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Introduction

The geometric and dynamic theory of the limit set generated by the it-
eration of finitely many similarity maps satisfying the open set condition
has been well developed for some time now. Over the past several years,
the authors have in turn developed a technically more complicated geo-
metric and dynamic theory of the limit set generated by the iteration
of infinitely many uniformly contracting conformal maps, a (hyperbolic)
conformal iterated function system. This theory allows one to analyze
many more limit sets, for example sets of continued fractions with re-
stricted entries. We recall and extend this theory in the later chapters.
The main focus of this book is the exploration of the geometric and dy-
namic properties of a far reaching generalization of a conformal iterated
function system called a graph directed Markov system (GDMS). These
systems are very robust in that they apply to many settings that do not
fit into the scheme of conformal iterated systems. While the basic theory
is laid out here and we touch on many natural questions arising in its
context, we emphasize that there are many issues and current research
topics which we do not cover: for examples, the detailed analysis of the
structure of harmonic measures of limit sets provided in [UZd], the ex-
amination of the doubling property of conformal measures performed in
[MU6], the extensive study of generalized polynomial like mappings (see
[U7] and [SU]), the multifractal analysis of geometrically finite Kleinian
groups (see [KS]), and the connection to quantization dimension from
engineering (see [LM] and [GL]). There are many research problems in
this active area that remain unsolved.

Our book is organized as follows. In the very short first chapter we
describe the basic setting for GDMSs. Essentially, one iterates a family
of uniformly contracting maps which are indexed by the directed edges
in a multigraph which may have infinitely many vertices and infinitely
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viii Introduction

many edges. (This includes the finite graph directed systems of simil-
arities introduced in [MW2, EM] and expounded by Edgar in [E].) One
generates points in the limit set by performing an infinite directed walk
through the graph. This leads to a natural map from the coding space
or space of infinite walks through the graph to the points of the limit
set.

Chapter 2 forms a self-contained unit and can be read independently
of the rest of the book. Here we develop the symbolic dynamics and ther-
modynamic formalism for subshifts of finite type with infinitely many
symbols. Thus, we are given an incidence matrix A and we consider the
space E of all infinite sequences of symbols such that A has value 1 on
all pairs of consecutive terms and the shift map on E. This formalism
includes the action on the coding space described in the first chapter.
One of our main goals is to develop the theory and properties of vari-
ous measures and functions on the symbol space. To a function f on
the symbol space is associated its topological pressure with respect to
the shift map. Of course, this is a standard thing to do, but care must
be taken because we have infinitely many symbols and the space E is
not compact. In the first section we determine some conditions under
which the topological pressure may be approximated by the more usual
pressures when the system is restricted to subsystems on finitely many
symbols. Next, we determine conditions under which there exists an
invariant Gibbs state for the functions f . We present some results of
ourselves and of Sarig which state that for a reasonable class of func-
tions f which we call acceptable, there is an invariant Gibbs state for
f if and only if the matrix A is finitely irreducible. We also determine
some conditions under which f has a unique invariant equilibrium state.
In the third section we develop the properties of the transfer or Perron–
Frobenius operator associated to f . In order to fully analyze our system,
we provide some results from functional analysis in the fourth section.
We prove an exponential decay of correlations, a central limit theorem
and a generalized law of the iterated logarithm in section 5. In section
6, we vary the function f with a complex parameter t. We show that
various operators are then holomorphic, which implies under appropri-
ate assumptions real analyticity of the pressure function. In section 7,
we show that for certain functions f , the associated conjugate Perron–
Frobenius operator has a Borel probability measure as an eigenmeasure.
This allows us to conclude that if A is finitely primitive then there is a
Gibbs state for f .
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In Chapter 3, by using the tools developed in Chapter 2, we put
the thermodynamic formalism for infinite subshifts of finite type into
the context of GDMSs. We begin with F , a Hölder family of weight
functions associated to the GDMS. By using an associated topological
pressure and Perron–Frobenius operator, we determine conditions under
which there is an F -conformal measure. This very general definition of
F -conformal measure not only generalizes the usual notion of conformal
measure, but forms a basic tool for later use in obtaining the geometric
properties of the limit sets.

In Chapter 4 we deal in detail with geometric and fractal properties
of conformal GDMSs. We begin by proving various kinds of distortion
properties of conformal maps in IRd with d ≥ 2. We then deal in this
chapter with the various basic notions of dimension for the limit set:
Hausdorff, upper and lower Minkowski or box (ball) counting dimension
and packing dimension and the corresponding Hausdorff and packing
measures. We deal with the Hausdorff and packing dimension of various
natural measures supported on the limit set and some geometric prop-
erties of the limit set, e.g. porosity. Finally, we obtain the multifractal
analysis of various conformal measures supported on the limit set. We
emphasize that it is in this chapter that we must transfer many res-
ults from the abstract coding space to the limit set. As a point may
have more than one code, this leads to several delicate issues in geomet-
ric measure theory. Therefore, the roles of distortion properties of our
system of maps and the geometric properties of our seed sets, e.g. a
relatively reasonable boundary, “the cone condition,” play a crucial role
in obtaining the necessary estimates of our analysis.

Chapter 5 is devoted to various illustrative examples including Klein-
ian groups of Schottky type, expanding repellers and a number of one-
dimensional systems with prescribed geometric features.

In Chapter 6 we start to present the special case of a GDMS, a con-
formal iterated function system (CIFS). We study the real-analytic ex-
tension of the Radon-Nikodym derivative of an invariant measure with
respect to a conformal measure, the classical example being Gauss’ meas-
ure for the shift map on continued fractions. We estimate the rate at
which the Hausdorff dimension of the limit sets generated by the finite
subsystems of a CIFS approximates the dimension of the limit set. We
determine conditions under which the limit set is uniformly perfect. In
Section 4 of this chapter we begin the discussion of geometric rigidity
by dealing with the limits set of a CIFS whose closure is connected. In
essence the rigidity in this section means that in case d ≥ 3 either the
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Hausdorff dimension of the limit set is larger than 1 or else in case d ≥ 3
the limit set is a subset of circle or line and in case d = 2 it is a subset of
an analytic Jordan curve. In the next section we improve on this rigidity
by showing that if d ≥ 3 then essentially either the Hausdorff dimension
of the limit set J exceeds the topological dimension k of the closure of J
or else the closure of J is a proper compact subset of either a geometric
sphere or an affine subspace of dimension k.

In Chapter 7 we deal with dynamical rigidity stemming from the work
of Sullivan (see [Su3]) on conformal expanding repellers in the complex
plane. We ask the fundamental question when two topologically con-
jugate infinite iterated function systems are conjugate in a smoother
fashion. The answer is that such conjugacy extends to a conformal con-
jugacy on some neighborhoods of limit sets if and only if it is Lipschitz
continuous. This turns out to equivalently mean that this conjugacy
exchanges measure classes of appropriate conformal measures or that
the multipliers of corresponding fixed points of all compositions of our
generators coincide.

In Chapter 8 we study PIFS, parabolic iterated function systems.
These are systems that are almost conformal except that we allow finitely
many of the maps to have a parabolic or neutral fixed point instead of
being uniformly contracting. A prime example of such a system is given
by the system of three conformal maps in the plane whose limit set is
the residual set in Apollonian packing. We analyze these systems by
showing how to associate a conformal iterated function system to the
parabolic system and how the properties of the parabolic limit set and
measures may be derived from this associated conformal system. It is
interesting that the parabolic system may consist of finitely many maps,
but the associated conformal system is infinite. By moving from the
finite to the infinite, the analysis becomes easier.

In Chapter 9 we provide a detailed quantative analysis of the dynam-
ical behavior of parabolic maps (in dimension d ≥ 2) around parabolic
points and we apply it to provide a complete characterization of con-
formal measures of finite parabolic systems in terms of Hausdorff and
packing measures. This simultaneously provides the answer to the ques-
tion about necessary and sufficient conditions for these two geometric
measures to be finite and positive.

In first section of the Appendix we collect some basic concepts and
theorems from ergodic theory and in the second section contains a com-
pressed exposition of some topics from geometric measure theory which
are of interest here.
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We have also provided two indexes, one for terminology and the other
for special symbolic notation, and some references. We thank Cambridge
University Press for the enormous help provided in bringing this project
to fruition. We thank Larry Lindsay for his corrections to parts of
the manuscript. Of course, we bear responsibility for all errors and
omissions and ask foregiveness of all whom we have overlooked in our
credits. Finally, we wish to thank the National Science Foundation for
its support for our research during the preparation of this book.
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Preliminaries

Graph directed Markov systems are based upon a directed multigraph
and an associated incidence matrix, (V, E, i, t, A). The multigraph con-
sists of a finite set V of vertices and a countable (either finite or infinite)
set of directed edges E and two functions i, t : E → V . For each edge e,
i(e) is the initial vertex of the edge e and t(e) is the terminal vertex of
e. The edge goes from i(e) to t(e). Also, a function A : E × E → {0, 1}
is given, called an incidence matrix. The matrix A is an edge incidence
matrix. It determines which edges may follow a given edge. So, the
matrix has the property that if Auv = 1, then t(u) = i(v). We will con-
sider finite and infinite walks through the vertex set consistent with the
incidence matrix. Thus, we define the set of infinite admissible words

E∞
A = {ω ∈ E∞ : Aωiωi+1 = 1 for all i ≥ 1},

by En
A we denote the set of all subwords of E∞

A of length n ≥ 1, and
by E∗

A we denote the set of all finite subwords of E∞
A . We will drop

the subscript A when the matrix is clear from context. We will consider
the left shift map σ : E∞ → E∞ defined by dropping the first entry of
ω. Sometimes we also consider this shift as defined on words of finite
length. Given ω ∈ E∗ by |ω| we denote the length of the word ω, i.e./
the unique n such that ω ∈ En. If ω ∈ E∞ and n ≥ 1, then

ω|n = ω1 . . . ωn.

A Graph Directed Markov System (GDMS) consists of a directed multi-
graph and incidence matrix together with a set of non-empty compact
metric spaces {Xv}v∈V , a number s, 0 < s < 1, and for every e ∈ E,
a 1-to-1 contraction φe : Xt(e) → Xi(e) with a Lipschitz constant ≤ s.
Briefly, the set

S = {φe : Xt(e) → Xi(e)}e∈E

1



2 Preliminaries

is called a GDMS. The main object of interest in this book will be the
limit set of the system S and objects associated to this set. We now
describe the limit set. For each ω ∈ E∗

A, say ω ∈ En
A, we consider the

map coded by ω:

φω = φω1 ◦ · · · ◦ φωn : Xt(ωn) → Xi(ω1).

For ω ∈ E∞
A , the sets {φω|n

(
Xt(ωn)

)}n≥1 form a descending sequence
of non-empty compact sets and therefore

⋂
n≥1 φω|n

(
Xt(ωn)

) �= ∅. Since
for every n ≥ 1, diam

(
φω|n

(
Xt(ωn)

)) ≤ sndiam
(
Xt(ωn)

) ≤ snmax{diam
(Xv) : v ∈ V }, we conclude that the intersection

⋂

n≥1

φω|n
(
Xt(ωn)

)

is a singleton and we denote its only element by π(ω). In this way we
have defined the coding map π:

π : E∞
A →

⊕

v∈V

Xv

from E∞ to
⊕

v∈V Xv, the disjoint union of the compact sets Xv. The
set

J = JS = π(E∞
A )

will be called the limit set of the GDMS S. We will also deal with the
sets coded by words starting with a given vertex v,

Jv = π
({ω ∈ E∞ : i(ω1) = v}).

Obviously JS =
⊕

v∈V Jv. From now on we will assume that

∀a ∈ E ∃b ∈ E Aab = 1. (1.1)

We extend the functions i, t to E∗ by putting

i(ω) = i(ω1) and t(ω) = t(ω|ω|).

For each v ∈ V , let Sv(∞) be the set of limit points of all sequences
{xn}∞n=1, where xn ∈ φen(Xt(en)), for some mutually distinct edges en

with i(en) = v. Put

S(∞) =
⋃

v∈V

Sv(∞).

We shall prove the following.
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Lemma 1.0.1 If lime∈E diam(φe(Xt(e))) = 0, then for every v ∈ V

Jv = Jv ∪ Sv(∞) ∪
⋃

ω∈E∗
v

φω(St(ω)(∞)),

where E∗
v = {ω ∈ E∗ : i(ω) = v}.

Proof. It follows from the assumption of our lemma and (1.1) that
Sv(∞) ⊂ Jv. Thus, if ω ∈ E∗

v , then

φω(St(ω)(∞)) ⊂ φω(Jt(ω)) ⊂ φω(Jt(ω)) ⊂ Jv.

Hence, the inclusion

Jv ∪ Sv(∞) ∪
⋃

ω∈E∗
v

φω(St(ω)(∞)) ⊂ Jv

is proved. Let E∞
v = {ω ∈ E∞ : i(ω1) = v} and Ev = {e ∈ E :

i(e) = v}. In order to prove the opposite inclusion to that just given,
fix x ∈ Jv. Then there exists a sequence {ω(n)}∞n=1 of points in E∞

v

such that x = limn→∞ π(ω(n)). If the sequence of the first coordinates
of the words ω(n) is infinite, then x ∈ Sv(∞) and we are done. So,
suppose that the set of the first coordinates is finite. If the set of second
coordinates is infinite, then there exists e1 ∈ Ev and y ∈ St(e1)(∞) such
that x = φe1 (y) and we are done in this case too. So, suppose that the set
of second coordinates is also finite, but the set of the third coordinates
is infinite. Then there exist e1 ∈ Ev, e2 ∈ E such that Ae1e2 = 1 and
y ∈ St(e2)(∞) such that x = φe1e2 (y) and we are done. If this procedure
halts after finitely many steps, say n, our proof is complete since then
x ∈ φe1e2...en(St(en)(∞)), where e1e2 . . . en ∈ E∗

v . Otherwise, we will
produce a word ω ∈ E∞

v such that dist(x, φω|n(Xt(ωn))) tends to zero
which implies that x = π(ω) ∈ Jv. �

We end this short introductory chapter by distinguishing two special
subclasses of GDMSs. We call a GDMS simply a graph directed sys-
tem(GDS) if Ae1e2 = 1 if and only if t(e1) = i(e2). If, moreover, the set
of vertices V is a singleton, then the GDS is called an iterated function
system. The GDSs with finitely many edges have been introduced in
[MW2] (see also [EM]). The infinite (the set of edges is infinite) iterated
function systems have been introduced in [MU1] (see also [MU2]).
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Symbolic Dynamics

This chapter is of abstract character. By this we mean that we consider
a 0-1 incidence matrix A : I×I → {0, 1} where I is a countable alphabet
and

E∞ = {ω ∈ I∞ : Aωiωi+1 = 1 for all i ≥ 1}
is the space of all A-admissible infinite sequences with terms in I. Thus,
in this chapter we are considering a directed graph with vertices the
elements of I and a directed edge from i to j if and only if Aij = 1. So, in
this chapter A determines which vertices may follow a given vertex. The
notation E∗, |ω|, ω|n and the shift map σ : E∞ → E∞ have the same
meaning as in Chapter 1. We do not consider graph directed Markov
systems here although one may think of the alphabet I as the set of edges
of a multigraph. Let us remark that we use the notation E∞ instead
of I∞A in order not to have so many subscripts. Let us fix some more
notation and definitions. Given ω, τ ∈ I∞, we define ω ∧ τ ∈ I∞ ∪ I∗ to
be the longest initial block common to both ω and τ . For each α > 0,
we define a metric dα, on I∞, by setting dα(ω, τ) = e−α|ω∧τ |. These
metrics are all equivalent and induce the same topology and Borel sets.
A function is uniformly continuous with respect to one of these metrics
if and only if it is uniformly continuous with respect to all. Also, a
function is Hölder with respect to one of these metrics if and only if it
is Hölder with respect to all; of course the Hölder order depends on the
metric. If no metric is specifically mentioned, we take it to be d1.
In this chapter we present various aspects of the thermodynamic form-

alism of a continuous potential on a shift space generated by a countable
alphabet. Our approach has been developed in several papers culminat-
ing in [MU3] and stems from that of Ruelle [Ru] and Bowen [B1], cf. also
[Wa] and [PU]. The case of a countable shift has also been considered

4



2.1 Topological pressure and variational principles 5

(see e.g. [Gu], [GS], [PP], [Sar] and [Zar]). Our definition of topological
pressure is more traditional than that proposed in these works. It fits
better with our geometric applications and needs no compactifications
of the shift space. In particular we are able to construct Gibbs states
and equilibrium states of unbounded potentials.

2.1 Topological pressure and variational principles

The incidence matrix A is said to be irreducible if for all i, j ∈ I there
exists a path ω ∈ E∗ such that ω1 = i and ω|ω| = j. This is equivalent
to saying that the directed graph is strongly connected: for any two
elements a, b of I there is a finite path starting at a and ending at b.
This is also equivalent to saying that the left shift map, σ, on E∞ = I∞A
is topologically mixing: for any two non-empty open subsets U, V of I∞A
there is a non-negative integer n such that σn(U) ∩ V �= ∅. We say A is
primitive if there exists p ≥ 1 such that all the entries of Ap are positive,
or in other words, for all i, j ∈ I there exists a path ω ∈ Ep such that
ω1 = i and ω|ω| = j. The matrix A is said to be finitely irreducible if
there exists a finite set Λ ⊂ E∗ such that for all i, j ∈ I there exists a
path ω ∈ Λ for which iωj ∈ E∗. We note the following fact. If A is
irreducible, then A is finitely irreducible if and only if there is a finite
set of letters F such that for every a ∈ I, there are p, q ∈ F such that
Aap = Aqa = 1. Finally, A is said to be finitely primitive if there exists
a finite set Λ ⊂ E∗ consisting of words of the same length such that for
all i, j ∈ I there exists a path ω ∈ Λ for which iωj ∈ E∗. Notice that a
finitely irreducible matrix does not have to be primitive nor conversely.
Notice also that the set Λ (associated either with a finitely irreducible
or finitely primitive matrix) can be taken to be empty provided E∞

consists of all infinite words from I. Given a set F ⊂ I, we put

E∞
F = {ω ∈ E∞ : ωi ∈ F for all i ≥ 1}.

