3.1, Lemma 9.3.2,
and (9.7), we deduce that for every z € L and every n > 1

(66)'(2)] = |(H 0 ¢" 0 H™1)'(2)]
= [H'(§"(H ()] - (&™) (H ()] - [(H) ()]
= llé"(H’l(Z))I*%I(GE")’(H’l(Z))IPIZI’“’“)

p+1 4

_p1
Dyl ) Crr oy (dist(0, HH(L))) "+ n ™=

IN

and

— _ _pt
1(65) ()] < Dyt (1) Cirta gy Dist (0, H(£)) = U=

p+1 1

O

Lemma 9.3.5 For every compactum L C S(f(ac,a) there exists a con-
stant Cr1 > 1 such that for all k,n >1

=

Dist(¢* (L), ¢"(L)) < Cp.1 |min(k, n) "% — (max(k,n) + 1)~
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T

Dist(¢™(L),w) < Cpin” ».

)

Proof. It suffices again to prove this lemma for ¢ replaced by ¢g. Let
us prove the first inequality. Without loss of generality we may assume
that n > k. Since H~1(L) and conv(H '(L)) are compact subsets of
S(z(a), @), using (9.4), Lemma 9.3.3, Lemma 9.3.1, and Lemma 9.3.2,

we can estimate for every 7 > 0 and all z,£ € L as follows.

667 H(E) — d5 7 (2)]

<1op ™€) — g T2 + 105 (2) — 6 T (2)]
< sup{|H'(w)| : w € conv (7 + (H1(L)))}

X diam(conv((ik'*'j'|r1 (H_l(L))))

+ (14 BIMI (H1(2)|77) sup{ |H' (w)] - w € [§*+ (HY(2)),
X G (HT ()]}

1

< ]%sup{|w|7% tw € conv(¢FTH(HTH(L)))}
X diam((ﬁkﬂjr1 (HY(L)))

+ 2% sup{|w|_% w € [P (H1(2)), gFTTH(H T (2))]}

1 : - 1)
< ])DH—l(mCH—l(L)dlam(H L)k +5+1)"7

2

o

1 . - TR
< ])DH—l(mCH—l(L)dlam(H L)k +5+1)"7

+ = (| H TN @)~ S H )T

+ % (CH—l(L)(k +j+1) = B(|¢" (H (=) "7 + 1))7T
< 2 Digs 1) Cors i (D) -+ + 1)

+ % (CH_1<L)(I<: +j+1)— B(Cfl,l(L)(k +4)7F + 1)>

< 2Dy ) o oy dinm(H (D) (ke + 5+ 1)~

+
+=Cply ki +1)7 "

+1

’73|>—l’6|4>@

. ? . _ptl
(DH 1(L)CH )dlam(H ( ))—|—4C 1(L))(k‘-‘rj-‘r1)
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where the last inequality has been written assuming that k > 1 is large
enough, say k > ¢, and B is the constant coming from (9.4). Denote the
constant appearing in the last line of the above formula by C7. Using
also Lemma 9.3.4 we then get

n—k—1
Dist (¢ (L) < Y Dist(¢g (L), 657 HI))
7=0
n—=k ) n—=k "
+ Y diam(¢g ™ (D) < D Cplk+4)" "7
=0 =

=Cra(k™7 —(n+1)77)

for some constant Cr; > 1. Clearly, increasing the constant Cr 1 ap-
propriately, we see that the last inequality is also true for all 1 < k < gq.
The proof of the first part of Lemma 9.3.5 is thus complete. The second
part is a straightforward consequence of the first one. Indeed, it follows
from (9.6) that ¢*(L) converges to w if k — oo. Hence, applying the
first part of the lemma, we get

Dist(¢™ (L), w) = Jim Dist(¢™ (L), ¢* (L))
< lim Cra(n™v» — (k+1)"%) =Cpin"».

O

Lemma 9.3.6 For every compactum L C Sj;(m, «) there exist a constant
Cr2 <1 and an integer ¢ > 0 such that for allk > 1 and n > k + g,

dist(¢* (L), " (L)) > Cpaln™ 7 — k™ 7|
and

dist(¢"(L),w) > Cpon 7.