A sequence {an}∞n=1 consisting of real numbers is said to be subadditive
if an+m ≤ an + an for all m,n ≥ 1. For the sake of completness we
provide the proof of the following well-known elementary fact.

Lemma 2.1.1 If a sequence {an}∞n=1 is subadditive, then limn→∞ an
exists and is equal to infn an/n. The limit could be −∞, but if the an’s
are bounded below, then the limit is nonnegative.
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Proof. Fix m ≥ 1. Each n ≥ 1 can be expressed as n = km + i with
0 ≤ i < m. Then

an
n

=
ai+km
i+ km

≤ ai
km

+
akm
km

≤ ai
km

+
kam
km

=
ai
km

+
am
m

If n → ∞ then also k → ∞ and therefore lim supn→∞
an

n ≤ am

m . Thus
lim supn→∞

an

n ≤ inf am

m . Now the inequality inf am

m ≤ lim infn→∞ an

n

finishes the proof. �

Given a function f : E∞
F → IR we define the standard nth partition

function by

Zn(F, f) =
∑

ω∈En∩Fn

exp( sup
τ∈[ω∩F ]

n−1∑
j=0

f(σj(τ))),

where [ω ∩F ] = {τ ∈ E∞
F : τ ||ω| = ω}. If F = I, we simply write [ω] for

[ω ∩ F ]. We will need the following.

Lemma 2.1.2 The sequence n �→ logZn(F, f) is subadditive.

Proof. We need to show that the sequence n �→ Zn(F, f) is submultiplic-
ative, i.e. that Zm+n(F, f) ≤ Zm(F, f)Zn(F, f) for all m,n ≥ 1. And
indeed,

Zm+n(F, f)

=
∑

ω∈Em+n∩Fm+n

exp( sup
τ∈[ω∩F ]

mn−1∑
j=0

f(σj(τ)))

=
∑

ω∈Em+n∩Fm+n

exp
(

sup
τ∈[ω∩F ]

m−1∑
j=0

f(σj(τ)) +
n−1∑
j=0

f(σj(σm(τ))
)

≤
∑

ω∈Em+n∩Fm+n

exp
(

sup
τ∈[ω∩F ]

m−1∑
j=0

f(σj(τ)) + sup
τ∈[ω∩F ]

n−1∑
j=0

f(σj(σm(τ))
)

≤
∑

ω∈Em∩Fm

∑
ρ∈En∩Fn

exp
(

sup
τ∈[ω∩F ]

m−1∑
j=0

f(σj(τ)) + sup
γ∈[ρ∩F ]

n−1∑
j=0

f(σj(γ)
)

=
∑

ω∈Em∩Fm

exp
(

sup
τ∈[ω∩F ]

m−1∑
j=0

f(σj(τ))
) ·
∑

ρ∈En∩Fn

exp
(

sup
γ∈[ρ∩F ]

m−1∑
j=0

f(σj(γ))
)

= Zm(F, f)Zn(F, f).

�



2.1 Topological pressure and variational principles 7

We can now define the topological pressure of f with respect to the shift
map σ : E∞

F → E∞
F to be

PF (f) = lim
n→∞

1
n
logZn(F, f) = inf{ 1

n
logZn(F, f)}. (2.1)

If F = I, we suppress the subscript F and write simply P(f) for PI(f)
and Zn(f) for Zn(I, f).
We let Snf be the nth partial orbit sum of f with respect to σ:

Snf =
n−1∑
j=0

f ◦ σj .

First, we shall provide a characterization of topological pressure ex-
pressed in the style of a Poincaré exponent.

Theorem 2.1.3 For every continuous function f : E∞
F → IR, we have

PF (f) = inf

{
t ∈ IR :

∑
ω∈F∗∩E∗

exp
(
sup(S|ω|f |[ω])

)
e−t|ω| < ∞

}
.

Proof. Fix t > PF (f). By the definition of pressure there exists nt ≥ 1
such that for every n ≥ nt

log
∑

ω∈Fn∩En

exp
(
sup(Snf |[ω∩F ])

)
<

(
PF (f) +

t− PF (f)
2

)
n

and therefore∑
ω∈Fn

exp
(
sup(Snf |[ω∩F ])

)
e−tn ≤ exp

(
PF (f)− t

2
n

)
.

Consequently,∑
n≥0

∑
ω∈Fn∩En

exp
(
sup(Snf |[ω∩F ])

)
e−tn < ∞.

Suppose in turn that t < PF (f). By the definition of pressure, if n is
large enough,(

PF (f) +
t− PF (f)

2

)
n ≤ log

∑
ω∈Fn

exp
(
sup(Snf |[ω∩F ])

)
and therefore,

exp
(
PF (f) − t

2
n

)
≤
∑
ω∈Fn

exp
(
sup(Snf |[ω∩F ])

)
e−tn.
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Consequently, ∑
n≥0

∑
ω∈Fn

exp
(
sup(Snf |[ω∩F ])

)
e−tn = ∞.

�

There are several things concerning pressure which may differ radically
from the case when the alphabet is finite. However, there is a reason-
ably wide class of functions introduced in [MU3] for which the pressure
function is fairly well behaved.

Definition 2.1.4 (see [MU3]) A function f : E∞ → IR is acceptable
provided it is uniformly continuous and

osc(f) := sup
i∈I

{sup(f |[i])− inf(f |[i])} < ∞.

Note that an acceptable function need not be bounded. We shall prove
the following.

Theorem 2.1.5 If f : E∞ → IR is acceptable and A is finitely irredu-
cible, then

P(f) = sup{PF (f)},
where the supremum is taken over all finite subsets F of I.

Proof. The inequality P(f) ≥ sup{PF (f)} is obvious. Let Λ wit-
ness that A is finitely irreducible. To prove the converse suppose first
that P(f) < ∞. Put q = #Λ and p = max{|ω| : ω ∈ Λ} and T =
min

{
inf
∑|ω|−1
j=0 f ◦ σj |[ω] : ω ∈ Λ

}
, where [ω] = {τ ∈ E∞ : τ ||ω| = ω}.

Fix ε > 0. By the acceptability of f , there exists l ≥ 1 such that
|f(ω)− f(τ)| < ε, if ω|l = τ |l and M = osc(f) < ∞. Now, fix k ≥ l. By
subadditivity, 1

k logZk(f) ≥ P(f). Notice that there exists a finite set
F ⊂ I such that

1
k
logZk(F, f) > P(f) − ε. (2.2)

We may assume that F contains Λ. Put

f =
k−1∑
j=0

f ◦ σj .

Now, for every element τ = τ1, τ2, . . . , τn ∈ F k ∩ Ek × · · · × F k ∩ Ek

(n factors) one can choose elements α1, α2, . . . , αn−1 ∈ Λ such that τ =
τ1α1τ2α2 . . . τn−1αn−1τn ∈ E∗. Notice that the function τ �→ τ is at
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most qn−1-to-1 (in fact un−1-to-1, where u is the number of lengths of
words composing Λ. Then for every n ≥ 1,

qn−1

kn+p(n−1)∑
i=kn

Zi(F, f)

≥
∑

τ∈(Fk∩Ek)n

exp


 sup

[τ∩F ]

|τ |∑
j=0

f ◦ σj



≥
∑

τ∈(Fk∩Ek)n

exp


inf

[τ ]

|τ |∑
j=0

f ◦ σj



≥
∑

τ∈(Fk∩Ek)n

exp

(
n∑
i=1

inf f |[τi] + T (n− 1)

)

= exp(T (n− 1))
∑

τ∈(Fk∩Ek)n

exp
n∑
i=1

inf f |[τi]

≥ exp(T (n− 1))
∑

τ∈(Fk∩Ek)n

exp

(
n∑
i=1

(sup f |[τi] − (k − l)ε−Ml)

)

= exp(T (n− 1) − (k − l)εn−Mln)
∑

τ∈(Fk∩Ek)n

exp
n∑
i=1

sup f |[τi]

= e−T exp
(
n(T − (k − l)ε−Ml)

) ∑
τ∈(Fk∩Ek)

exp(sup f |[τ ])


n

.

Hence, there exists kn ≤ in ≤ (k + p)n such that

Zin(F, f) ≥ 1
pn

e−T exp
(
n(T − (k − l)ε−Ml− log q)

)
Zk(F, f)n

and therefore, using (2.2), we obtain

PF (f) = lim
n→∞

1
in

logZin(F, f) ≥ −|T |
k

− ε+
lε

k + p
− Ml+ log p

k

+ P(f) − 2ε ≥ P(f) − 7ε

provided that k is large enough. Thus, letting ε ↘ 0, the theorem
follows. The case P(f) = ∞ can be treated similarly. �

We say a σ-invariant Borel probability measure µ̃ on E∞ is finitely sup-
ported provided there exists a finite set F ⊂ I such that µ̃(E∞

F ) = 1.
The well-known variational principle for finitely supported measures (see
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[B1], [Ru], comp. [Wa] and [PU]) tells us that for every finite set F ⊂ I

PF (f) = sup{hµ̃(σ) +
∫
fdµ̃},

where the supremum is taken over all σ-invariant ergodic Borel prob-
ability measures µ̃ with µ̃(F∞) = 1 and hµ̃(σ) is the entropy of µ̃ with
respect to σ. Applying Theorem 2.1.5, we therefore obtain the following.

Theorem 2.1.6 (1st variational principle) If A is finitely irreducible
and if f : E∞ → IR is acceptable, then

P(f) = sup{(hµ̃(σ) +
∫
fdµ̃},

where the supremum is taken over all σ-invariant ergodic Borel probab-
ility measures µ̃ which are finitely supported.

For n ≥ 1, let αn be the standard partition of E∞ into cylinders of length
n:

αn = {[ω] : |ω| = n}.

If n = 1, we write also α for α1. If β is a countable measurable partition
of E∞ and µ̃ is a probability measure, then the entropy of µ̃ with respect
to the partition β is Hµ̃(β) = −∑B∈β µ̃(B) log µ̃(B). Our next theorem
is the following.

Theorem 2.1.7 (2nd variational principle) If f : E∞ → IR is a con-
tinuous function and µ̃ is a σ-invariant Borel probability measure on
E∞ such that

∫
fdµ̃ > −∞, then

hµ̃(σ) +
∫
fdµ̃ ≤ P(f).

In addition, if P(f) < ∞, then there exists q ≥ 1 such that Hµ̃(αq) < ∞.

Proof. If P(f) = +∞, there is nothing to prove. So, suppose that
P(f) < ∞. Then there exists q ≥ 1 such that Zn(f) < ∞ for every
n ≥ q. Also, for every n ≥ 1, we have

∑
|ω|=n

µ̃([ω]) sup(Snf |[ω]) ≥
∫
Snfdµ̃ = n

∫
fdµ̃ > −∞.
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Therefore, using the concavity of the function h(x) = −x log x, we obtain
for every n ≥ q,

Hµ̃(αn) +
∫
Snfdµ̃

≤
∑
|ω|=n

µ̃([ω])(supSnf |[ω] − log µ̃([ω]))

= Zn(f)
∑
|ω|=n

Zn(f)−1esupSnf |[ω]h
(
µ̃([ω])e− supSnf |[ω]

)

≤ Zn(f)h


∑

|ω|=n
Zn(f)−1esupSnf |[ω] µ̃([ω])e− supSnf |[ω]




= Zn(f)h(Zn(f)−1)

= log
( ∑
|ω|=n

exp
(
supSnf |[ω]

))
= logZn(f).

Therefore, Hµ̃(αn) ≤ logZn(f) + n
∫
(−f)dµ̃ < ∞ for every n ≥ q, and

since in addition αq is a generator, we obtain

hµ̃(σ) +
∫
fdµ̃ ≤ lim inf

n→∞

(
1
n

(
Hµ̃(αn) +

∫
Snfdµ̃)

))

≤ lim
n→∞

1
n
logZn(f) = P(f).

�
As an immediate consequence of Theorem 2.1.6 and Theorem 2.1.7, we
find the following.

Theorem 2.1.8 (3rd variational principle) Suppose the incidence mat-
rix A is finitely irreducible. If f : E∞ → IR is acceptable, then

P(f) = sup{hµ̃(σ) +
∫
fdµ̃},

where the supremum is taken over all σ-invariant ergodic Borel probab-
ility measures µ̃ such that

∫
fdµ̃ > −∞.

We end this section with the following useful technical fact.

Proposition 2.1.9 If the incidence matrix is finitely irreducible and the
function f is acceptable, then P(f) < ∞ if and only if Z1(f) < ∞.

Proof. Let Λ ⊂ E∗ be a set of words which witnesses the finite ir-
reducibility of the incidence matrix A. Let s = max{|α| : α ∈ Λ} and
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let

M = min


inf

[α]




|α|−1∑
j=0

f ◦ σj

 : α ∈ Λ


 .

For n ≥ 1 and ω ∈ In, let ω = ω1α1ω2α2 . . . ωn−1αn−1ωn, where all
α1, . . . , αn−1 are appropriately taken from Λ so that ω ∈ E∗. Thus,
n ≤ |ω| ≤ n + s(n − 1). Similarly as in the proof of Theorem 2.1.5,
the function ω �→ ω is at most qn−1-to-1, where q = #Λ. Since f is
acceptable, we therefore get

qn−1

n+s(n−1)∑
i=n

Zi(f) = qn−1

n+s(n−1)∑
i=n

∑
ω∈Ei

exp


sup

[ω]



i−1∑
j=0

f ◦ σj





≥
∑
ω∈In

exp


sup

[ω]




|ω|−1∑
j=0

f ◦ σj





≥
∑
ω∈In

exp


 n∑
j=1

inf
(
f |[ωj]

)
+M(n− 1)




≥ eM(n−1)
∑
ω∈In

exp


 n∑
j=1

sup
(
f |[ωj]

)− osc(f)n




=exp
(−M + (M − osc(f))n

)(∑
e∈I

exp(sup
(
f |[e]

)))n

= exp
(−M + (M − osc(f))n

)
Z1(f)n.

From this it follows that if P(f) < ∞, then also Z1(f) < ∞. The
opposite implication is obvious since Zn(f) ≤ Z1(f)n. �

2.2 Gibbs states, equilibrium states and potentials

If f : E∞ → IR is a continuous function, then a Borel probability meas-
ure m̃ on E∞ is called a Gibbs state for f (cf. [B1], [HMU], [PU], [Ru],
[Wa] and [U1]) if there exist constants Q ≥ 1 and Pm̃ such that for every
ω ∈ E∗ and every τ ∈ [ω]

Q−1 ≤ m̃([ω])
exp
(
S|ω|f(τ) − Pm̃|ω|) ≤ Q. (2.3)

If additionally m̃ is shift-invariant, it is then called an invariant Gibbs
state.
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Remark 2.2.1 Notice that the sum S|ω|f(τ) in (2.3) can be replaced by
sup(S|ω|f |[ω]) or by inf(S|ω|f |[ω]). Also, notice that if m̃ is a Gibbs state
and if µ̃ and m̃ are boundedly equivalent (meaning there is some K ≥ 1
such that K−1 ≤ µ̃([ω])/m̃([ω]) ≤ K for all ω ∈ E∗), then µ̃ is a Gibbs
state for the potential f . We will use these facts from time to time.

We start with the following.

Proposition 2.2.2

(a) For every Gibbs state m̃, Pm̃ = P(f).
(b) Any two Gibbs states for the function f are equivalent, with

Radon-Nikodym derivatives bounded away from zero and infin-
ity.

Proof. We shall first prove (a). Towards this end fix n ≥ 1 and, using
Remark 2.2.1, sum (2.3) over all words ω ∈ En. Since

∑
|ω|=n m̃([ω]) =

1, we therefore get

Q−1e−Pm̃n
∑
|ω|=n

exp
(
supSnf |[ω]

) ≤ 1 ≤ Qe−Pm̃n
∑
|ω|=n

exp
(
supSnf |[ω]

)
.

Applying logarithms to all three terms of this formula, dividing all the
terms by n and taking the limit as n → ∞, we obtain −Pm̃ + P(f) ≤
0 ≤ −Pm̃ + P(f), which means that Pm̃ = P(f). The proof of item (a)
is thus complete.
In order to prove part (b) suppose that m and ν are two Gibbs states

of the function f . Notice now that part (a) implies the existence of a
constant T ≥ 1 such that

T−1 ≤ ν([ω])
m([ω])

≤ T

for all words ω ∈ E∗. Straightforward reasoning gives now that ν and
m are equivalent and T−1 ≤ dν

dm ≤ T . �

As an immediate consequence of (2.3) and Remark 2.2.1 we get the
following.

Proposition 2.2.3 Any uniformly continuous function f : E∞ → IR

that has a Gibbs state is acceptable.

For ω ∈ E∗ and n ≥ 1, let

Eωn = {τ ∈ En : Aτnω1 = 1} and Eω∗ = {τ ∈ E∗ : Aτ|τ|ω1 = 1}.
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We shall prove the following result concerning uniqueness and some
stochastic properties of Gibbs states. Stronger stochastic properties will
be proved in Section 2.5

Theorem 2.2.4 If an acceptable function f has a Gibbs state and the
incidence matrix A is finitely irreducible, then f has a unique invariant
Gibbs state. The invariant Gibbs state is ergodic. Moreover, if A is
finitely primitive, the invariant Gibbs state is completely ergodic.

Proof. Let m̃ be a Gibbs state for f . Fixing ω ∈ E∗, using (2.3),
Remark 2.2.1 and Proposition 2.2.2(a) we get for every n ≥ 1

m̃(σ−n([ω]))

=
∑
τ∈Eω

n

m̃([τω]) ≤
∑
τ∈Eω

n

Q exp
(
sup(Sn+|ω|f |[τω])− P(f)(n+ |ω|))

≤
∑
τ∈Eω

n

Q exp
(
sup(Snf |[τ ])− P(f)n

)
exp
(
sup(S|ω|f |[ω])− P(f)|ω|)

≤
∑
τ∈Eω

n

QQm̃([τ ])Qm̃([ω]) ≤ Q3m̃([ω]).

(2.4)

Let the finite set of words Λ witness the finite irreducibility of the incid-
ence matrix A and let p be the maximal length of a word in Λ. Since f
is acceptable,

T = min{inf(Sα|f |[α]) − P(f)|α| : α ∈ Λ} > −∞.

For each τ, ω ∈ E∗, let α = α(τ, ω) ∈ Λ be such that ταω ∈ E∗. Then,
we have for all ω ∈ E∗ and all n

n+p∑
i=n

m̃(σ−i([ω])) =
n+p∑
i=n

∑
τ∈Eω

i

m̃([τω]) ≥
∑
τ∈En

m̃([τα(τ, ω)ω])

≥
∑
τ∈En

Q−1 exp
(
inf(S|τ |+|α(τ,ω)|+|ω|f |[ταω])

− P(f)(|τ | + |α(τ, ω)| + |ω|))
≥ Q−1

∑
τ∈En

exp
(
inf(Snf |[τ ]) − P(f)(n)

+ inf(S|α(τ,ω)||f |[α(τ,ω)])− P(f)|α(τ, ω)|)
+ inf(S|ω|f |[ω])− P(f)|ω|)

(2.5)
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≥ Q−1eT exp
(
inf(S|ω|f |[ω])−P(f)|ω|) ∑

τ∈En

× exp
(
inf(Snf |[τ ])−P(f)(n)

)
≥ Q−2eT m̃([ω])

∑
τ∈En

exp
(
inf(Snf |[τ ])− P(f)(n)

)
≥ Q−2eT m̃([ω])Q−1

∑
τ∈En|

m̃([τ ])

= Q−3eT m̃([ω]).

Let L be a Banach limit defined on the Banach space of all bounded
sequences of real numbers. It is not difficult to check that the formula
µ̃(A) = L

(
(m̃(σ−n(A)))n≥0

)
defines a finite, non-zero, invariant, finitely

additive measure on Borel sets of E∞ satisfying

Q−3eT

p
m̃(A) ≤ µ̃(A) ≤ Q3m̃(A). (2.6)

Since m̃ is a countably additive measure, we deduce that µ̃ is also count-
ably additive.
Let us prove the ergodicity of µ̃ or, equivalently, of m̃. Let ω ∈ En.

For each τ ∈ E∗, we find:
n+p∑
i=n

m̃(σ−i([τ ]) ∩ [ω]) ≥ m̃([ωα(ω, τ)τ ])

≥ Q−3eT m̃([τ ])m̃([ω]).

(2.7)

Take now an arbitrary Borel set A ⊂ E∞. Fix ε > 0. Since the nested
family of sets {[τ ] : τ ∈ E∗} generates the Borel σ-algebra on E∞, for
every n ≥ 0 and every ω ∈ En we can find a subfamily Z of E∗ consisting
of mutually incomparable words such that A ⊂ ⋃{[τ ] : τ ∈ Z} and for
n ≤ i ≤ n+ p,∑

τ∈Z
m̃(σ−i([τ ]) ∩ [ω]) ≤ m̃([ω] ∩ σ−i(A)) + ε/p.

Then, using (2.7) we get

ε+
n+p∑
i=n

m̃([ω] ∩ σ−i(A)) + ε ≥
n+p∑
i=n

∑
τ∈Z

m̃([ω] ∩ σ−i(τ))

≥
∑
τ∈Z

Q−3eT m̃([τ ])m̃([ω])

≥ Q−3eT m̃(A)m̃([ω]).

(2.8)
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Hence, letting ε ↘ 0, we get
n+p∑
i=n

m̃([ω] ∩ σ−i(A)) ≥ Q−3eT m̃(A)m̃([ω]).

From this inequality we find
n+p∑
i=n

m̃
(
σ−i(E∞ \B) ∩ [ω]

)
=
n+p∑
i=n

m̃
(
[ω] \ σ−i(B) ∩ [ω]

)

=
n+p∑
i=n

m̃([ω]) − m̃
(
σ−i(B) ∩ [ω]

)
≤ [p+ 1 −Q−3eT m̃(B)]m̃([ω]).

Thus, for every Borel set B ⊂ E∞, for every n ≥ 0, and for every ω ∈ En

we have
n+p∑
i=n

m̃(σ−i(B) ∩ [ω]) ≤ (p+ 1 −Q−3eT (1 − m̃(B)))m̃([ω]). (2.9)

In order to conclude the proof of the ergodicity of σ, suppose that
σ−1(B) = B with 0 < m̃(B) < 1. Put γ = 1−Q−3eT (1−m̃(B))/(p+1).
Note that 0 < γ < 1. In view of (2.9), for every ω ∈ E∗ we get
m̃(B ∩ [ω]) = m̃(σ−i(B)∩ [ω]) ≤ γm̃([ω]). Take now η > 1 so small that
γη < 1 and choose a subfamily R of E∗ consisting of mutually incom-
parable words and such that B ⊂ ⋃{[ω] : ω ∈ R} and m̃

(⋃{[ω] : ω ∈
R}) ≤ ηm̃(B). Then m̃(B) =

∑
ω∈R m̃(B ∩ [ω]) ≤ ∑

ω∈R γm̃([ω]) =
γm̃
(⋃{[ω] : ω ∈ R}) ≤ γηm̃(B) < m̃(B). This contradiction finishes

the proof of the existence part.
The uniqueness of the invariant Gibbs state follows immediately from

the ergodicity of any invariant Gibbs state and Proposition 2.2.2(b).
Finally, let us prove the complete ergodicity of µ̃ or, equivalently, of

m̃ in case A is finitely primitive. Essentially, we repeat the argument
just given. Let Λ be a finite set of words all of length q which witnesses
the finite primitiveness of A. Fix r ≥ 1. Let ω ∈ En. For each τ ∈ E∗,
we find the following improvement of (2.6).

m̃(σ−(n+qr)([τ ]) ∩ [ω]) ≥
∑

α∈Λr∩Eqr :Aωnα1=Aαqrτ1=1

m̃([ωατ ])

≥ Q−3erT m̃([τ ])m̃([ω]).

(2.10)

Take now an arbitrary Borel set A ⊂ E∞. Fix ε > 0. Since the nested
family of sets {[τ ] : τ ∈ E∗} generates the Borel σ-algebra on E∞, for
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every n ≥ 0 and every ω ∈ En we can find a subfamily Z of E∗ consisting
of mutually incomparable words such that A ⊂ ⋃{[τ ] : τ ∈ Z} and∑

τ∈Z
m̃(σ−(n+qr)([τ ]) ∩ [ω]) ≤ m̃

(
[ω] ∩ σ−(n+qr)(A)

)
+ ε.

Then, using (2.10) we get

ε+ m̃
(
[ω] ∩ σ−(n+qr)(A)

) ≥
∑
τ∈Z

Q−3erT m̃([τ ])m̃([ω])

≥ Q−3erT m̃(A)m̃([ω]).

Hence, letting ε ↘ 0, we get

m̃
(
[ω] ∩ σ−(n+qr)(A)

) ≥ Q̃(r)m̃(A)m̃([ω]),

where Q̃(r) = Q−3 exp(rT ). Note that it follows from this last inequality
that Q̃ = Q̃(r) ≤ 1. Also, from this inequality we find m̃

(
σ−(n+qr)(E∞ \

B)∩[ω]) = m̃
(
[ω]\σ−(n+qr)(B)∩[ω]) = m̃([ω])−m̃(σ−(n+qr)(B)∩[ω]) ≤

(1− Q̃m̃(B))m̃([ω]). Thus, for every Borel set B ⊂ E∞, for every n ≥ 0,
and for every ω ∈ In we have

m̃(σ−(n+qr)(B) ∩ [ω]) ≤ (1− Q̃(1 − m̃(B))
)
m̃([ω]). (2.11)

In order to conclude the proof of the complete ergodicity of σ suppose
that σ−r(B) = B with 0 < m̃(B) < 1. Put γ = 1 − Q̃(1 − m̃(B)).
Note that 0 < γ < 1. In view of (2.11), for every ω ∈ (Er)∗ we get
m̃(B ∩ [ω]) = m̃(σ−(|ω|+qr)(B) ∩ [ω]) ≤ γm̃([ω]). Take now η > 1 so
small that γη < 1 and choose a subfamily R of (Er)∗ consisting of
mutually incomparable words and such that B ⊂ ⋃{[ω] : ω ∈ R} and
m̃
(⋃{[ω] : ω ∈ R}) ≤ ηm̃(B). Then m̃(B) ≤ ∑

ω∈R m̃(B ∩ [ω]) ≤∑
ω∈R γm̃([ω]) = γm̃

(⋃{[ω] : ω ∈ R}) ≤ γηm̃(B) < m̃(B). This
contradiction finishes the proof of the complete ergodicity of m̃. �

There is a sort of converse to part of the preceding theorem. We need
the following lemma first. The next two results are due to Sarig [Sar].

Lemma 2.2.5 Suppose the incidence matrix A is irreducible and m̃ is an
invariant Gibbs state for the acceptable function f . There is a positive
constant K such that for every p ∈ I,

K ≤ min




∑
a∈I:Apa=1

exp sup f |[a],
∑

a∈I:Aap=1

exp sup f |[a]



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Proof. Let m̃ be an invariant Gibbs state for f . Suppose p, q ∈ I,

Ap,q = 1, and τ ∈ [pq]. Since m̃ is a Gibbs state for f , we have |f(x) −
f(y)| ≤ 2 logQ, for x, y ∈ [a], a ∈ I. This implies for every a ∈ I,
exp inf f |[a] ≤ exp f(x) ≤ exp sup f |[a], for all x ∈ E∞ with x1 = a.

Also,

Q−1 exp(f(τ)+ f(σ(τ))− 2P ) ≤ m̃([pq]) ≤ Q exp(f(τ)+ f(σ(τ))− 2P ).

Thus,

Q−1e−2P exp f(τ) exp f(σ(τ)) ≤ m̃([pq]) ≤ Qe−2P exp f(τ) exp f(σ(τ)).

Therefore,

Q−1e−2P exp inf f |[p] exp inf f |[q] ≤ m̃([pq])

≤ Q1e−2P exp sup f |[p] exp sup f |[q].
Now,

m̃([p]) =
∑

a∈I:Apa=1

m([pa]) ≤ Q1e−2P exp sup f |[p]
∑

a∈I:Apa=1

exp sup f |[a].

Since exp sup f |[p] ≤ QeP m̃([p]), we find

Q−2eP ≤
∑

a∈I:Apa=1

exp sup f |[a].

If, in addition, m̃ is invariant, m̃([p]) = m̃(σ−1([p])) =
∑
a∈I:Aap=1

m̃([ap]). But,

Q−1e−P sup f |[p] ≤ m̃(σ−1([p]))

≤ Q5e−2P
∑

a∈I:Aap=1

exp sup f |[a] exp sup f |[p].

Therefore,

Q−2eP ≤
∑

a∈I:Aap=1

exp sup f |[a].

�

Theorem 2.2.6 Let the incidence matrix A be irreducible. If an accept-
able function f has an invariant Gibbs state, then the incidence matrix
A is finitely irreducible.

Proof. It suffices to show there is a finite set of letters F such that for
every letter p there are a, b ∈ F such that Aap = Apb = 1. Enumerate the
elements of I = {an}∞n=1. Since

∑
a∈I exp sup f |[a] < ∞, there is some k0

such that
∑
j>k0

exp sup f |[aj] ≤ K where K comes from lemma 2.2.5.
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Let F = {ai : i ≤ k0}. Now, it follows from the preceding lemma that
every letter is followed by some element of F and every letter is preceded
by some element of F . Since A is irreducible, it follows that A is finitely
irreducible. �

Recall that for ω, τ ∈ I∞, we defined ω ∧ τ ∈ I∞ ∪ I∗ to be the longest
initial block common to both ω and τ . We say that a function f : E∞ →
IR is Hölder continuous with an exponent α > 0 if

Vα(f) := sup
n≥1

{Vα,n(f)} < ∞,

where

Vα,n(f) = sup{|f(ω)− f(τ)|eα(n−1) : ω, τ ∈ E∞ and |ω ∧ τ | ≥ n}.
Note that if g is Hölder continuous of order α and θ, ψ ∈ E∞, then

Vα(g)dα(θ, ψ) = Vα(g)e−α|θ∧ψ| ≥ e−α|g(θ) − g(ψ)|.
Also, note that each Hölder continuous function is acceptable. We say
that two functions f, g : E∞ → IR are cohomologous in a class H if there
exists a function u : E∞ → IR in the class H such that

g − f = u− u ◦ σ.
We shall now provide a list of necessary and sufficient conditions for two
Hölder continuous functions to have the same invariant Gibbs states.
The proof is analogous to the proof of Theorem 1.28 in [B1] (see also
[HMU]).

Theorem 2.2.7 Suppose that f, g : E∞ → IR are two Hölder continu-
ous functions that have invariant Gibbs states µ̃f and µ̃g respectively.
Suppose also that the incidence matrix A is finitely irreducible. Then
the following conditions are equivalent:

(1) µ̃f = µ̃g.
(2) There exists a constant R such that for each n ≥ 1, if σn(ω) = ω,

then

Snf(ω)− Sng(ω) = nR.

(3) The difference g− f is cohomologous to a constant R in the class
of bounded Hölder continuous functions.

(4) The difference g − f is cohomologous to a constant in the class
of bounded continuous functions.
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(5) There exist constants S and T such that for every ω ∈ E∞ and
every n ≥ 1

|Snf(ω) − Sng(ω)− Sn| ≤ T.

If these conditions are satisfied then R = S = P(f) − P(g).

Proof. (1) ⇒ (2). It follows from (2.3) that

Q−2 ≤ exp
(
Skf(ω)− P(f)k)

)
exp
(
Skg(ω)− P(g)k)

) ≤ Q2

for every ω ∈ E∞ and every k ≥ 1. Suppose that σn(ω) = ω. Then for
every k = ln, l ≥ 1, and every h, Slnh(ω) = lSnh(ω) and so

Q−2 ≤ exp
(
l[(Snf(ω) − Sng(ω))− (P(f) − P(g))n]

) ≤ Q2.

Hence, there exists a constant T ≥ 0 such that for all positive integers l,

l|Snf(ω)− Sng(ω)− (P(f) − P(g))n| ≤ T.

Therefore, letting l ↗ ∞, we conclude that Snf(ω)−Sng(ω) = (P(f)−
P(g))n. Thus, putting R = P(f) − P(g) completes the proof of the
implication (1) ⇒ (2).

(2) ⇒ (3). Define

η = f − g −R.

Since the incidence matrix A is irreducible, there exists a point τ ∈ E∞

transitive for the shift map σ : E∞ → E∞. Put

Γ = {σk(τ) : k ≥ 1}

and define the function u : Γ → IR by setting

u(σk(τ)) =
k−1∑
j=0

η(σj(τ)).

Note that the function u is well defined since the points σk(τ), k ≥ 1, are
mutually distinct. Taking the minimum of exponents we may assume
that both functions f and g are Hölder continuous with the same order
β. Let Λ witness the finite irreducibility of the incidence matrix A. Let
|Λ| = sup{|α| : α ∈ Λ} and S = sup{|S|α|η| : α ∈ Λ}. Fix k ≥ 1,
some point α ∈ Λ such that τkατ1 ∈ E∗, and consider the periodic point



2.2 Gibbs states, equilibrium states and potentials 21

ω = (τ |kα)∞. Then by our assumption

|u(σk(τ))| =
∣∣∣∣
k−1∑
j=0

(
η(σj(τ)) − (f(σj(ω)) − g(σj(ω))

)
+Rk

+
|α|−1∑
j=0

(
g(σk+jω) − f(σk+jω)

)
+R|α|

∣∣∣∣
=

∣∣∣∣∣∣
k−1∑
j=0

(
(f(σj(τ)) − f(σj(ω))) − (g(σj(τ))

− g(σj(ω))) − S|α|η(σk(ω)
)∣∣∣∣∣∣

≤
k−1∑
j=0

|f(σj(τ)) − f(σj(ω))| +
k−1∑
j=0

|g(σj(τ)) − g(σj(ω))|

+ |S|α|η(σk(ω))|

≤
k−1∑
j=0

Vβ(f)e−β(k−j) +
k−1∑
j=0

Vβ(g)e−β(k−j) + S

≤ (Vβ(f) + Vβ(g))
e−β

1 − e−β
+ S < ∞.