Proof. It suffices of course to prove this lemma with ¢ replaced by
¢o. Consider two arbitrary points z,& € H~1(L) and the line segment
7 joining ¢*(z) and ¢"(¢). Parametrize it as

() = ¢"(2) + (6" () — ¢"(2)), t €0,1].
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Let Z(H( )) be the length of the curve (a subarc of either a circle or a
line) H(y). We have

/IHOV Dl = /|H' DI (o)

—167(6) — (=) / ()|t

1 - el
];¢ |/ |’Y P
_1 ~L o k o k . n Tk P *pT-H
= 219"(©) 3 |/ P () + 1@ (€) — 35(2))) T dt
1 It k k n 2 - :1
> 216"(6) ~ |/ 18 ()] + 1167 (€) — BH(=)) at
1 (18" @I+ (©)—é o
5/ u r du
= (14" | 5_W(zﬂ+|(5n(£)_03k(2)|)—%>
_ (1851 +16M©) - S @))7 [+
|0k (2)[F (165 (2)] + |m(€) — @k (2)]) 7

(165 (2)| + 187 (€) — 35 (2))) 7 — |8~ (=)[»

>C

7y (3CH-1(1) 77 e

(9.11)
where the last inequality has been written due to Lemma 9.3.1. By the
mean value theorem there exists 17 € [|¢*(2)], 0" (2)| + [6"(€) — #*(2)]]
such that

(16 (2)1 +18"(©) = 3 (2))” — 18" (2] =
= 215°€) Sl
~ , N e (912)

[67(€) = 6“2 (18" ()| + 16" (&) = 8" (2)])
(3CH- l(L)) |¢"(f) - ék(zﬂ-

Now, in view of (3.6), ¢"(&) — ¢*(z) = € — z + O(max{nlf%,logn}).
Hence

6" (€) — ¢F(2)| > diam(H (L)) + (n — k) — O(max{n' "> logn})
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if only n—k is large enough, say n—k > ¢. Using this, (9.11) and (9.12),
if n > k+ g, then

o (n—k)n'"
(3CH_1(L))177(” kn x| (9.13)
krnr
Since t < tv for t € [0,1], we get 1 — ¢ > 1 — t¥ for these t, and

1

1

consequently 1 — £ > 1 — (£} or 2=k > 1 — (£)#  Multiplying this

n
last inequality by n%, we get (n — k)nkTp > nr — kv. Combining this
and (9.13) yields

(8Cu-11) 7 (k77 —n7). (9.14)
If H(y) is a line segment, then

|06 (H (2)) — 65 (H(€))| = U(H (7)) >

If however H(vy) is an arc of a circle, then consider the curve
9(t) = ¢"(2) + (8" (€) — "(2)), t € (—00,0].

Proceeding exactly as in the formula (9.11) with the estimate |g(t)
0" (2)] = t1(¢"(€) — ¢"(2)], we get

IN

1 [ p+1 ~ 1
I(H - T du=|¢F(2)| .
R R R O

Applying now Lemma 9.3.1 this gives
_1 1 _1, 1 _1
UH®)) > (Cr-1(1)) 7k™? > (Cy-1(p)) " ? (k"7 —n7 7).

Therefore, invoking (9.14), we deduce that both arcs joining the points

#%(H(z)) and ¢B(H(z)) on the circle H({l(ik(z) + tl((in(f) — ¢ (2)):t e
R U {cc}) have length > C((k*» — n"7?), where C =

. 1-p _1
min { & (3Cs-1 ()7, Oy (1)) 7 . Hence |65(H(2)) — 65 (H(©))]
%(k_% - n_%) This and (9.15) imply that

Y

dist(9f (H(=2)), ¢ (H(€))) >

and the proof of the first part of our lemma is complete. Since it follows
from (9.6) that ¢*(L) converges to w if k — oo, applying the proved
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part of the lemma, we conclude that
dist(¢" (L), w) = lim dist(¢" (L), " (L))
Z lim C[”Q(TL_% - k_%) = CL’QTL_IL’.
k—o0
O

Remark 9.3.7 We would like to remark that all statements proved in
this section about the map ¢ continue to be true if we replace the as-
sumption L C Sﬁ(x(a),a) by the assumption ¢ (L) C Sﬁ(x(a),a) for
some j > 0.

Lemma 9.3.8 If L C €'\ w is a compactum and lim, o ¢"(L) = w,
then there exists an attracting direction A such that for every a € (0, ),
o™ (L) C S(‘;‘(x(a),a) for every n > 0 large enough.