(2.12)

Assume now σk(τ)|r = σl(τ)|r for some k < l and some r ≥ 1. Let
ω = τ |k(σk(τ)|l−k)∞ ∈ E∞. By our assumption

∑l−1
j=k η(σ

j(ω)) = 0.
Hence,

|u(σl(τ)) − u(σk(τ))|

=

∣∣∣∣∣∣
l−1∑
j=k

η(σj(τ))

∣∣∣∣∣∣ =
∣∣∣∣∣∣
l−1∑
j=k

η(σj(τ)) − η(σj(ω))

∣∣∣∣∣∣
≤

l−1∑
j=k

(|f(σj(τ)) − f(σj(ω))| + |g(σj(τ)) − g(σj(ω))|)

≤
l−1∑
j=k

(Vβ(f) + Vβ(g))e−β(r+l−j−1)

≤ e−βr(Vβ(f) + Vβ(g))
∞∑
j=0

e−βj =
Vβ(f) + Vβ(g)

1 − e−β
e−βr

(2.13)

In particular, it follows from (2.13) that u is uniformly continuous on
Γ. Since Γ is a dense subset of E∞, we therefore conclude that u has
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a unique continuous extension on E∞. Moreover, it follows from (2.12)
and (2.13) that u is bounded and Hölder continuous. Since g(γ)−f(γ)−
R = u(γ) − u(σ(γ) for all γ ∈ Γ, this holds for all γ. The proof of the
implication (2) ⇒ (3) is therefore complete.

The implications (3) ⇒ (4) and (4) ⇒ (5) are obvious.

(5) ⇒ (1). It follows from (5) and (2.3) that for every ω ∈ E∗, say
ω ∈ En,

Q−2e−T exp
(
(S + P(g)− P(f))n

)
≤ µ̃f ([ω])
µ̃g([ω])

≤ Q2eT exp
(
(S + P(g)− P(f))n

)
.

(2.14)

Suppose that S �= P(f) − P(g). Without loss of generality we may
assume that S < P(f)−P(g). But then it would follow from (2.14) that
for every n ≥ 1

1 = µ̃f (E∞) =
∑
|ω|=n

µ̃f ([ω]) ≤ Q2eT exp
(
(S + P(g) − P(f))n

)

which yields a contradiction for n ≥ 1 large enough. Hence S =
P(f) − P(g). But then (2.14) implies that the measures µ̃f and µ̃g
are equivalent. Since in view of Theorem 2.2.4 these measures are er-
godic, they must coincide. The proof of the implication (5) ⇒ (1) and
simultaneously the entire proof of Theorem 2.2.7 is complete. �

A potential is simply a continuous function f : E∞ → IR. We call a
σ-invariant probability measure µ̃ an equilibrium state of the potential f
if
∫ −fdµ < +∞ and

hµ̃(σ) +
∫
fdµ̃ = P(f). (2.15)

We end this section with the following two results.

Lemma 2.2.8 Suppose that the incidence matrix A is finitely irreducible
and that an acceptable function f : E∞ → IR has a Gibbs state. Denote
by µ̃f its unique invariant Gibbs state (see Theorem 2.2.4). Then the
following three conditions are equivalent:

(a)
∫
E∞ −fdµ̃f < ∞.

(b)
∑
i∈I inf(−f |[i]) exp(inf f |[i]) < ∞.

(c) Hµ̃f
(α) < ∞, where α = {[i] : i ∈ I} is the partition of E∞ into

initial cylinders of length 1.
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Proof. (a) ⇒ (b). Suppose that
∫ −fdµ̃f < ∞. This means that∑

i∈I
∫
[i] −fdµ̃f < ∞ and consequently

∞ >
∑
i∈I

inf(−f |[i])µ̃f ([i]) ≥ Q−1
∑
i∈I

inf(−f |[i]) exp
(
inf f |[i] − P(f)

)
= Q−1e−P(f)

∑
i∈I

inf(−f |[i]) exp
(
inf f |[i]

)
.

(b) ⇒ (c). Assume that
∑
i∈I inf(−f |[i]) exp

(
inf(f |[i])

)
< ∞. We shall

show that Hµ̃f
(α) < ∞. By definition,

Hµ̃f
(α) =

∑
i∈I

−µ̃f ([i]) log µ̃f ([i]) ≤
∑
i∈I

−µ̃f([i])(inf(f |[i])−P(f)−logQ).

Since
∑
i∈I µ̃f ([i])(P(f)+logQ) < ∞, it suffices to show that

∑
i∈I −µ̃f

([i]) inf(f |[i]) < ∞. And indeed,∑
i∈I

−µ̃f([i]) inf(f |[i]) =
∑
i∈I

µ̃f ([i]) sup(−f |[i])

≤
∑
i∈I

µ̃f ([i])
(
inf(−f |[i]) + osc(f)

)
.

Since
∑
i∈I µ̃f ([i])osc(f) = osc(f), it is enough to show that∑

i∈I
µ̃f ([i]) inf(−f |[i]) < ∞.

Since µ̃f is a probability measure, limi→∞ µ̃f ([i]) = 0. Therefore, it
follows from (2.3) that limi→∞

(
sup(f |[i]) − P(f)

)
= −∞. Thus, for

all i sufficiently large, say i ≥ k, sup(f |[i]) < 0. Hence, for all i ≥ k,
inf(−f |[i]) = − sup(f |[i]) > 0. So, using (2.3) again, we get∑

i≥k
µ̃f ([i]) inf(−f |[i]) ≤

∑
i≥k

Q exp
(
inf(f |[i]) − P(f)

)
inf(−f |[i])

= Qe−P(f)
∑
i≥k

exp
(
inf(f |[i])

)
inf(−f |[i])

which is finite due to our assumption. Finally, we find Hµ̃f
(α) < ∞.

(c) ⇒ (a). Suppose that Hµ̃f
(α) < ∞. We need to show that

∫ −fdµ̃f <
∞. We have

∞ > Hµ̃f
(α) =

∑
i∈I

−µ̃f([i]) log
(
µ̃f ([i])

)
≥
∑
i∈I

−µ̃f([i])
(
inf(f |[i]) − P(f) + logQ

)
.
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Hence,
∑
i∈I −µ̃f([i]) inf(f |[i]) < ∞ and therefore∫
−fdµ̃f =

∑
i∈I

∫
[i]

−fdµ̃f ≤
∑
i∈I

sup(−f |[i])µ̃f ([i])

=
∑
i∈I

− inf(f |[i])µ̃f ([i]) < ∞.

�

The next theorem shows that the assumption
∫ −fdµ̃f < ∞ is sufficient

for the appropriate Gibbs state to be a unique equilibrium state.

Theorem 2.2.9 Suppose that the incidence matrix A is finitely irredu-
cible. Suppose that f : E∞ → IR is a Hölder continuous function with
a Gibbs state and that

∫ −fdµ̃f < ∞, where µ̃f is the unique invari-
ant Gibbs state for the potential f (see Theorem 2.2.4). Then µ̃f is the
unique equilibrium state for the potential f .

Proof. In order to show that µ̃f is an equilibrium state of the potential
f consider α = {[i] : i ∈ I}, the partition of E∞ into initial cylinders
of length 1. By Lemma 2.2.8, Hµ̃f

(α) < ∞. Applying the Shannon–
McMillan–Breiman theorem, Birkhoff’s ergodic theorem, and (2.3), we
get for µ̃f -a.e. ω ∈ E∞

hµ̃f
(σ) ≥ hµ̃f

(σ, α) = lim
n→∞− 1

n
log µ̃f ([ω|n])

≥ lim
n→∞− 1

n

(
logQ+ Snf(ω)− P(f)n

)
= lim
n→∞

−1
n
Snf(ω) + P(f) =

∫
−fdµ̃f + P(f)

which, in view of Theorem 2.1.7, implies that µ̃f is an equilibrium state
for the potential f .
To prove uniqueness of the equilibrium state we suppose that ν̃ is an

equilibrium state for the potential f : E∞ → IR and ν̃ �= µ̃f . Applying
the ergodic decomposition theorem, we may assume that ν̃ is ergodic.
Then, using (2.3), we have for every n ≥ 1

0 = n(hν̃(σ) +
∫
(f − P(f))dν̃) ≤ Hν̃(αn) +

∫
(Snf − P(f)n)dν̃

= −
∑
|ω|=n

ν̃([ω])

(
log ν̃([ω]) − 1

ν̃([ω])

∫
[ω]

(Snf − P(f)n)dν̃

)
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≤ −
∑
|ω|=n

ν̃([ω]) (log ν̃([ω]) − (Snf(τω)− P(f)n))

for a suitable τω ∈ [ω]

= −
∑
|ω|=n

ν̃([ω]) (log[ν̃([ω]) exp(P(f)n− Snf(τω))])

≤ −
∑
|ω|=n

ν̃([ω])
(
log[ν̃([ω])(µf ([ω])Q)−1]

)

= logQ−
∑
|ω|=n

ν̃([ω]) log
(
ν̃([ω])
µ̃f ([ω])

)
.

Therefore, in order to conclude the proof, it suffices to show that

lim
n→∞


−

∑
|ω|=n

ν̃([ω]) log
(
ν̃([ω])
µ̃f ([ω])

) = −∞.

Since both measures ν̃ and µ̃f are ergodic and ν̃ �= µ̃f , the measures ν̃
and µ̃f must be mutually singular. In particular,

lim
n→∞ ν̃

({
ω ∈ E∞ :

ν̃([ω|n])
µ̃f ([ω|n]) ≤ S

})
= 0

for every S > 0. For every j ∈ ZZ and every n ≥ 1, set

Fn,j =
{
ω ∈ E∞ : e−j ≤ ν̃([ω|n])

µ̃f ([ω|n]) < e−j+1

}
.

Then

ν̃(Fn,j) =
∫
Fn,j

ν̃([ω|n])
µ̃f ([ω|n])dµ̃f (ω) ≤ e−j+1µ̃f (Fn,j) ≤ e−j+1.

Notice

−
∑
|ω|=n

ν̃([ω]) log
(
ν̃([ω])
µ̃f ([ω])

)
=−
∫

log
(
ν̃([ω|n])
µ̃f ([ω|n])

)
dν̃(ω) ≤

∑
j∈ZZ

jν̃(Fn,j).

Now, for each k = −1,−2,−3, . . . we have

−
∑
|ω|=n

ν̃([ω]) log
(
ν̃([ω])
µ̃f ([ω)

)
≤ k

∑
j≤k

ν̃(Fn,j) +
∑
j≥1

je−j+1

= kν̃

({
ω ∈ E∞ :

ν̃([ω|n])
µ̃f ([ω|n]) ≥ e−k

})

+
∑
j≥1

je−j+1.
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Thus, we have for each negative integer k,

lim sup
n→∞


−

∑
|ω|=n

ν̃([ω]) log
(
ν̃([ω])
µ̃f ([ω])

) ≤ k +
∑
j≥1

je−j+1.

Now, letting k go to −∞ completes the proof. �

2.3 Perron–Frobenius operator

In this section we collect some basic properties of the Perron–Frobenius
operator. This operator is ultimately applied (see Theorem 2.7.3 and
Corollary 2.7.4) to prove the existence of Gibbs states. It is also used
to demonstrate several stochastic laws of Gibbs states and the real ana-
lyticity of topological pressure. The key facts in this section making
possible further work are Theorem 2.3.4 and Theorem 2.3.5. We start
with the following technical result usually referred to as a bounded dis-
tortion lemma.

Lemma 2.3.1 If g : E∞ → CI and Vα(g) < ∞, then for all n ≥ 1, for
all ω, τ ∈ E∞ and all ρ ∈ En with Aρnω1 = Aρnτ1 = 1, we have

|Sng(ρω) − Sng(ρτ)| ≤ Vα(g)
eα − 1

dα(ω, τ).

Proof. We have

|Sng(ρω)− Sng(ρτ)| ≤
n−1∑
i=0

|g(σi(ρω)) − g(σi(ρτ))|

≤
n−1∑
i=0

eαVα(g)dα(σi(ρω), σi(ρτ))

≤ eαVα(g)
n−1∑
i=0

e−α(n−i)dα(ω, τ)

= Vα(g)
1

1 − e−α
dα(ω, τ)

Vα(g)
eα − 1

dα(ω, τ).

�
We set

T (g) = exp
(
Vα(g)
eα − 1

)
,

We suppress the dependence on α. From now on throughout this section
f : E∞ → IR is assumed to be a bounded Hölder continuous function
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with an exponent β > 0 and is assumed to satisfy∑
e∈I

exp(sup(f |[e])) < ∞. (2.16)

Functions f satisfying this condition will be called in the sequel sum-
mable. We note that if f has a Gibbs state, then f is summable.
This requirement allows us to define the Perron–Frobenius operator Lf :
Cb(E∞) → Cb(E∞), acting on the space of bounded continuous func-
tions Cb(E∞) provided with || · ||0, the uniform norm, as follows:

Lf (g)(ω) =
∑

e∈I:Aeω1=1

exp(f(eω))g(eω).

Then ||Lf ||0 ≤∑e∈I exp(sup(f |[e])) < ∞ and for every n ≥ 1,

Lnf (g)(ω) =
∑

τ∈En:Aτnω1=1

exp
(
Snf(τω)

)
g(τω).

The conjugate operator L∗
f acting on the spaceC∗

b (E
∞) has the following

form:

L∗
f (µ)(g) = µ(Lf (g)) =

∫
Lf (g)dµ.

From now on throughout this section we also assume m̃ is a probability
measure defined on the Borel subsets of E∞ which is an eigenmeasure
of the conjugate operator L∗

f : C∗
b (E

∞) → C∗
b (E

∞). The corresponding
eigenvalue is denoted by λ. Since Lf is a positive operator, λ ≥ 0.
Obviously L∗n

f (m̃) = λnm̃. The integral version of this equality takes
on the following form∫ ∑

τ∈En:Aτnω1=1

exp
(
Snf(τω)

)
g(τω)dm̃(ω) = λn

∫
gdm̃, (2.17)

for every function g ∈ Cb(E∞). In fact this equality extends to the space
of all bounded Borel functions on E∞. In particular, taking ω ∈ E∗, say
ω ∈ En, a Borel set B ⊂ E∞ such that Aωnτ1 = 1, for every τ ∈ B, and
g = 11ωB, we obtain from (2.17)

λnm̃(ωB) =
∫ ∑

τ∈En:Aτnρ1=1

exp
(
Snf(τρ)

)
11ωB(τρ)dm̃(ρ)

=
∫
{ρ∈B:Aωnρ1=1}

exp
(
Snf(ωρ)

)
dm̃(ρ)

=
∫
B

exp
(
Snf(ωρ)

)
dm̃(ρ)

(2.18)
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Remark 2.3.2 Note that if (2.18) holds, then by representing a Borel
set B ⊂ E∞ as a union

⋃
ω∈En [ωBω], where Bω = {α ∈ E∞ : Aωnα1 =

1 and ωα ∈ B}, a straightforward calculation based on (2.18) demon-
strates that (2.17) is satisfied for the characteristic function 11B of the
set B. Next, it follows from standard approximation arguments that
(2.17) is satisfied for all m̃-integrable functions g. Finally, we note that
m̃ is an eigenmeasure of the conjugate operator L∗

f if and only if formula
(2.18) is satisfied.

Theorem 2.3.3 If the incidence matrix is finitely irreducible, then the
eigenmeasure m̃ is a Gibbs state for f . In addition, λ = eP(f).

Proof. It immediately follows from (2.18) and Lemma 2.3.1 that for
every ω ∈ E∗ and every τ ∈ [ω]

m̃([ω]) ≤ λ−nT (f) exp
(
Snf(τ)

)
= T (f) exp

(
Snf(τ) − n logλ

)
, (2.19)

where n = |ω|. On the other hand, let Λ be a minimal set which witnesses
the finite irreducibility of A. For every α ∈ Λ, let

Eα = {τ ∈ E∞ : ωατ ∈ E∞}.
By the definition of Λ,

⋃
α∈Λ Eα = E∞. Hence, there exists γ ∈ Λ such

that m̃(Eγ) ≥ (#Λ)−1. Writing p = |γ| we therefore have

m̃([ω]) ≥ m̃([ωγ]) = λ−(n+p)

∫
ρ∈E∞:Aγpρ1=1

exp
(
Sn+pf(ωγρ)

)
dm̃(ρ)

= λ−(n+p)

∫
ρ∈E∞:Aγpρ1=1

exp
(
Snf(ωγρ)

)
exp
(
Spf(γρ)

)
dm̃(ρ)

≥ λ−n exp
(
min{inf(S|α|f |[α]) : α ∈ Λ} − p logλ

)
×
∫
ρ∈E∞:Aγpρ1=1

exp
(
Snf(ωγρ)

)
dm̃(ρ)

= Cλ−n
∫
Eγ

exp
(
Snf(ωγρ)

)
dm̃(ρ)

≥ CT (f)−1λ−nm̃(Eγ) exp
(
Snf(τ)

)
≥ CT (f)−1(#Λ)−1 exp

(
Snf(τ) − n logλ

)
,

(2.20)

where C = exp
(
min{inf(S|α|f |[α]) : α ∈ Λ} − p logλ

)
. Thus m̃ is a

Gibbs state for f . The equality λ = eP(f) follows now immediately from
Proposition 2.2.2. �
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In most of our work concerning the Perron–Frobenius operator and its
applications we will deal with the following normalized version of it.

L0 = e−P(f)Lf .

The first result concerning the normalized Perron–Frobenius operator is
the following.

Theorem 2.3.4 If a function f : E∞ → IR has a Gibbs state with ratio
bounding constant Q, then for every n ≥ 1 and every ω ∈ In

Ln0 (11)(ω) ≤ Q.

Thus, for all g ∈ Cb(E∞), ||Ln0 (g)||0 ≤ Q||g||0.

Proof. Let ν be a Gibbs measure for f . In view of Lemma 2.3.1 and
the definition of Gibbs states we get

Ln0 (11)(ω) =
∑

τ∈σ−n(ω)

exp
(
Snf(τ) − P(f)n

)

≤
∑

τ∈σ−n(ω)

Qν([τ |n]) ≤ Qν(σ−n([ω])) ≤ Q.