Proof. First notice that due to (9.6), if ¢*(L) C Sj;‘(:c(a),a), then
o™ (L) C Sj;(:c(a), «a) for all n > k. Suppose now on the contrary that
our lemma is not true. Since the set of attracting directions is finite,
there thus exist 5 € (0,7) and such that for every n > k

o) J S0 @(),8) =0, (9.16)

where {AT, AS, ... ,A;} is the set of all attracting directions for ¢ at
w. Taking now v € (7 — 3, 7) we see that the union

b AF b AT

U S(pl (m(ﬁ)aﬁ) U U Sd)—ll (J}(’y),’}/)

i=1 i=1
(A; being attracting directions for ¢—!) forms a deleted neighborhood
of w. Along with (9.16) this implies that ¢™(L) C S;‘_"l(x(v),’y) for
some i € {1,2,...,p} and all n > k. But since, by (9.6), lim,_,oc ¢~

(S;il(:c('y),’y)) = w, we conclude that L = lim, .. ¢ "(¢'L)) = w.
This contradiction finishes the proof. O
We end this section with a result concerning parabolic IF'Ss in dimension

d=2.

Proposition 9.3.9 If S = {¢;, : X — X}iesr is a parabolic IFS and
d = 2, then the fized point of each parabolic element ¢; belongs to the
boundary of X. In addition, the derivative of each parabolic element
evaluated at the corresponding parabolic fixed point is a Toot of unity.
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Proof. Suppose that i € I is a parabolic index and that the cor-
responding fixed point z; is in Int(X). Let C; be the component of
Int(X) containing z;. So, C; is an open connected subset of €' miss-
ing at least three points, since X is a compact subset of €. Therefore,
by the uniformization theorem, there exists a holomorphic covering map
R: D — C; sending 0 to x;, where D = {z € €': |z| < 1} is the open unit
disk in @. Since ¢;(x;) = x;, ¢;(C;) C C;. Considering, if necessary, the
second iterate of ¢; we may assume that ¢; is holomorphic. Hence, all
its lifts to D i.e. satisfying the equality ¢; o R = Rot) are holomorphic.
Take ¢ : D — D, the lift fixing the point 0. Then ¢'(0) = ¢;(x;),
whence [¢)'(0)| = 1. Therefore, in view of Schwarz’s lemma, ¢ : D — D
is a rotation with center at 0. In particular

$:(C;) = ¢; 0 R(D) = Ro(D) = R(D) = C;.

This contradicts condition (4) from Section 8.1. Finally, suppose i is a
parabolic index. If ¢}(z;) were not a root of unity, then the images of
finitely many iterates of ¢; of an open cone witnessing the cone condition
at x; would cover a punctured neighborhood of X. This contradicts the
fact the the boundary of X has no isolated points. O

9.4 Proofs of the main theorems

In order to apply the results of Sections 8.2 and 8.3 we need the following.
Recall that for each parabolic index i, x; is the unique fixed point of the

map ¢;.

Proposition 9.4.1 If {¢; : X — X }ier is a parabolic IFS (1 is allowed
to be infinite), then for every parabolic index i € I and every j € I'\ {i},
we have z; ¢ ¢;(X).

Proof. Suppose on the contrary that x; € ¢;(X) for some parabolic
index ¢ € I and some j € I\ {i}. Then by the cone condition and
conformality of ¢;, the set ¢;(X) contains a central cone with positive
measure and vertex x;. On the other hand, since ¢; is conformal, X \
¢;(X) contains no central cone with positive measure and vertex x;.
This is a contradiction since, by the open set condition, Int(¢;(X)) N

Int((bj(X)) =0. O

Consider a parabolicIFS, S = {¢; : X — X },er. If S is two-dimensional,
then dealing with the family of second iterates S? = {¢;; : i,j € I}, in-
stead of S, we may assume that all the parabolic maps are holomorphic.
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Also, from Proposition 9.3.9 the derivative of each parabolic element
evaluated at the corresponding parabolic fixed point is a root of unity.
Therefore, for some appropriate positive integer ¢, the derivative of each
parabolic element of S? evaluated at the corresponding parabolic fixed
point is equal to 1. Thus, without loss of generality, we may assume
that in case d = 2, all the parabolic elements of S are simple parabolic
mappings in the sense of Section 8.3. Grouping together now the results
of Sections 8.2 and 8.3, we deduce that for any given d > 2, there exists
a constant () > 1 and an integer ¢ > 0 such that for every parabolic
index i € I there exists an integer p; > 1 such that for every j € T\ {i}
and all n, k > 1 we have

p;+1 _pitl

Q In” i < inf{||ghn; (2)I1} 165, diam(din; (X)) < Qn™ v,
(9.17)