�

We emphasize that in Theorem 2.3.4 we assumed only the existence of a
Gibbs state and not an eigenmeasure of the conjugate Perron–Frobenius
operator. We shall now prove the following.

Theorem 2.3.5 Suppose Λ is a finite set of words witnessing the finite
irreducibility of the incidence matrix. Let M be the maximal length of a
word in Λ. Then there exists a constant R > 0 such that

n+M∑
j=n

Lj0(11)(ω) ≥ R,

for all n ≥ 1 and all ω ∈ E∞.

Proof. It follows from (2.17) and Theorem 2.3.3 that
∫ Lk0(11)dm̃ = 1

for all k ≥ 1. So, for every k ≥ 1, there exists γ(k) ∈ E∞ such that
Lk0(11)(γ(k)) ≥ 1. Since Λ is finite and f is Hölder continuous, we have

N = min{exp(inf(S|α|f |[α]) − |α|P(f)) : α ∈ Λ} > 0.
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Let n ≥ 1 and let τ ∈ E∞. Thus,

n+M∑
j=n

Lj0(11)(τ) =
n+M∑
j=n

∑
ω∈Ej :Aωjτ1=1

exp
(
Sjf(ωτ) − P(f)j

)
.

For each ω ∈ En choose α(ω, τ) ∈ Λ such that ωα(ω, τ)τ is admissible.
Thus,

n+M∑
j=n

Lj0(11)(τ) ≥
∑
ω∈En

exp
(
Sn+|α(ω,τ)|f(ωα(ω, τ)τ) − P(f)(n+ |α(ω, τ)|))

≥
∑
ω∈En

exp
(
Snf(ωα(ω, τ)τ) − P(f)n

)
× exp

(
S|α(ω,τ)|f(α(ω, τ)τ) − P(f)|α(ω, τ)|)

≥ N
∑
ω∈En

exp
(
Snf(ωα(ω, τ)τ) − P(f)n

)
.

Noting that if Aωnγ(n)1 = 1 then

exp
(
Snf(ωα(ω, τ)τ) − P(f)n

) ≥ (Tf)−1 exp
(
Snf(ωγ(n))− P(f)n

)
,

we have

n+M∑
j=n

Lj0(11)(τ) ≥ N(Tf)−1
∑

ω∈En:Aωnγ(n)1=1

exp
(
Snf(ωγ(n))− P(f)n

)
≥ N(Tf)−1Ln0 (11)(γ(n)) ≥ NT (f)−1.

�

Remark: if in theorem 2.3.5 we assume A is finitely primitive then
there is a constant R > 0 such that Ln0 (11)(ω) ≥ R for all n and ω.

Theorem 2.3.6 If the incidence matrix is finitely irreducible, then the
conjugate operator L∗

0 fixes at most one Borel probability measure.

Proof. Suppose that m̃ and m̃1 are such two fixed points. In view
of Proposition 2.2.2(b) and Theorem 2.3.3, the measures m̃ and m̃1 are
equivalent. Consider the Radon-Nikodym derivitive ρ = dm̃1

dm̃ . Tempor-
arily fix

ω ∈ E∗, say ω ∈ En.
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It then follows from (2.18) and Theorem 2.3.3 that

m̃([ω]) =
∫
τ∈E∞:Aωnτ1=1

exp
(
Snf(ωτ) − P(f)n

)
dm̃(τ)

=
∫
τ∈E∞:Aωnτ1=1

exp
(
Sn−1f(σ(ωτ)) − P(f)(n− 1)

)
× exp

(
f(ωτ) − P(f)

)
dm̃(τ)

=
∫
τ∈E∞:A(σ(ω))n−1τ1=1

exp
(
Sn−1f(σ(ωτ)) − P(f)(n− 1)

)
× exp

(
f(ωτ) − P(f)

)
dm̃(τ).

Thus,

inf
(
exp
(
f |[ω]−P(f)

))
m̃([σω]) ≤ m̃([ω]) ≤ sup

(
exp
(
f |[ω]−P(f)

))
m̃([σω]).

Since f : E∞ → IR is Hölder continuous, we therefore conclude that for
every ω ∈ E∞

lim
n→∞

m̃
(
[ω|n]

)
m̃
(
[σ(ω)|n−1]

) = exp
(
f(ω) − P(f)

)
(2.21)

and the same formula is true with m̃ replaced by m̃1. Using The-
orem 2.3.3 and Theorem 2.2.4, there exists a set of points ω ∈ E∞

with m̃ measure 1 for which the Radon-Nikodym derivatives ρ(ω) and
ρ(σ(ω)) are both defined. Let ω ∈ E∞ be such a point. Then from
(2.21) and its version for m̃1 we obtain

ρ(ω) = lim
n→∞

(
m̃1

(
[ω|n]

)
m̃
(
[ω|n]

)
)

= lim
n→∞

(
m̃1

(
[ω|n]

)
m̃1

(
[σ(ω)|n−1]

) · m̃1

(
[σ(ω)|n−1]

)
m̃
(
[σ(ω)|n−1]

) · m̃
(
[σ(ω)|n−1]

)
m̃
(
[ω|n]

)
)

= exp
(
f(ω) − P(f)

)
ρ(σ(ω)) exp

(
P(f)− f(ω)

)
= ρ(σ(ω)).

But according to Theorem 2.2.4, σ : E∞ → E∞ is ergodic with respect
to a σ-invariant measure equivalent with m̃. We conclude that ρ is
m̃-almost everywhere constant. Since m̃1 and m̃ are both probability
measures, m̃1 = m̃. �

2.4 Ionescu-Tulcea and Marinescu inequality

In this section we prove in our context the famous Tulcea-Ionescu and
Marinescu inequality (see Lemma 2.4.1). It is our aim to obtain a
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spectral picture and the rate of convergence of the iterates of the Perron–
Frobenius operator and, in the next section, some important stochastic
laws. Let

H0 = {g : E∞ → CI : g is bounded and continuous}

and for every α > 0, let

Hα = {g ∈ H0 : Vα(g) < ∞}.

The set Hα becomes a Banach space when endowed with the norm

‖g‖α = ‖g‖0 + Vα(g).

The subclass of Hα consisting of summable functions will be denoted by
Hs
α. The main technical result of this section, called the Ionescu-Tulcea

and Marinescu inequality, is the following.

Lemma 2.4.1 Let f : E∞ → IR be a summable Hölder continuous func-
tion with an exponent β > 0 and suppose f has a Gibbs state. Then the
normalized operator L0 : H0 → H0 preserves the space Hβ. Moreover,
there exists a constant C > 0 such that for every n ≥ 1 and every
g ∈ Hβ ,

||Ln0 (g)||β ≤ Qe−βn||g||β + C||g||0.

Proof. Let τ, ρ ∈ E∞, τ |k = ρ|k and τk+1 �= ρk+1 for some k ≥ 1. Then
for every n ≥ 1

Ln0 (g)(ρ) − Ln0 (g)(τ)
=

∑
ω∈En:Aωnρ1=1

exp(Snf(ωρ)− P(f)n)g(ωρ)−
∑

ω∈En:Aωnρ1=1

× exp(Snf(ωτ) − P(f)n)g(ωτ)

=
∑

ω∈En:Aωnρ1=1

exp(Snf(ωρ)− P(f)n)
(
g(ωρ) − g(ωτ)

)

+
∑

ω∈En:Aωnρ1=1

g(ωτ)
(
exp(Snf(ωρ)− P(f)n)

− exp(Snf(ωτ) − P(f)n)
)
.

(2.22)
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But |g(ωρ) − g(ωτ)| ≤ Vβ(g)e−β(n+k), and therefore, employing The-
orem 2.3.4, we obtain∑

ω∈En:Aωnρ1=1

exp(Snf(ωρ)− P(f)n)|g(ωρ)− g(ωτ)|

≤ Ln0 (11)(ρ)Vβ(g)e−β(n+k)

≤ QVβ(g)e−β(n+k) ≤ e−βnQ||g||βdβ(ρ, τ)

(2.23)

Now notice that there exists a constant M ≥ 1 such that |1 − ex| ≤
M |x| for all x with |x| ≤ log(T (f)). Since by Lemma 2.3.1 |Snf(ωρ) −
Snf(ωτ)| ≤ dβ(ρ, τ) log(T (f)) ≤ log(T (f)), we can make the following
estimate:

| exp(Snf(ωρ)− P(f)n)− exp(Snf(ωτ)− P(f)n)|
= exp(Snf(ωρ)− P(f)n)|1 − exp(Snf(ωτ) − Snf(ωρ))|
≤ M exp(Snf(ωρ)− P(f)n)|Snf(ωρ)− Snf(ωτ)|
≤ M exp(Snf(ωρ)− P(f)n) log(T (f))dβ(ρ, τ)

=M log(T (f)) exp(Snf(ωρ)− P(f)n)dβ(ρ, τ).

So, using Theorem 2.3.4 again, we get∑
ω∈En:Aωnρ1=1

|g(ωτ)|| exp(Snf(ωρ)− P(f)n)− exp(Snf(ωτ) − P(f)n)|

≤ ||g||0M log(T (f))dβ(ρ, τ)
∑

ω∈En:Aωnρ1=1

exp(Snf(ωρ)− P(f)n)

= ||g||0M log(T (f))dβ(ρ, τ)Ln0 (11)(ρ) ≤ MQ log(T (f))||g||0dβ(ρ, τ).
Combining this inequality, (2.23) and (2.22), we get

|Ln0 (g)(ρ)−Ln0 (g)(τ)| ≤ e−βnQ||g||βdβ(ρ, τ)+MQ log(T (f))||g||0dβ(ρ, τ).
Combining in turn this and Theorem 2.3.4 we get

||Ln0 (g)||β ≤ Qe−βn||g||β +Q(M log(T (f)) + 1)||g||0.
�

Remark 2.4.2 We remark that the proof of Lemma 2.4.1 used only a
“weaker” property of Gibbs states, namely the right-hand side inequality
of (2.3).

If the unit ball in Hβ were compact as a subset of the Banach space
H0 with the supremum norm || · ||0, we could use now the famous
Ionescu-Tulcea and Marinescu theorem (see [ITM]) to establish some



34 Symbolic Dynamics

useful spectral properties of the Perron–Frobenius operator L0. But this
ball is compact only in the topology of uniform convergence on compact
subsets of E∞ and we need to prove these spectral properties directly
as we cannot apply the Ionescu-Tulcea and Marinescu theorem. Next,
we introduce and important fixed point ψ for L0.

Theorem 2.4.3 Suppose a summable Hölder continuous function f :
E∞ → IR with an exponent β > 0 has a Gibbs state and the operator
conjugate to the normalized Perron–Frobenius operator L0 fixes a Borel
probability measure m̃. Then the operator L0 : Hβ → Hβ has a fixed
point ψ ≤ Q such that

∫
ψdm̃ = 1. If, in addition, the incidence matrix

A is finitely primitive then ψ ≥ R, where R is the constant produced in
Theorem 2.3.5.

Proof. In view of Lemma 2.4.1, ‖Ln0 (11)‖β ≤ Q+ C for every n ≥ 0.
Thus,

∥∥∥∥∥∥
1
n

n−1∑
j=0

Lj0(11)
∥∥∥∥∥∥
β

≤ Q+ C (2.24)

for every n ≥ 1. Therefore, by the Ascoli–Arzelá theorem, there exists
a strictly increasing sequence of positive integers {nk}k≥1 such that the

sequence
{

1
nk

∑nk−1
j=0 Lj0(11)

}
k≥1

converges uniformly on compact sets

of E∞ to ψ : E∞ → IR. Obviously, ||ψ||β ≤ Q + C and, in particular
ψ ∈ Hβ . Since m̃ is a fixed point of the operator conjugate to L0,∫ Lj0(11)dm̃ = 1 for every j ≥ 0. Consequently,

∫
1
n

∑n−1
j=0 Lj0(11)dm̃ =

1 for every n ≥ 1. So, applying Lebesgue’s dominated convergence
theorem along with Theorem 2.3.4, we conclude that

∫
ψdm̃ = 1 and

ψ ≤ Q. Assuming in addition that the incidence matrix A is finitely
primitive, using Theorem 2.3.5, we simultaneously get ψ ≥ R. It remains
to show that L0(ψ) = ψ. Indeed, using Theorem 2.3.4, we get for every
k ≥ 1 that

∥∥∥∥∥∥L0


 1
nk

nk−1∑
j=0

Lj0(11)

− 1

nk

nk−1∑
j=0

Lj0(11)
∥∥∥∥∥∥

0

=
1
nk

‖Lnk
0 (11)− L0(11)|0

≤ 1
nk
Q.
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Thus,

L0


 1
nk

nk−1∑
j=0

Lj0(11)

− 1

nk

nk−1∑
j=0

Lj0(11) → 0 (2.25)

uniformly. Therefore, in order to conclude the proof it suffices to show
that if a sequence {gk}∞k=1 ⊂ H0 is uniformly bounded and converges
uniformly on compact sets of E∞ to a function g, then L0(gk), k ≥ 1,
converges uniformly on compact sets of E∞ to L0(g). To see this, first
notice that ‖g‖0 ≤ B, where B is an upper bound of the sequence
{gk}∞k=1. Now, fix ε > 0. Since f has a Gibbs state, the series M =∑
i∈I exp

(
sup(f |[i]) − P

)
converges, where P is the pressure of f and

therefore there exists a finite set Iε ⊂ I such that∑
i∈I\Iε

2B exp
(
sup(f |[i])− P

)
<
ε

2
. (2.26)

Fix an arbitrary compact set K ⊂ E∞. Then for every i ∈ I, the
set iK = {iω : ω ∈ K and Aiω1 = 1} is also compact and so is the
set
⋃
i∈Iε

iK. Since {gk}∞k=1 converges uniformly on compact sets to g,
there exists q ≥ 1 such that for every n ≥ q, ‖(gn − g)|⋃

i∈Iε
iK‖0 ≤ ε

2M .
Applying this, Theorem 2.3.4 and (2.26), we get for every n ≥ q and
every ω ∈ K that

|L0(g)(ω) − L0(gn)(ω)| = |L0(g − gn)(ω)|
≤

∑
i∈Iε:Aiω1=1

|gn(iω)− g(iω)| exp(f(iω)− P)

+
∑

i∈I\Iε:Aiω1=1

|gn(iω) − g(iω)| exp(f(iω)− P)

≤
∑

i∈Iε:Aiω1=1

ε

2M
exp(f(iω)− P)

+
∑

i∈I\Iε:Aiω1=1

|gn(iω)− g(iω)| exp(f(iω)− P)

≤ ε

2M

∑
i∈I

exp
(
sup(f |[i])− P

)
+ 2B

∑
i∈I\Iε:Aiω1=1

exp
(
sup(f |[i]) − P

)

≤ ε

2
+
ε

2
= ε.

�
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From now on we assume in this section that the incidence matrix A is
finitely primitive. Then ψ ≥ R and therefore the weighted normalized
Perron–Frobenius operator TT : H0 → H0 given by the formula

TT (g) =
1
ψ

L0(gψ) (2.27)

is well defined. It is straightforward to check that TT (Hβ) ⊂ Hβ (i.e./
1/ψ and the product of any two functions in Hβ are again in Hβ).
The basic properties of the operator TT which follow from Lemma 2.4.1,
Theorem 2.3.5 and Theorem 2.4.3 are listed below.

Theorem 2.4.4 Suppose a summable Hölder continuous function f :
E∞ → IR with an exponent β > 0 has a Gibbs state and the matrix A
is finitely primitive. Defining the balancing functions

un(ω) = exp(Snf(ω)− Pn)
ψ(ω)

ψ(σn(ω))
, n ≥ 1,

we have for all g ∈ Hβ and all n ≥ 1

(a) TT n(g)(ω) = 1
ψ(ω)Ln0 (gψ)(ω) =

∑
τ∈En:Aτnω1=1 un(τω)g(τω).

(b) TT n(11) = 11 and ||TT n||0 = 1.
(c) M = supn≥1{||TT n||β} < ∞.
(d) TT ∗(µ̃f ) = µ̃f . In particular the closed subspaces H0

0 = {g ∈ H0 :
µ̃f (g) = 0} and H0

β = {g ∈ Hβ : µ̃f (g) = 0} are TT -invariant.
(e) Hβ = IR11 ⊕ H0

β (g = µ̃f (g)11 + (g − µ̃f (g)11)).

Denote

H0,1
β = {g ∈ H0

β : ||g||β ≤ 1}.
We shall prove the following.

Lemma 2.4.5 For each n ≥ 0 let

bn = sup{||TT n(g)||β : g ∈ H0,1
β }.

Then limn→∞ bn = 0.

Proof. Define for every n ≥ 0

an = sup{||TT n(g)||0 : g ∈ H0,1
β }.

It immediately follows from Theorem 2.4.4(b) that the sequence {an}n≥1

is nonincreasing. We shall show first that

lim
n→∞ an = 0.
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Let Λ be a finite set of words of length q witnessing the primitivity of
the incidence matrix A. For every α ∈ Λ fix a word α ∈ E∞ such that
α|q = α. Suppose now on the contrary that a = limn→∞ an > 0. By
Theorem 2.4.4(c), supn≥0 bn ≤ M < ∞. Therefore, there exists k ≥ 0
such that if ω|k = τ |k, then

|TT n(g)(τ) − TT n(g)(ω)| ≤ a/2 (2.28)

for all g ∈ H0,1
β and all n ≥ 0. Let a = min{a, 1}. Since the measure µ̃f

is regular, there exists a compact set Y ⊂ E∞ such that µ̃f (Y ) ≥ 1− a
8 .