Q'n7 < dist(ar, iy (X)) < Dist(x, 6iny (X)) < Qn7 7, (9.18)

Dist (i (X), pir; (X)) < Q |min{k,n} ™7 — (max{k,n} + 1)*1%‘
(9.19)
and, furthermore, if |n — k| > ¢, then

dist(¢in; (X), e (X)) = Qln v — ki .

We also need the following.

(9.20)

Theorem 9.4.2 If {¢; : X — X }ier is a parabolic IFS (1 is allowed to
be infinite), then

p - .

HD(Js) > ma : ¢ is parabolic

(Js) X{m+1 p }
where p; is the integer indicated in (9.20).

Proof. Using (9.17), if we take ¢ slightly larger than pi”il, then () can

be made as large as we like. Since P*(¢) > —tlog K +log v (t), P*(t) > 0.

Therefore, h = HD(Jg+) >

Lemma 8.4.3 that

p?’il. It therefore immediately follows from

HD(Js) = HD(Jg~) > max{ : 1 is parabolic } .

Di
pi+1
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If in addition S is finite, then we conclude from (9.17) that

O = max{ : 4 is parabolic }

(3
pi+1

and 1 (fg+) = oo. This means that the system S* is hereditarily regular
and we have proved Theorem 9.1.2.

Lemma 9.4.3 For every parabolic index i € I, there exists an open cone
C; C X with vertex x; and such that z; € JNC;.

Proof. In case d > 3 this is an immediate consequence of Lemma 9.2.3.
In case d > 3 this is an immediate consequence of (9.9) and Lemma 9.3.8.
O

In view of Theorem 9.1.3, in order to prove Theorem 9.1.4 it suffices
to demonstrate the following four lemmas assuming the finite parabolic
system S satisfies the strong open set condition.

Lemma 9.4.4 If h < 1, then H"(J) = 0.
Lemma 9.4.5 If h < 1, then P*(J) < <.
Lemma 9.4.6 If h > 1, then P"(J) = <.

Lemma 9.4.7 If h > 1, then H"(J) > 0.

Proof of Lemma 9.4.4. Let i € I be a parabolic index. Fix j € I'\ {i}.
Since ¢in;(X) C B(x;,r) if and only if Dist(z;, ¢in;(X)) < r, it follows
from (9.18) that if Qn_l’% < r, then ¢ ;(X) C B(z;,r). Hence using
(9.17) and the conformality of m, we get

r'm(Blas,r) 2 Y ming (X))
n:Qn7i<r

>t Z Q" nHh
n>(Qr—1)Pi

> Q" (comst) (@)

> (const) phyp—pit (it

p;+1 h
Pi

= (const) ppi(h=1),
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Since h < 1, this implies that lim,_7~"m(B(z;,7)) = co. By Pro-
position 9.1.1, z; € S*(c0). It therefore follows immediately from The-
orem 4.5.3 that H"(Js) = H"(Js-) = 0. O

Proof of Lemma 9.4.5. Fix a parabolic index ¢ € I, j € I\{i},n > 1 and
fix r, 2diam(¢n;(X)) < r < 1. Take an arbitrary point € ¢;n;(X).
It follows from (9.19) and the inequality r > 2diam(¢;»;(X)) that if

k <nand @(kii — nii) < r, where we take an appropriate constant
Q > Q, then B(z,7) D ¢ix;(X). Hence, using (9.17) andTheorem 9.4.2
and letting E(x) denote the greatest integer in x, we get

n

m(B(z,r)) = > m(i (X))

_1N P
r{ (o 4) )
n it
S
— 1\ —Pi
k:E((Q_lrJrn P7) >+1
- ~Pi 1_pi:—1h _pitl
(const) ((Q r+n- P7> (-5 >7n1 vi h)

1 )(pL+1)h Di

> (const) ((@_ r+n P

Y

—n P

L (pit1)h— m) .

(9.21)

It follows from 1the mean value theorem that there exists some 7 with
n~w <n<Q r+n » such that

*i((pi+1)hfpi)

1\ (Pit+1)h—p;
) —n

(@717" +n P
((pi +1)h — pi)(a_lr)n(mﬂ)mpﬁl
= ((pi +1)h — Pi)@_lrn(”i+1)(h—1)

> (g + Dh=p)Q 1 (@ rnT)

(9.22)

(pi+1)(h—1)

But, by our constraints on r and by (9.17), n" v < Qf’ilﬂdiamf’iil
3 1
(pin (X)) < (1/2)QPiTTr7i¥T. Thus, combining this, (9.22) and (9.21),
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we get

— (pi+1)(h—1)
m(B(x,r)) > (const) r (Q r+n 1’) 3

1 (i1 (h—1)
> (const) r (r Pi“)

= (const) r"
Therefore, the proof follows by applying Theorem 4.5.5 with ¢ = 1 and
"y = ]_' ‘:l

Proof of Lemma 9.4.6. Fix a parabolic index i € I. Since the system is
finite, by applying Proposition 9.4.1, there is some R > 0 such that if
0 < r < R, then B(z;,r) does not intersect ¢;(X), for any j # 7. Fix
such a radius r. Using (9.18) and (9.17), we derive

(B (a7 —h Z Z m(pin (X))

nQ In 1’1 <r

<SS QMg

J#i n>(Qr)~Pi

QY Y
J#i n>(Qr)~Pi
i 1 p7+1
< (const)#IQ" (’%h ) h(Qry PO (1= )

= (const) rrHEFDR=P: — (congt) Pi(h 1),
Since h > 1, this implies that lim, o7~ "m(B(z;,7)) = 0. Applying
Theorem 4.5.5 along with Lemma 9.4.3 and Proposition 9.1.1, we con-

clude that P"(J) = oo. O

Proof of Lemma 9.4.7. Fix a parabolic index ¢ € I, j € I\ {i}, n >
max{2¢,q + 1} and z € ¢n;(X). Given 1 > r > diam(¢;»;(X)) and
using (9.17) twice we obtain

n+q n+q
X :*Z Z (bza <Z Z ||¢z a||h
a#i k;L:q q a#i k=n—q (923)

<Y QMR < #IQM g —q)

a#i k=n—q
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pit1
Pq Pi+1h

= 2#1qQ" <L> n P
n—q
h pitly .. g htloZitlh o p
<2qQ"#I2 »i "Qdiam” (¢in (X)) < 2qQ"T2 wi THIr".

—Pi
Putl=F ((nli — Qr) ) +1if Qr < n~# and | = oo otherwise.
Using (9.17) we get

P n TPk P |<Qr
1
i+
< > Qi h
aFi _ 1N\ P
offa ) )
! p;+1
< H#IQ" > T

_ L1\ P
k:E((Qr+n W) )

Suppose first that Qr < n~#. Then
i+ 1 _ a1\ —Pit(pitl)h
o (22200 )
D

(3

1 —pi+(@i+1)h
— (n Pi — Qr) ) .

It follows now from the mean value theorem that there exists n € [n~ P —
1
Qr,n~ ?i + Qr] such that

_ a1\ —pit(@it)h 1 —pi+(pi+1)h
(Qr—i—n Pi) 7<n Pier>

= ((pi +1)h — p:)2Qry@t(R=1),
Since by (9.17)

|~

" < QP diam(gy (X)) < QR

we therefore find

1\ (pit1)(h=1)
%y < (const) rpPF D= < (const) r (Qr + n_p_i>
1 1 (pi+1)(h—1) LN (P 1) (h—1)
< (const) r (Q PP A QT) < (const)r (rp)
= (const) 7.
(9.24)
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Suppose in turn that Qr > n~ ». Then

o]
p;+1 h

L2 < Q"#I > K
wos((n ) )

< Q"#1 (p’; pitl, 1) (@r+n7)

1
pi +1

7

(Pi+1)h—pi
) < (const) (P TDR=P:

Qh#I( h— )(Qr+n 0

= (const) P ("= < (const) r”
(9.25)

Since, by (9.20), m(B(x,r)) < i + Yo, it follows from (9.23)—(9.25)
that m(B(z,r) < (const) 7. Finally, applying Theorem 4.5.3 completes
the proof. O