Fix now g ∈ H0,1
β and n ≥ 0. Suppose that TT n(g)(τ) > a/4 for all

τ ∈ Y . Since
∫
TT ng dµ̃f = 0 and since ||TT n(g)||0 ≤ ||g||0 ≤ 1, we find

0 =
∫
Y

TT ng dµ̃f +
∫
Y c

TT ng dµ̃f ≥ a

4

(
1 − a

8

)
− a

8
≥ a

4

(
1 − a

4

)
− a

8

=
a

8
− a2

16
> 0.

This contradiction shows that TT n(g)(τ) ≤ a/4 for some τ ∈ Y (depend-
ing on g and n). Fix this τ . Notice now that for every ω ∈ E∞ there
exists α(ω) ∈ Λ such that ρ(ω) = τ |kα(ω)ω is in E∞. It follows from
(2.28) that

TT n(g)(ρ(ω)) ≤ TT n(g)(τ) +
a

2
≤ 3

4
a ≤ an − a

4
. (2.29)

Put p = q + k. Since ρ(ω)|k = τ |k, applying Lemma 2.3.1 we get

up(ρ(ω))
up(τ)

= exp
(
Sq+kf(ρ(ω)) − Sq+kf(τ)

)ψ(ρ(ω))ψ(σp(τ))
ψ(τ)ψ(σp(ρ(ω)))

≥ R2

Q2
exp
(
Skf(ρ(ω)) − Skf(τ)

)
× exp

(
Sqf(ρ(σk(ω))) − Sqf(σk(τ))

)
≥ R2Q−2T (f)−1 exp

(
Sqf(α(ω)ω)

)
exp(−q sup(f))

≥ R2Q−2T (f)−2 exp
(
Sqf(α(ω)

)
exp(−q sup(f))

≥ R2Q−2T (f)−2 exp
(
max{Sqf(α) : α ∈ Λ}) exp(−q sup(f)),

where sup(f) < +∞ due to (2.16). Denoting the last (constant) ex-
pression appearing in this formula by U , we get up(ρ(ω)) ≥ Uup(τ) ≥
U inf(up|Y ) > 0 since up is positive continuous and Y is compact. Thus,
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using (2.29), we get

TT p(TT ng)(ω) = TT ng(ρ)up(ρ(ω)) +
∑

η∈σ−p(ω)\{ρ(ω)}
TT ng(η)up(η)

≤
(
an − a

8

)
up(ρ(ω)) + an

∑
η∈σ−p(ω)\{ρ(ω)}

up(η)

= an − a

8
up(ρ(ω)) ≤ an − a

8
U inf(up|Y ).

Similarly we get TT p(TT ng)(ω) ≥ −an+ a
4U inf(up|Y ) and in consequence,

||TT p+ng||0 ≤ an − a
2U inf(up|Y ) or

||TT ng||0 ≤ an−p − a

2
U inf(up|Y )

for every n ≥ p. Taking the supremum over all g ∈ H0,1
β , we find

an ≤ an−p − a
4U inf(up|Y ). So, a = limn→∞ an ≤ limn→∞

(
an−p −

a
4U inf(up|Y )

)
= a − a

4U inf(up|Y ) < a. This contradiction shows that
limn→∞ an = 0.
Fix now ε > 0 and then an integer v ≥ 1 so large that av ≤ ε

2C and
Qe−βnM ≤ ε/2 for all n ≥ v. Then, in view of Lemma 2.4.1 for every
n ≥ 2v and every g ∈ H0,1

β we get

||TT ng||β ≤ ||TT n−v(TT vg)||β ≤ Qe−β(n−v)||TT vg||β + C||TT vg||0
≤ ε

2M
+ Cav ≤ ε.

So, bn ≤ ε. �

Theorem 2.4.6 Suppose that f : E∞ → IR is a summable Hölder con-
tinuous function, say with an exponent β > 0. Suppose also that the
normalized conjugate Perron–Frobenius operator L∗

0 has a Borel prob-
ability fixed point m̃f . Assume that the incidence matrix A is finitely
primitive. Then there exist constants M > 0 and 0 < γ < 1 such that
for every g ∈ Hβ and every n ≥ 0

(a)

‖TT n(g) −
∫
g dµ̃f‖β ≤ Mγn‖g‖β

and
(b)

‖Ln0 (g) − (
∫
g dm̃f )ψ‖β ≤ Mγn‖g‖β
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where TT is the operator defined by (2.27), ψ is the fixed point for L0 and
µ̃f is the unique invariant Gibbs state of the potential f whose existence
and uniqueness follow from Theorem 2.2.4 and Theorem 2.3.3.

Proof. Lemma 2.4.5 says that limn→∞ ‖TT |nH0
β
‖β = 0. Thus, there ex-

ists q ≥ 1 such that ‖TT |qH0
β
‖β ≤ (1/2). By induction we have ‖TT |qnH0

β
‖β ≤

(1/2)n. Consider now an arbitrary n ≥ 0 and write n = pq + r,
0 ≤ r ≤ q − 1. Then, using in addition Theorem 2.4.4(c), we get for
every ζ ∈ H0

β

‖TT nζ‖β = ‖TT pq(TT rζ)‖β ≤ (1/2)p‖TT rζ‖β ≤ M(1/2)p =M(1/2)
n−r

q

≤ M(1/2)
n−q+1

q =M(1/2)
1−q

q (1/2)
n
q

and therefore for every n ≥ 0, ‖TT |nH0
β
‖β ≤ M(1/2)

1−q
q γn, where γ =

(1/2)1/q < 1. If now g ∈ Hβ , then g − µ̃f (g) ∈ H0
β and ‖g − µ̃f (g)‖β ≤

‖g‖β + ‖µ̃f (g)‖β ≤ 2‖g‖β. Thus, for every n ≥ 0

‖TT n(g − µ̃f (g))‖β ≤ 22q−1/qMγn‖g‖β
and the proof of Theorem 2.4.6(a) is complete. Part (b) is an immediate
consequence of part (a). �

The next proposition, the last result of this section, explains the real dy-
namical meaning of the fixed points of the normalized Perron–Frobenius
operator L0.

Proposition 2.4.7 Assume that the operator conjugate to the normal-
ized Perron–Frobenius operator L0 = e−P(f)Lf has a Borel probability
fixed point m̃. Let

Fix(L0) = {g ∈ L1(m̃) : L0(g) = g,

∫
gdm̃ = 1, and g ≥ 0}

and let

AI(m̃) = {g ∈ L1(m̃) : gm̃ ◦ σ−1 = gm̃,

∫
gdm̃ = 1, and g ≥ 0}

denote the invariant absolutely continuous probability density functions.
Then Fix(L0) = AI(m̃).

Proof. It follows from (2.21) that for every i ∈ I and every ω ∈ E∞

with Aiω1 = 1, we have

dm̃ ◦ i
dm̃

(ω) = exp
(
f(iω)− P(f)

)
,
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where we treat i : {ω ∈ E∞ : Aiω1 = 1} → E∞ as the map defined
by the formula i(ω) = iω. Therefore, the Perron–Frobenius operator L0

sends the density of a measure µ̃ absolutely continuous with respect to
m̃ to the density of the measure µ̃ ◦ σ−1. The proposition follows. �

2.5 Stochastic laws

In this section, in a fashion somewhat similar to section 3 of [DU1], we
reap some of the fruits coming from the work done in the two preced-
ing sections. Let Γ be a finite or countable measurable partition of a
probability space (Y,F , ν) and let S : Y → Y be a measure preserving
transformation. For 0 ≤ a ≤ b ≤ ∞, set Γba =

∨
a≤l≤b S

−lΓ. The
measure ν is said to be absolutely regular with respect to the filtration
defined by Γ, if there exists a sequence β(n) ↘ 0 such that∫

Y

sup
a

sup
A∈Γ∞

a+n

|ν(A|Γa0) − ν(A)|dν ≤ β(n).

The numbers β(n), n ≥ 1, are called coefficients of absolute regularity.
Let α be the partition of E∞ into initial cylinders of length 1. Using
Theorem 2.4.6, and proceeding exactly as in the proof of [Ry, §3 of
Theorem 2.5] we derive the following (with the notation of previous
sections).

Theorem 2.5.1 The measure µ̃f is absolutely regular with respect to
the filtration defined by the partition α. The coefficients of absolute
regularity decrease to 0 at an exponential rate.

Theorem 2.5.1 says in particular that the dynamical system (σ, µ̃f ) is
weak-Bernoulli (see [Or]). As an immediate consequence of this theorem
and the results proved in [Or] we get the following.

Theorem 2.5.2 The natural extension of the dynamical system (σ, µ̃f )
is isomorphic with some Bernoulli shift.

It follows from this theorem that the theory of absolutely regular pro-
cesses applies ([IL], [PS]). We sketch this application briefly. We say
that a measurable function g : E∞ → IR belongs to the space L∗(σ) if
there exist constants δ, γ,M > 0 such that

∫ ‖g‖2+δ
0 dµ̃f < ∞ and∫

‖g − Eµ̃f

(
g|(α)n)‖2+δ

0 dµ̃f ≤ Mn−2−γ
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for all n ≥ 1, where Eµ̃f

(
g|(α)n) denotes the conditional expectation

of g with respect to the partition (α)n and the measure µ̃f . L∗(σ) is
a linear space. It follows from Theorem 2.5.1, [IL] and [PS] that with
µ̃f (g) =

∫
g dµ̃f , the series

σ2 = σ2(g) =
∫
E∞

(g − µ̃f (g))2 dµ̃f

+ 2
∞∑
n=1

∫
E∞

(g − µ̃f (g))(g ◦ σn − µ̃f (g)) dµ̃f

is absolutely convergent and non-negative. The reader should not be
confused by two different meanings of the symbol σ: the number defined
above and the shift map. Then the process (g ◦ σn : n ≥ 1) exhibits an
exponential decay of correlations, and if σ2 > 0 it satisfies the central
limit theorem.

Theorem 2.5.3 If u, v ∈ L∗(σ) then there are constants C, θ > 0 such
that for every n ≥ 1 we have∫

(u− Eu)
(
(v − Ev) ◦ σn) dµf ≤ Ce−θn,

where Eu =
∫
u dµ̃f and Ev =

∫
v dµ̃f .

Theorem 2.5.4 If g ∈ L∗(σ) and σ2(g) > 0, then for all r

µ̃f

({
ω ∈ E∞ :

∑n−1
j=0 g ◦ σj(ω) − nEg√

n
< r

})

→ 1
σ(g)

√
2π

∫ r

−∞
e−t

2/2σ(g)2 dt.

A most fruitful geometric application is the almost sure invariance prin-
ciple and therefore we devote more time to it. This principle means that
one can redefine the process (g ◦ σn : n ≥ 1) on some probability space
on which there is defined a standard Brownian motion (B(t) : t ≥ 0)
such that for some λ > 0 we have µ̃f -a. e.∑

0≤j≤t

[
g ◦ σj − µ̃f (g)

]−B(σ2t) = O(t
1
2−λ).

Let h : [1,∞) −→ IR be a positive non-decreasing function. The function
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h is said to belong to the lower class if∣∣∣∣
∫ ∞

1

h(t)
t

exp
(−1

2
h(t)2

)
dt

∣∣∣∣ < ∞

and to the upper class if∫ ∞

1

h(t)
t

exp
(−1

2
h(t)2

)
dt = ∞.

Well-known results for Brownian motion imply (see Theorem A in [PS])
the following generalization of the law of the interated logarithm.

Theorem 2.5.5 If g ∈ L∗(σ) and σ2(g) > 0 then

µ̃f

(
{ω ∈ E∞ :

n−1∑
j=0

(
g(σj(ω)) − µ̃f (g)

)

> σ(g)h(n)
√
n for infinitely many n ≥ 1}

)

=

{
0 if h belongs to the lower class

1 if h belongs to the upper class.

Our last goal in this section is to provide a sufficient condition for a
function ψ to belong to the space L∗(σ).

Lemma 2.5.6 Each Hölder continuous function which has some finite
moment greater than 2 belongs to L∗(σ).

Proof. It suffices to show that any Hölder continuous function ψ :
E∞ → IR satisfies the requirement

∫ ‖ψ−Eµ̃f

(
ψ|(α)n)‖3

0 dµ̃f ≤ Mn−2−γ .
So, given n ≥ 1 suppose that ω, τ ∈ A for some A ∈ αn. In particu-
lar ω|n = τ |n. Hence |ψ(ω) − ψ(τ)| ≤ Vβ(ψ)e−βn which means that
ψ(τ) − Vβ(ψ)e−βn ≤ ψ(ω) ≤ ψ(τ) + Vβ(ψ)e−βn. Integrating these in-
equalities against the measure µ̃f and keeping ω fixed, we obtain∫
A

ψdµ̃f−Vβ(ψ)e−βnµ̃f (A) ≤ ψ(ω)µ̃f (A) ≤
∫
A

ψdµ̃f+Vβ(ψ)e−βnµ̃f (A).

Dividing these inequalities by µ̃f (A) we deduce that∣∣∣∣ψ(ω) − 1
µ̃f (A)

∫
A

ψdµ̃f

∣∣∣∣ ≤ Vβ(ψ)e−βn.

Thus,
∫ ‖ψ(ω)−Eµ̃f

(
ψ|(α)n)‖3

0 dµ̃f ≤ Vβ(ψ)3e−3βn and we are done. �
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2.6 Analytic properties of pressure and the
Perron–Frobenius operator

In this section Kβ is the space of all complex-valued Hölder continuous
functions of order β on E∞ and

Ksβ = {f ∈ Kβ :
∑
i∈I

exp
(
sup(Re(f |[i]))

)
< ∞}.

L(Kβ) denotes the space of all bounded (continuous) operators on Kβ .
We give a complete detailed proof of the real analyticity of the Perron–
Frobenius operator, cf. [EM], [HMU] and [UZi]. We start with the
following.

Lemma 2.6.1 If for every ω ∈ E∞, the function t �→ ft(ω) ∈ CI is
holomorphic on a domain G ⊂ CI and the map t �→ Lft ∈ L(Kβ) is
continuous on G, then the map t �→ Lft ∈ L(Kβ) is holomorphic on G.

Proof. Let γ ⊂ G be a simple closed, contractible in G, rectifiable
curve. Fix g ∈ Kβ and ω ∈ E∞. Let W ⊂ G be a bounded open set
such that γ ⊂ W ⊂ W ⊂ G. Since for each e ∈ I such that Aeω1 = 1,
the function t �→ g(eω) exp

(
ft(ω)

) ∈ CI, t ∈ G, is holomorphic and since
for every t ∈ W

‖
∑

e:Aeω1=1

g(eω) exp
(
ft(ω)

)‖∞ ≤ ‖
∑

e:Aeω1=1

g(eω) exp
(
ft(ω)

)‖β
≤ ‖g‖β sup{‖Lfz‖β : z ∈ W} < ∞

by compactness of W and continuity of t �→ Lft , we conclude that the
function

t �→ Lft(g)(ω) =
∑

e:Aeω1=1

g(eω) exp
(
ft(ω)

) ∈ CI, t ∈ W,

is holomorphic. Hence by Cauchy’s theorem
∫
γ Lftg(ω)dt = 0. Since

the function t �→ Lftg ∈ Kβ is continuous, the integral
∫
γ
Lftgdt exists,

and for every ω ∈ E∞, we have
∫
γ
Lftgdt(ω) =

∫
γ
Lftg(ω)dt = 0. Hence∫

γ
Lftgdt = 0. Now, since t �→ Lft ∈ L(Kβ) is continuous, the integral∫

γ
Lftdt exists, and for every g ∈ Kβ ,

∫
γ
Lftdt(g) =

∫
γ
Lftgdt = 0. Thus∫

γ
Lftdt = 0 and in view of Morera’s theorem the map t �→ Lft ∈ L(Kβ)

is holomorphic on G. �

In order to prove the main result of this section we need several element-
ary lemmas. In order to formulate them we need to define a certain class
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of mappings. Namely, given i ∈ I, we define the mapping

i : {ω ∈ E∞ : Aiω1 = 1} → E∞

by setting

i(ω) = iω.

If g : E∞ → CI, then by g ◦ i : E∞ → CI we mean the function defined by
the following formula.

g ◦ i(ω) =
{
g(iω) if Aiω1 = 1

0 if Aiω1 = 0.

Lemma 2.6.2 If i ∈ I and ρ ∈ Kβ then the operator Ai,ρ given by the
formula

Ai,ρ(g)(ω) = ρ ◦ i(ω) · g ◦ i(ω)
acts on the space Kβ, is continuous and ‖Ai,ρ‖β ≤ 3‖ρ ◦ i‖β.

Proof. Fix g ∈ Kβ , ω ∈ E∞ and suppose that Aiω1 = 1. Then

|Ai,ρ(g)(ω)| = |ρ(iω)‖g(iω)| ≤ ‖ρ ◦ i‖0‖g‖0 ≤ ‖ρ ◦ i‖β‖g‖β. (2.30)

Fix now in addition τ ∈ E∞ \ {ω} such that |ω ∧ τ | ≥ 1. Then

|Ai,ρ(g)(ω) −Ai,ρ(g)(τ)| = |ρ(iω)g(iω)− ρ(iτ)g(iτ)|
= |ρ(iω)(g(iω)− g(iτ)) + g(iτ)(ρ(iω) − ρ(iτ))|
≤ ‖ρ ◦ i‖0|g(iω)− g(iτ)| + ‖g‖0|ρ(iω)− ρ(iτ)|
≤ ‖ρ ◦ i‖β‖g‖βe−β|ω∧τ | + ‖g‖β‖ρ ◦ i‖βe−β|ω∧τ |.