Proof of Theorem 9.1.5. 1t is a straightforward consequence of formulae
(9.18), (9.19) and (9.20) that for every parabolic index i E 1, every
Jj €I\ {i} and every z € X, BD ({¢in;(x)}n>1) = ﬁ =2

it follows from Theorem 4.2.18 along with Theorem 4.2.14 that BD(J) =
dimpy (J). O




Appendix 1
Ergodic theory

If (X,F,u) is a probability space, then a map 7' : X — X is called
measure-preserving (or the measure p is called T-invariant) if for every
Ae F, T Y (A) € F and u(T71(A)) = p(A). A set A € F is called
T-invariant if T=*(A) = A. The measure-preserving map 7' : X — X is
said to be ergodic if the measure p of every T-invariant set A is either
0 or 1. The most significant property of ergodic measure-preserving
mappings is contained in the following.

Theorem A1.0.8 (Birkhoff’s Ergodic Theorem) If T : X — X is an er-
godic measure-preserving endomorphism of a probability space (X, F, i)
and g : X — IR is an integrable function then

lim lSng(ac) = /fd,u for p-a.e. x € X.

n—oo N

Let a be a countable partition of the set X by elements in F. For every
1<n<oolet

a"={A1NAsN---NA,: A €a forall i=1,2...,n}.

Of course a” is again a countable partition of X. The partition « is
called generating if after subtracting from X a set of measure zero, all
the elements of a® become singletons. By H,(a), the entropy of the
partition «, we mean the following quantity.

H,(a) = — 3 u(A) log(u(A)).

Aca
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It can be proved (see e.g. [Par], [Wal, [KH], or [PU]) that the limit

1
h,(T,a) = lim —H,(a")

n—oo N

exists and h,(T), the entropy of the endomorphism T, is defined to be
the supremum of the numbers h, (T, ) taken over all countable parti-
tions with finite entropy. Two basic facts we use in this book to deal
with the concept of entropy are the following.

Theorem A1.0.9 (Kolmogorov-Sinai) If @ is a generating partition
with finite entropy, then h,(T) = h,(T, o).

Given z € X let a(x) be the only element of the partition « containing
z.

Theorem A1.0.10 (Shannon—McMillan—Breiman) If a is a generating
partition with finite entropy, then

lim -1 log u(a™(x)) =h,(T) for p-a.e. z€X.

n—oo nn



Appendix 2

Geometric measure theory

We start with Hausdorff measures and dimensions. Let g : [0,00) —
[0,00) be a non-decreasing function continuous at 0, positive on (0, 00)
and such that g(0) = 0. Let (X, p) be a metric space. For every § > 0
define

H)(A4) = inf{ Y g(diam(U:))}

where the infimum is taken over all countable covers {U; : i = 1,2,...}
of A of with the diameter of each U; not exceeding §. The following
limit

Hy(A) = lim Aj(A) = sup A% (A)

exists, but may be infinite, since HS(A) increases as § decreases. Since all
the functions Hg are outer measures, Hy is an outer measure. Moreover,
H, turns is a metric outer measure and therefore all Borel subsets of
X are Hj-measurable. A particular role is played by functions g of the
form t +— t*, ¢, > 0 and in this case the corresponding outer measure

Hy is denoted by H,. It is easy to see that there exists a unique value,
HD(A), called the Hausdorff dimension of A, such that

so  if 0 <t < HD(A)
0 ifHD(A) <t < occ.

Hy(A) = {

Note that like Hausdorff measures, Hausdorff dimension is consequently
an intrinsic property of a subset of a given metric space in that in only
depends on the metric restricted to the subset. Hausdorff dimension is
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an increasing function with respect to inclusion of sets and is o-stable,
meaning that the following is true.

Theorem A2.0.11 If {A,},>1 is a countable family of subsets of X
then

HD(U An) = Sl:;p{HD(An)}'

Passing to packing measures and dimensions, a collection {(z;,r;) : 4 €
I} is a packing of A C X if and only if for any pair i # j

pzi,z5) > 1 + 15

and each z; € A. This property is not generally equivalent to the require-
ment that all the balls B(z;,r;) are mutually disjoint. It is obviously so
if X is a Euclidean space. For every A C X and every r > 0 let

;" (A) = Sup{z g(r:)}

where the supremum is taken over all packings {(z;,r;) : ¢ = 1,2,...}
of A of radius not exceeding r, where the radius of a packing is sup{r; :
i €I}, Let

* 1 *7 _ 3 *7
The limit exists since H;”(A) decreases as 1 decreases. I} need not be
an outer measure. In order to construct an outer measure, called the
packing measure associated with the function g, we put

I, (A) = inf{) "II}(A4;)}.

It is this two stage process involved in the definition of packing measure
that makes it more complicated to deal with (cf. [MM]). Now, in exactly
the same way as Hausdorff dimension HD, one can define the packing*
dimension PD* and packing dimension PD using respectively II} (A) and
II;(A) instead of H;(A). One has monotonicity and o-stability for the
packing dimension also.

Some basic sufficient conditions for finiteness and positivity of Haus-
dorff and packing measures are described as follows. Let v be a Borel
probability measure on X and let ¢ > 0 be a real number. Define the
function p = p(v) : X x (0,00) — (0,00) by

v(B(z.r))

p(x,r) = 7
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The following two theorems are for our aims some key facts from geo-
metric measure theory.

Theorem A2.0.12 Assume that X is a compact subspace of a d-dimen-
sional Fuclidean space. Then for every t > 0 there exist constants hy(t)
and ha(t) with the following properties.

(1) If A is a Borel subset of X and C' > 0 is a constant such that for
all (but countably many) x € A

limsup p(z,r) > C~ 1,

r—0

then for every Borel subset E C A we have Hy(E) < hy(t)Cv(E)
and, in particular, Hy(A) < co.

(2) If A is a Borel subset of X and C > 0 is a constant such that for
allx € A

limsup p(z,r) < C™ 1,

r—0

then for every Borel subset E C A we have Hy(E) > Cha(t)v(E).

Theorem A2.0.13 Assume that X is a compact subspace of a d-dimen-
break sional Euclidean space. Then for every t > 0 there exist constants
p1(t) and ps(t) with the following properties.
(1) If A is a Borel subset of X and C > 0 is a constant such that for
allz € A

lim i(I)lfp(J), r) <O

then for every Borel subset E C A we have II,(E) > Cp; (t)v(E).

(2) If A is a Borel subset of X and C > 0 is a constant such that for
allx € A

liminf p(z,7) > C~1,
r—0

then for every Borel subset E C A we have II(E) < p2(t)Cv(E)
and, consequently, I1;(A) < co.

(1°) If v is non—atomic then (1) holds under the weaker assumption
that the hypothesis of part (1) is satisfied on the complement of
a countable set.
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Passing to ball-counting dimensions, for every r > 0 consider the family
of all collections { B(x;, )} which cover A and are centered at A, meaning
that all z; are in A. Put N(A,r) = oo if this family is empty. Otherwise
define N(A,r) to be the minimum of all cardinalities of elements of
this family. The lower ball-counting dimension and upper ball-counting
dimension of A are defined respectively by
BD(A) = lim inf log N(4, r) and BD(A) = lim sup M.

r—0 —logr r—0 —logr
If BD(A) = BD(A), the common value is called simply the ball-counting
dimension of A and is denoted by BD(A). In the literature the names
box-counting dimension, Minkowski dimension and capacity are also fre-
quently used for the ball-counting dimension. The basic relation between
the dimensions we have introduced is provided by the following.

Theorem A2.0.14 For every set A C X
HD(4) < min{PD(4), BD(A)}
< max{PD(A),BD(A)} < BD(A) = PD*(A).

We finish this section with the following definition.

Definition A2.0.15 Let u be a Borel measure on (X, p). Then the
Hausdorff dimension HD(u) of the measure p is defined as

HD(y) = inf{HD(Y) : u(X \ V) = 0}

and an analogous definition can be formulated for packing dimension.

An extended exposition of the material contained in this section can be
found for example in [Fa2] or [Mal]. An appropriate tool useful for cal-
culating Hausdorff dimensions of measures is provided by the following.