Hence Vβ(Ai,ρ(g)) ≤ 2‖ρ ◦ i‖β‖g‖β and, combining this with (2.30), we
conclude that ‖Ai,ρ(g)‖ ≤ 3‖ρ ◦ i‖β‖g‖β. consequently Ai,ρ acts on the
space Kβ , is continuous and ‖Ai,ρ‖β ≤ 3‖ρ ◦ i‖β. �

Similarly (but more easily) one proves the following.

Lemma 2.6.3 If ρ, g ∈ Kβ, then ρg ∈ Kβ and ‖ρg‖β ≤ 3‖ρ‖β‖g‖β.

Lemma 2.6.4 If f ∈ Kβ then ef ∈ Kβ, and if ρ : Y → Kβ is a
continuous mapping defined on a compact set Y then eρ : Y → Kβ is
also continuous.

Proof. By Lemma 2.6.3, ‖fn‖β ≤ 3n‖f‖nβ. Hence, the series ef =∑∞
n=0

fn

n! converges in Kβ and the first part of our lemma is proved.
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The second part follows now from the remark that for every y ∈ Y ,
‖ρ(y)‖β ≤ sup{‖ρ(x)‖β : x ∈ Y } < ∞ and the series

∑∞
n=0

ρ(y)n

n! con-
verges uniformly on Y . �

Lemma 2.6.5 For every R > 0 there exists M = MR ≥ 1 such that if
|z − ξ| ≤ R, then |eξ − ez| ≤ MeRez |z − ξ|.

Proof. Looking at the Taylor’s series expansion of the exponential
function about 0, we see that there exists a constant M ≥ 1 such
|ew − 1| ≤ M |w|, if |w| ≤ R. Hence |eξ − ez| = |ez‖ez−ξ − 1| ≤ eRez

M |z − ξ|. �

Lemma 2.6.6 If f ∈ Kβ, then for every i ∈ I

‖ef◦i‖β ≤ 2M‖f‖β
exp
(
supRe

(
f |[i]
))‖f‖β.

Proof. Fix ω ∈ E∞ such that Aiω1 = 1. Then |ef(iω)| = eRef(iω) ≤
exp
(
supRe

(
f |[i]
))
, whence

‖ef◦i‖β ≤ exp
(
supRe

(
f |[i]
))
. (2.31)

Fix now in addition τ ∈ E∞ \ {ω} with |τ ∧ ω| ≥ 1. Using the
Lemma 2.6.5, we get

|ef(iω) − ef(iτ)| ≤ M‖f‖β
eRef(τ)|f(iω)− f(iτ)| ≤ M‖f‖β

× exp
(
supRe

(
f |[i]
))‖f‖βe−β|τ∧ω|.

Thus, Vβ(ef◦i) ≤ exp
(
supRe

(
f |[i]
))‖f‖β. Combining this and (2.31)

completes the proof. �

Lemma 2.6.7 If ρ : Y → Kβ is a continuous mapping defined on a
metric space Y , then for every i ∈ I, the function y �→ Ai,ρ(y) ∈ L(Kβ),
y ∈ Y , is continuous.

Proof. Fix y0 ∈ Y and take δ > 0 so small that for every y ∈ B(y0, δ),
‖ρ(y) − ρ(y0)‖β ≤ ε/3. Then for y ∈ B(y0, δ), we have in view of
Lemma 2.6.2 the following.

‖Ai,ρ(y) −Ai,ρ(y0)‖β = ‖Ai,ρ(y)−ρ(y0)‖β ≤ 3‖ρ(y)− ρ(y0)‖β ≤ 3.

�
Our main theorem in this section is the following.

Theorem 2.6.8 If G is an open connected subset of CI, the function t �→
ft ∈ Ksβ, t ∈ G, is continuous and the function t �→ ft(ω) ∈ CI, t ∈ G,



46 Symbolic Dynamics

is holomorphic for every ω ∈ E∞, then the function t �→ Lft ∈ L(Kβ),
t ∈ G, is holomorphic.

Proof. In view of Lemma 2.6.2 it suffices to demonstrate that the
function t �→ Lft ∈ L(Kβ), t ∈ G, is continuous. So, fix t0 ∈ G and
δ > 0 so small that B(t0, 2δ) ⊂ G and ‖ft− ft0‖∞ ≤ ‖ft− ft0‖β ≤ 1 for
all t ∈ B(t0, 2δ). By Lemmas 2.6.7 and 2.6.4, for all i ∈ I, the function
t �→ Ai,eft ∈ L(Kβ), t ∈ B(t0, δ), is continuous. Since

Lft =
∑
i∈I

Ai,eft ,

it therefore suffices to demonstrate that the series
∑
i∈I Ai,eft converges

uniformly on B(t0, δ). And indeed, in view of Lemma 2.6.2 and
Lemma 2.6.6, for every i ∈ I and every t ∈ B(t0, δ) we have

‖Ai,eft ‖β ≤ 3‖ exp(ft ◦ i)‖β ≤ 6M exp
(
supRe

(
ft|[i]

))
M1,

where M1 = sup{‖ft‖β : t ∈ B(t0, δ)} is finite by continuity of the
function t �→ ft ∈ Ksβ on the compact set B(t0, δ), and M =MM1 in the
sense of Lemma 2.6.5. Now, in view of our choice of δ, we can continue
the above estimates as follows.

‖Ai,eft ‖β ≤ 6MM1 exp
(
supRe

(
ft0 |[i]

)
+ ‖ft − ft0‖0

)
≤ 6MM1 exp

(
supRe

(
ft0 |[i]

)
+ 1
)

≤ 6MM1 exp
(
supRe

(
ft0 |[i]

))
.

Since by summability of the function ft0 , the series
∑
i∈I exp

(
sup

Re
(
ft0 |[i]

))
converges. �

As an immediate consequence of Theorem 2.6.8, we get the following.

Corollary 2.6.9 If G is an open connected subset of CI, and the function
t �→ ft ∈ Ksβ, t ∈ G, is holomorphic, then the function t �→ Lft ∈ L(Kβ),
t ∈ G, is also holomorphic.

In the sequel we will need the following much more special result follow-
ing immediately from Corollary 2.6.9.

Corollary 2.6.10 If G is an open connected subset of CI, and for each
t ∈ G, the potential ft = f + tψ ∈ Ksβ for some f, ψ ∈ Kβ, then the
function t �→ Lft ∈ L(Kβ), t ∈ G, is holomorphic.
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Remark 2.6.11 Since each real analytic function t �→ ft ∈ Ksβ defined
on an open interval ∆ ⊂ IR extends uniquely to a holomorphic function
defined on an open connected neighborhood of ∆ in CI and since Ksβ is
an open subset of Kβ, Corollary 2.6.9 and 2.6.10 remain true if G is
replaced by ∆ and holomorphicity by real analyticity.

As an immediate consequence of Remark 2.6.11, Corollary 2.6.9,
Theorem 2.3.3 and Theorem 2.4.6 (implying that eP(f) is an isolated
simple eigenvalue of the Perron–Frobenius operator Lf ) and the per-
turbation theory of analytic dependence of an isolated simple eigenvalue
(see [Ka]), we get the following remarkable result.

Theorem 2.6.12 If ∆ ⊂ IR is an open interval and t �→ ft ∈ Ksβ,
t ∈ ∆, is a real-analytic family of real-valued functions, then the function
t �→ P(ft) ∈ IR, t ∈ ∆, is also real analytic.

Proposition 2.6.13 If q0 ∈ IR and f, ψ ∈ Kβ are such that q0f+ψ ∈ Ksβ
and

∫ −(qf + ψ)dµ̃q0 < ∞ for all q in an open neighborhood of q0, then

dP
dq

(q0) =
∫
fdµ̃,

where µ̃ = µ̃q0f+ψ.

Proof. Since Ksβ is an open subset of Kβ , by Theorem 2.6.12 we know
that the derivative dP

dq (q0) exists. Since the function q �→ P(q) is convex,
in order to complete the proof it is therefore enough to demonstrate that

P(q) ≥ P(q0) +
∫
fdµ̃(q − q0)

on an open neighborhood of q0. And indeed, in view of our assumptions,
Theorem 2.1.8 and Theorem 2.2.9, there exists an open neighborhood U
of q0 such that for every q ∈ U we have

P(q) ≥ hµ̃ +
∫
(qf + ψ)dµ̃ = hµ̃ +

∫
q0fdµ̃+

∫
ψdµ̃+

∫
fdµ̃(q − q0)

= P(q0) +
∫
fdµ̃(q − q0).

�

Fix now f, ψ ∈ Kβ and (q, t) ∈ IR2 such that the function qf + tψ is
summable. Using the notation, µ̃q,t = µ̃qf+tψ and

∫
gdµ̃q,t = µ̃q,t(g),
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set

σ2
q,t(f, ψ) =

∞∑
k=0

(
µ̃q,t(f · ψ ◦ σk)− µ̃q,t(f)µ̃q,t(ψ)

)

=
∞∑
k=0

(
µ̃q(ψ · f ◦ σk) − µ̃q,t(f)µ̃q(ψ)

)
.

If f = ψ we simply write σ2
q,t(f) for σ2

q,t(f, f). The last result in this
section is the following, which can be proved by proceeding as in the
case of a subshift of finite type over a finite alphabet (see [Ru], [PU]).

Proposition 2.6.14 If f, ψ ∈ Kβ, q0f + t0ψ is summable and
∫ −(qf +

tψ)dµ̃q0,t0 < ∞, for all pairs (q, t) in an open neighborhood of (q0, t0) in
IR2, then

∂2P
∂q∂t

|(q0,t0) = lim
n→∞

1
n

∫
Sn(f −

∫
fdµ̃q0,t0)Sn(ψ −

∫
ψdµ̃q0,t0)

= σ2
q0,t0(f, ψ).

2.7 The existence of eigenmeasures of the conjugate
Perron–Frobenius operator and of Gibbs states

So far the character of this chapter has been slightly conditional. To
remedy this we prove here the main result concerning the existence of
eigenmeasures of the conjugate Perron–Frobenius operator. Through-
out the section we assume that f : E∞ → IR is a summable Hölder
continuous bounded function with some exponent β > 0 which allows
us to define the Perron–Frobenius operator Lf and its conjugate L∗

f . In
order to simplify notation we will drop the subscript f . We begin with
the following result, whose first proof can be found in [B1].

Lemma 2.7.1 If the alphabet I is finite and the incidence matrix is ir-
reducible, then there exists an eigenmeasure m̃ of the conjugate operator
L∗
f .

Proof. By our assumption Lf is a strictly positive operator (in the
sense that it maps strictly positive functions into strictly positive func-
tions). In particular the formula

ν �→ L∗
f (ν)

L∗
f (ν)(11)
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defines a continuous map of the space of Borel probability measures on
E∞ into itself. Since E∞ is a compact metric space, the Schauder–
Tikhonov theorem applies, and as its consequence, we conclude that the
map defined above has a fixed point, say m̃. Then L∗

f (m̃) = λm̃, where
λ = L∗

f (m̃)(11). �

In Theorem 2.7.3, the main result of this section, we will need a simple
fact about irreducible matrices. We will provide a short proof for the
sake of completeness. It is more natural and convenient to formulate it
in the language of directed graphs. Let us recall that a directed graph
is said to be strongly connected if and only if its incidence matrix is
irreducible. In other words, it means that any two vertices can be joined
by a path of admissible edges.

Lemma 2.7.2 If Γ = 〈E, V 〉 is a strongly connected directed graph, then
there exists a sequence of strongly connected subgraphs 〈En, Vn〉 of Γ such
that all the vertices Vn ⊂ V and all the edges En are finite, {Vn}∞n=1 is
an increasing sequence of vertices, {En}∞n=1 is an increasing sequence of
edges,

⋃∞
n=1 Vn = V and

⋃∞
n=1En = E.

Proof. Indeed, let V = {vn : n ≥ 1} be a sequence of all vertices of Γ.
and let E = {en : n ≥ 1} be a sequence of edges of Γ. We will proceed
inductively to construct the sequences {Vn}∞n=1 and {En}∞n=1. In order
to construct 〈E1, V1〉 let α be a path joining v1 and v2 (i(α) = v1,
t(α) = v2) and let β be a path joining v2 and v1 (i(β) = v2, t(β) = v1).
These paths exist since Γ is strongly connected. We define V1 ⊂ V to
be the set of all vertices of paths α and β and E1 ⊂ E to be the set of
all edges from α and β enlarged by e1 if this edge is among all the edges
joining the vertices of V1. Obviously 〈E1, V1〉 is strongly connected and
the first step of the inductive procedure is complete. Suppose now that
a strongly connected graph 〈En, Vn〉 has been constructed. If vn+1 ∈ Vn,
we set Vn+1 = Vn and En+1 is then defined to be the union of En and
all the edges from {e1, e2, . . . , en, en+1} that are among all the edges
joining the vertices of Vn. If vn+1 /∈ Vn, let αn be a path joining vn
and vn+1 and let βn be a path joining vn+1 and vn. We define Vn+1

to be the union of Vn and the set of all vertices of αn and βn. En+1 is
then defined to be the union of En, all the edges building the paths αn
and βn and all the edges from {e1, e2, . . . , en, en+1} that are among all
the edges joining the vertices of Vn+1. Since < En, Vn > was strongly
connected, so is 〈En+1, Vn+1〉. The inductive procedure is complete. It
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immediately follows from the construction that Vn ⊂ Vn+1, En ⊂ En+1,⋃∞
n=1 Vn = V and

⋃∞
n=1En = E. �

Our main result is the following.

Theorem 2.7.3 Suppose that f : E∞ → IR is a Hölder continuous
bounded function such that∑

e∈I
exp(sup(f |[e])) < ∞,

and the incidence matrix is irreducible. Then there exists a Borel prob-
ability eigenmeasure m̃ of the conjugate operator L∗

f .

Proof. Without loss of generality we may assume that I = IN . Since
the incidence matrix is irreducible, it follows from Lemma 2.7.2 that we
can reorder the set IN so that there exists an increasing unbounded se-
quence {ln}n≥1 such that for every n ≥ 1 the matrix A|{1,...,ln}×{1,...,ln}
is irreducible. Then, in view of Lemma 2.7.1, there exists an eigenmeas-
ure m̃n of the operator L∗

n, conjugate to Perron–Frobenius operator

Ln : C(E∞
ln ) → C(E∞

ln )

associated to the function f |E∞
ln
, where, for any q ≥ 1,

E∞
q = E∞ ∩ {1, . . . , q}∞

= {(ek)k≥1 : 1 ≤ ek ≤ q and Aekek+1 = 1 for all k ≥ 1}.
Occasionally we will also treat Ln as acting on C(E∞) and L∗

n as acting
on C∗(E∞). Our first aim is to show that the sequence {m̃n}n≥1 is tight,
where m̃n, n ≥ 1, are treated here as Borel probability measures on E∞.
Let Pn = P(σ|E∞

ln
, f |E∞

ln
). Obviously Pn ≥ P1 for all n ≥ 1. For every

k ≥ 1 let πk : E∞ → IN be the projection onto the k-th coordinate,
i.e. πk({(eu)u≥1}) = ek. By Theorem 2.3.3, ePn is the eigenvalue of L∗

n

corresponding to the eigenmeasure m̃n. Therefore, applying (2.18), we
obtain for every n ≥ 1, every k ≥ 1, and every e ∈ IN that

m̃n(π−1
k (e)) =

∑
ω∈Ek

ln
:ωk=e

m̃n([ω]) ≤
∑

ω∈Ek
ln

:ωk=e

exp
(
sup(Skf |[ω]) − Pnk

)

≤ e−Pnk
∑

ω∈Ek
ln

:ωk=e

exp
(
sup(Sk−1f |[ω]) + sup(f |[e]))

≤ e−P1k

(∑
i∈IN

esup(f |[i])
)k−1

esup(f |[e]).
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Therefore,

m̃n(π−1
k ([e+ 1,∞))) ≤ e−P1k

(∑
i∈IN

esup(f |[i])
)k−1∑

j>e

esup(f |[j]).

Fix now ε > 0 and for every k ≥ 1 choose an integer nk ≥ 1 such that

e−P1k

(∑
i∈IN

esup(f |[i])
)k−1 ∑

j>nk

esup(f |[j]) ≤ ε

2k
.

Then, for every n ≥ 1 and every k ≥ 1, m̃n(π−1
k ([nk + 1,∞))) ≤ ε

2k .
Hence

m̃n


E∞ ∩

∏
k≥1

[1, nk]


 ≥ 1 −

∑
k≥1

m̃n(π−1
k ([nk + 1,∞)))

≥ 1 −
∑
k≥1

ε

2k
= 1− ε.

Since E∞ ∩ ∏k≥1[1, nk] is a compact subset of E∞, the tightness of
the sequence {m̃n}n≥1 is therefore proved. Thus, in view of Prohorov’s
theorem there exists m̃, a weak-limit point of the sequence {m̃n}n≥1. Let
now L0,n = e−PnLn and L0 = e−P(f)L be the corresponding normalized
operators. Fix g ∈ Cb(E∞) and ε > 0. Let us now consider an integer
n ≥ 1 so large that the following requirements are satisfied.∑

i>n

‖g‖0 exp
(
sup(f |[i]) − P(f)

) ≤ ε

6
, (2.32)

∑
i≥1

‖g‖0 exp
(
sup(f |[i])

)
e−P1(P(f)− Pn) ≤ e

6
, (2.33)

|m̃n(g)− m̃(g)| ≤ ε

3
, (2.34)

and ∣∣∣∣
∫

L0(g)dm̃−
∫

L0(g)dm̃n

∣∣∣∣ ≤ ε

3
. (2.35)

It is possible to make condition (2.33) satisfied since, due to Theorem
2.1.5, limn→∞ Pn = P(f). Let gn = g|E∞

ln
. The first two observations
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are the following.