Theorem A2.0.16 Suppose that p is a Borel probability measure on
R" n>1.
(a) If there exists 01 such that for u-a.e. x € R™

lim inf log u(B(x, 1))
r—0 logr

>0

then HD(p) > 6.
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(b) If there exists 03 such that for p-a.e. x € IR™

lim inf log u(B(x, 1))
r—0 logr

< 6y

then HD(p) < 6s.
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T.Q
CGDMS

Xu(o)
Con(z, a, u)

Aoig,r+0b
do

Dist(A, B)
dist(A, B)

Glossary of Notation

set of densities of absolutely continuous invariant probability
measures, 39

standard partition into cylinders of length n, 10

approximate tangent k-plane, 167

abbreviation for conformal graph directed Markov system, 71

characteristic Lyapunov exponent, 90

central cone with vertex x, measure « and the axis parallel to
the vector U, 69

form of any conformal map in R? with d > 3, 62

metric on coding space, 4
sup{|la —b]| : (a,b) € A x B}, 240
inf{||la —b|| : (a,b) € A x B}, 240

admissible words with entries form the set F', 5

finite admissible words on an alphabet A, 1

infinite admissible words on an alphabet A, 1

admissible words of length n on an alphabet A, 1

entropy of u over the partition 3, 10

set of words of length n whose last entry connects to the first
entry of w, 13

two-sided shift space, 119

family of all finite subsets of I, 81

finite set of the one-parameter family generated by F', 124
inf{t: Lo, ,(1) < oo}, 124

set of integrable functions fixed by Lo, 39

Hausdorff dimension of the level set K, (), 126

finiteness interval, 78

family of functions {g,(;,)t = qf +tlog |¢;|} appearing in mul-
tifractal analysis, 123
Grassmannian manifold, 167

functions in Ho with finite « variation, 32
summable functions inHq, 32
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inversion, 62

la,r

L.

J*

Glossary of Notation

Hausdorff dimension of the measure v, 90
bounded continuous complex valued functions on E*°, 32
functions in Hg with integral 0, 36

unit ball in Hj, 36
functions in Ho with integral 0, 36

inversion with respect to the sphere centered at the point a and
with radius r, 62

the alphabet of the hyperbolic system associated with a para-
bolic system, 223

limit set generated by the hyperbolic system associated with a
parabolic system, 224

the part of the limit set coded by words starting with vertex v,
2

complex H'older continuous functions of order [ on E* | 43
summable functions in g, 43
a-level set of the measure u, 126

the limit set, 2
normalized Perron-Frobenius operator, 29

minimum number of balls of radius < r covering a se t F., 83
S-invariant version of mp, 61

natural measure on the Grassmannian manifold G(d, k), 167
norm on He, 32

maximum of upper box-counting dimensions of first level orbits
of points in X, 85

length of the word w, 1

cylinder generated by w with coordinates between m and n, 119

the word w restricted to its first n entries, 1

the set of orbits of parabolic points, 222

the longest initial block common to w and 7, 4

the sup of the variation of f over basic cylinders, 8

upper local cylindrical dimension of the measure p at the point
x, 126

upper local dimension of the measure p at the point x, 126

Rokhlin’s natural extension of the invariant measure i, 119

Perron—Frobenius operator on space of bounded continuous func-
tions, 27

nth composition of the Perron—Frobenius operator on space of
continuous functions, 27

conjugate Perron—Frobenius operator acting on dual space of
continuous functions, 27

the topological pressure of f over the subsytem determined by
F, 7

the map coded by the word w, 2



Glossary of Notation 271

the coding map from the coding space to the limit set, 2

pressure of the family F', 54

d — 1 dimensional projective space, 162

1) function of the hyperbolic system associated with a parabolic
system, 232

lower bound on sums of iterates of 1, 29

the asymptotic boundary of the system, 2

the asymptotic boundary from the vertex v, 2

the nth partial orbit sum of f, 7

iterated sum of the family F', 55

preparatory quantitity needed to define scaling functions, 176
hyperbolic system associated with a parabolic system, 223

“({wn }§°, 1) weaker scaling function, 177

bounding constant, 26

infimum of Fin(F), 124

infimum of Fin(q), 124

finiteness parameter, 78

bounded distortion constant, 56

temperature function associated with the family Gg,¢, 125
topological dimension, 165

weighted normalized operator, 36

balancing function for the nth iterate of T, 36

lower local cylindrical dimension of the measure p at the point
xz, 126

lower local dimension of the measure p at the point x, 126

total variation of order «, 19
variation of order v on cylinder sets of length n, 19

distinguished potential funcion associated with a conformal
graph directed Markov system, 90

nth partition function, 6

partition function, 78
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