L∗
0,nm̃n(g) =

∫
E∞

∑
i≤n:Aiωn=1

g(iω) exp(f(iω) − Pn)dm̃n(ω)

=
∫
E∞

ln

∑
i≤n:Aiωn=1

g(iω) exp(f(iω) − Pn)dm̃n(ω)

=
∫
E∞

ln

∑
i≤n:Aiωn=1

gn(iω) exp(f(iω)− Pn)dm̃n(ω)

= L∗
0,nm̃n(gn) = m̃n(gn)

(2.36)

and

m̃n(gn) − m̃n(g) =
∫
E∞

ln

(gn − g)dm̃n =
∫
E∞

ln

0dm̃n = 0. (2.37)

Using the triangle inequality we get the following.

|L∗
0m̃(g)− m̃(g)| ≤ |L∗

0m̃(g)− L∗
0m̃n(g)|

+ |L∗
0m̃n(g)− L∗

0,nm̃n(g)|
+ |L∗

0,nm̃n(g) − m̃n(gn)|
+ |m̃n(gn) − m̃n(g)| + |m̃n(g)− m̃(g)|

(2.38)

Let us now look at the second summand. Applying (2.33) and (2.32) we
get

|L∗
0m̃n(g) − L∗

0,nm̃n(g)|

=
∣∣∣∣
∫
E∞

∑
i≤n:Aiωn=1

g(iω)
(
exp(f(iω)− P(f)

− exp(f(iω)− Pn))
)
dm̃n(ω)

+
∫
E∞

∑
i>n:Aiωn=1

g(iω) exp(f(iω)− P(f))dm̃n(ω)
∣∣∣∣

≤
∑
i≤n

‖g‖0ef(iω)e−Pn(P(f) − Pn)

+
∑
i>n

‖g‖0 exp
(
sup(f |[i] − P(f)

)
≤
∑
i≥1

‖g‖0 exp
(
sup(f |[i])

)
e−P1(P(f) − Pn) +

ε

6

≤ ε

6
+
ε

6
=
ε

3
.

(2.39)
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Combining now in turn (2.35), (2.39), (2.36), (2.37) and (2.34) we get
from (2.38) that

|L∗
0m̃(g)− m̃(g)| ≤ ε

3
+
ε

3
+
ε

3
= ε.

Letting ε ↘ 0 we therefore get L∗
0m̃(g) = m̃(g) or L∗

fm̃(g) = eP(f)m̃(g).
Thus, L∗

fm̃ = eP(f)m̃. �

As an immediate consequence of this theorem and Theorem 2.3.3, we
get the following important result.

Corollary 2.7.4 Suppose that f : E∞ → IR is a Hölder continuous
bounded function such that∑

e∈I
exp(sup(f |[e])) < ∞

and the incidence matrix is finitely irreducible. Then there exists a Gibbs
state for f .

As an immediate consequence of Theorem 2.7.3, Theorem 2.3.6,
Theorem 2.3.3, and Theorem 2.2.4, we get the following.

Corollary 2.7.5 Suppose that f : E∞ → IR is a Hölder continuous
bounded function such that∑

e∈I
exp(sup(f |[e])) < ∞

and the incidence matrix is finitely irreducible. Then

(a) There exists a unique eigenmeasure m̃f of the conjugate Perron–
Frobenius operator L∗

f and the corresponding eigenvalue is equal
to eP(f).

(b) The eigenmeasure m̃f is a Gibbs state for f .
(c) The function f : E∞ → IR has a unique σ-invariant Gibbs state

µ̃f . In case the matrix is finitely primitive, this Gibbs state is
completely ergodic and the stochastic laws presented in Section 2.5
are satisfied.



3

Hölder Families of Functions and
F -Conformal Measures

In this chapter we come back to the setting from Chapter 1. Our aim
here is to define summable Hölder families of functions and with the help
of the machinery developed in Chapter 2 to construct F -conformal meas-
ures, which in turn will be used in Chapter 4 to construct geometrically
significant conformal measures.

3.1 Summable Hölder families

Let F = {f (e) : Xt(e) → IR : e ∈ I} be a family of real-valued functions.
For every n ≥ 1 and β > 0 let

Vn(F ) = sup
ω∈En

sup
x,y∈Xt(ω)

{|f (ω1)(φσ(ω)(x)) − f (ω1)(φσ(ω)(y))|}eβ(n−1).

We have made the conventions that the empty word ∅ is the only word of
length 0 and φ∅ = IdX . Thus, V1(F ) < ∞ simply means the diameters
of the sets f i(X) are uniformly bounded. The collection F is called a
Hölder family of functions (of order β) if

Vβ(F ) = sup
n≥1

{Vn(F )} < ∞. (3.1)

The Hölder family F is called summable (of order β) if (3.1) is satisfied
and ∑

e∈E

‖ef(e)‖0 < ∞. (3.2)

We define the topological pressure P(F ) of F by setting

P(F ) = lim
n→∞

1
n

log
∑
ω∈n

∥∥∥∥∥∥exp


 n∑

j=1

fωj ◦ φσjω




∥∥∥∥∥∥
0

54
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= lim
n→∞

1
n

log
∑

ω∈En

exp


sup

X

n∑
j=1

fωj ◦ φσjω


 ,

where ‖ · ‖0 denotes the supremum norm. Given n ≥ 1 and ω ∈ En we
define the function Sω(F ) : Xt(ω) → IR by declaring

Sω(F ) :=
n∑

j=1

f (ωj) ◦ φσjω.

Repeating with obvious modifications the proof of Theorem 2.1.3 we find
the following.

Theorem 3.1.1 We have

P(F ) = inf

{
t ∈ IR :

∑
ω∈E∗

exp
(
sup(Sω(F ))

)
e−t|ω| < ∞

}
.

Let us now prove the following version of the bounded distortion prop-
erty.

Lemma 3.1.2 If ω ∈ E∗ and x, y ∈ Xt(ω) ∩φτ (Xt(τ)) for some τ ∈ E∗,
then

|Sω(F )(x) − Sω(F )(y)| ≤ V (F )eβ

1 − e−β
e−β|τ |

Proof. Let n = |ω|. Write x = φτ (u), y = φτ (w), where u,w ∈ Xt(τ).
By (3.1) we get∣∣∣∣∣∣

n∑
j=1

f (ωj)(φσj ω(x)) −
n∑

j=1

f (ωj)(φσjω(y))

∣∣∣∣∣∣
=

∣∣∣∣∣∣
n∑

j=1

f (ωτ)j ◦ φσjωτ (u) −
n∑

j=1

f (ωτ)j ◦ φσjωτ (w)

∣∣∣∣∣∣
≤

n∑
j=1

∣∣∣f (ωτ)j ◦ φσjωτ (u) − f (ωτ)j ◦ φσjωτ (w)
∣∣∣

≤
n∑

j=1

V (F )e−β(n+|τ |−j−1)

≤ V (F )eβ

1 − e−β
e−β|τ |.

�
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Set

T (F ) = exp
(

V (F )eβ

1 − e−β

)
.

In order to connect with the previous chapter we now introduce a po-
tential function or amalgamated function, f : E∞ → IR, induced by the
family of functions F as follows.

f(ω) = f (ω1)(π(σ(ω))).

Our convention will be to use lower case letters for the potential function
corresponding to a given Hölder system of functions. The following
lemma is a straightforward consequence of Lemma 3.1.2.

Lemma 3.1.3 If F is a Hölder family (of order β) then the amalgamated
function f is Hölder continuous (of order β).

The following result demonstrates that the concept of topological pres-
sure P(F ) can, in fact, be reduced to the topological pressure introduced
in the previous chapter.

Proposition 3.1.4 P(F ) = P(f).

Proof. First notice that for every n ≥ 0, every ω ∈ En and every
τ ∈ E∞ with Aωnτ1 = 1

Sω(F )(τ) =
n∑

j=1

f (ωj) ◦ φσjω(τ) =
n∑

j=1

f(σj−1ωτ)

=
n−1∑
j=0

f(σjωτ) = Snf(ωτ).

Hence,

‖ expSω(F )‖0 ≥ exp
(
sup{Snf(ωτ) : τ ∈ E∞, Aωnτ1 = 1})

= exp
(
sup(Snf |[ω])

)
.

And therefore P(F ) ≥ P(f). Fix now an arbitrary τ ∈ E∞ with Aωnτ1 =
1 and consider an arbitrary x ∈ X . Then, by Lemma 3.1.2 we have

expSω(F )(x) ≤ eT (F ) exp
(
Sω(F )(π(τ))

)
≤ eT (F )Snf(ωτ) ≤ eT (F ) exp

(
sup(Snf |[ω])

)
.
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Therefore exp
(
supSω(F )

) ≤ eT (F ) exp
(
sup(Snf |[ω])

)
and consequently,

P(F ) ≤ P(f). �

3.2 F -conformal measures

A Borel probability measure m is said to be F -conformal provided it
is supported on the limit set J and the following two conditions are
satisfied. For every ω ∈ E∗ and for every Borel set A ⊂ Xt(ω)

m(φω(A)) =
∫

A

exp
(
Sω(F ) − P(F )|ω|) dm (3.3)

and for all incomparable words ω, τ ∈ E∗

m
(
φω(Xt(ω)) ∩ φτ (Xt(ω))

)
= 0. (3.4)

A simple inductive argument shows that instead of (3.3) and (3.4) it is
enough to require that for every i ∈ I and for every Borel set A ⊂ Xt(i)

m(φi(A)) =
∫

A

exp
(
f (i) − P(F )

)
dm (3.5)

and for all i, j ∈ I, i �= j

m(φi(Xt(i)) ∩ φj(Xt(j))
)

= 0. (3.6)

Given a ∈ I set

Xa =
⋃

b∈I:Aab=1

φb(Xt(b)).

We shall prove the following auxiliary result.

Lemma 3.2.1 If m is a Borel probability measure on J such that (3.4)
holds and (3.3) is satisfied for all Borel sets A ⊂ Xi, i ∈ I, then m is
F -conformal.

Proof. Since for every i ∈ I, (Xt(i) \Xi) ∩ J = ∅, we have

m(Xt(i) \Xi) = 0. (3.7)

Take now an arbitrary element i ∈ I and consider an arbitrary element
x ∈ φi

(
Xt(i) \Xi

)∩J . Then x = π(ω) = φω1(π(σ(τ))) for some ω ∈ E∞

with ω1 �= i. Hence J ∩ φi

(
Xt(i) \Xi

) ⊂ ⋃
j 	=i φj

(
Xt(j)

) ∩ φi

(
Xt(i)

)
and

consequently by (3.6)

m
(
φi

(
Xt(i) \Xi

))
= m

(
J ∩ φi

(
Xt(i) \Xi

))
≤

∑
j 	=i

m
(
φj

(
Xt(j)

) ∩ φi

(
Xt(i)

))
= 0.
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Therefore using (3.7) we obtain by induction, for every ω ∈ E∗ and
every A ⊂ Xt(ω),

m(φω(A)) = m(φω(A ∩Xω|ω|)) =
∫

A∩Xω|ω|

exp
(
Sω(F ) − P(F )|ω|) dm

=
∫

A

exp
(
Sω(F ) − P(F )|ω|) dm.

(3.8)
�

We shall now provide some sufficient conditions for the existence (and
uniqueness) of F -conformal measures. Our first condition comes from
the following definition. Namely, we say that an iterated function system
{φi : i ∈ I} satisfies the strong separation condition if

φi(X) ∩ φj(X) = ∅
for all i, j ∈ I, i �= j. Our second condition is somewhat technical and
may seem strange at first sight. Its real geometrical meaning will become
clear in the next chapter, which is devoted to conformal systems.

Definition 3.2.2 Given q ≥ 1, we say that two different words ρ, τ ∈ E∗

of the same length, say n > q, form a pair of q-codes of a point x ∈ X if
x ∈ φρ(Xt(ρ))∩φτ (Xt(τ)) and ρ|n−q = τ |n−q. The GDMS S is said to be
conformal-like if for every q ≥ 1 there is no point in X (or equivalently
in J) with arbitrarily long pairs of q-codes.

Of course each system satisfying the strong open set condition is confor-
mal-like. It will turn out in the next chapter that each conformal system
is conformal-like.

Theorem 3.2.3 Suppose that the GDMS {φi : i ∈ I} is conformal-like
and that the incidence matrix is finitely primitive. If F is a summable
Hölder family of functions, then there exists a unique F -conformal meas-
ure mF . Moreover mF = m̃F ◦ π−1, where m̃F is the eigenmeasure of
the conjugate Perron–Frobenius operator L∗

f .

Proof. By Corollary 2.7.5(a) there exists m̃, an eigenmeasure of the
conjugate operator L∗

f associated with the amalgamated function f :
E∞ → IR, and the corresponding eigenvalue is equal to eP(f). Let
mF = m̃F ◦ π−1. We shall show that mF is an F -conformal measure.
And indeed, suppose on the contrary that mF (φρ(Xt(ρ))∩φτ (Xt(τ))) > 0
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for some two incomparable words ρ, τ ∈ I∗ with i(ρ) = i(τ) = v for some
v ∈ V . We may assume without loss of generality that ρ and τ are of
the same length, say q ≥ 1. Let E = φρ(Xt(ρ))∩φτ (Xt(τ)) and for every
n ≥ 1, let En =

⋃
ω∈En:t(ω)=v φω(E). Since each element of En admits

at least two q-codes of length n + q, we conclude that
∞⋂

k=1

∞⋃
n=k

En = ∅.

On the other hand, En =
⋃

ω∈En:t(ω)=v φω(E) ⊃ π(σ−n(π−1(E))), which
implies that π−1(En) ⊃ σ−n(π−1(E)). In view of Corollary 2.7.5(c)
there exists a σ-invariant Gibbs state µ̃ for f which, by Proposition 2.2.2,
is equivalent with m̃ = m̃F . Hence µ̃(π−1(En)) ≥ µ̃(σ−n(π−1(E)) =
µ̃ ◦ π−1(E) > 0. Thus,

µ̃ ◦ π−1

( ∞⋂
k=1

∞⋃
n=k

En

)
≥ µ̃ ◦ π−1(E) > 0.

In particular,
⋂∞

k=1

⋃∞
n=k En �= ∅. This contradiction shows that prop-

erty (3.4) holds. In order to prove (3.3) fix ω ∈ E∗, say ω ∈ En, and a
Borel set B ⊂ Xt(ω). Put

π−1
ω (B) = {τ ∈ π−1(B) : Aωnτ1 = 1}

and consider an element τ ∈ π−1(B) \ π−1
ω (B). Then Aωnτ1 = 0 and, on

the other hand, π(τ) ∈ B ⊂ Xt(ω) which implies that π(τ) = φi(Xt(i))
for some i ∈ I such that Aωni = 1. Hence i �= τ1 and π(τ) ∈ φi(Xt(i)) ∩
φτ1(Xt(τ1)). Therefore

π
(
π−1(B) \ π−1

ω (B)
) ⊂

⋃
i	=j

φi(Xt(i)) ∩ φj(Xt(j))

and, using (3.4), we consequently get

m̃
(
π−1(B) \ π−1

ω (B)
) ≤ m̃ ◦ π−1


⋃

i	=j

φi(Xt(i)) ∩ φj(Xt(j))




= mF


⋃

i	=j

φi(Xt(i)) ∩ φj(Xt(j))


 = 0

(3.9)

It is straightforward to check that

π−1(φω(B)) ⊃ [ωπ−1
ω (B)].
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Consider then an element ρ ∈ π−1(φω(B)) \ [ωπ−1
ω (B)]. Then π(ρ) =

φωi(x), where Aωni = 1, φi(x) ∈ B and ρ /∈ [ωπ−1
ω (B)]. If ρ|n+1 = ωi,

then x = π(σn+1ρ) and we deduce that π(ρnρ) = φi(π(σn+1ρ)) = φi(x),
and consequently ρ = ωiσn+1(ω) ∈ [ωπ−1

ω (B)]. Therefore ρ|n+1 �= ωi

and we get that

π−1(φω(B)) \ [ωπ−1
ω (B)] ⊂ π−1


 ⋃

τ,η∈En+1:τ 	=η

φτ (Xt(τ)) ∩ φη(Xt(η))


 .

Using (3.4) and the definition of the measure mF we therefore deduce
that

m̃
(
π−1(φω(B)) \ [ωπ−1

ω (B)]
)

= 0.

Combining this equality, (3.9) and (2.18), we can write

mF (φω(B)) = m̃ ◦ π−1(φω(B)) = m̃
(
[ωπ−1

ω (B)]
)

=
∫

π−1
ω (B)

exp
(
Snf(ωρ) − P(f)n

)
dm̃(ρ)

=
∫

π−1
ω (B)

exp
(
SωF (π(ρ)) − P(F )n

)
dm̃(ρ)

=
∫

π−1(B)

exp
(
SωF (π(ρ)) − P(F )n

)
dm̃(ρ)

=
∫

B

exp
(
SωF (x) − P(F )n

)
dm̃ ◦ π−1(x)

=
∫

B

exp
(
SωF − P(F )n

)
dmF .

So, by Lemma 3.2.1, the proof of the existence part is complete.
In order to prove uniqueness suppose that ν is another F -conformal

measure. In view of (3.4) there exists a unique probability measure ν̃ on
E∞ such that ν = ν̃ ◦ π−1. Fix n ≥ 1, ω ∈ En and a Borel set A ⊂ E∞

such that Aωnτ−1 = 1 for every τ ∈ A. Then π(A) ⊂ Xω, and using
(3.3), we get

ν̃([ωA]) = ν(π([ωA])) = ν(φω(π(A))) =
∫

π(A)

exp(SωF − P(F )n)dν

=
∫

A

exp(Snf(ωρ) − P(f)n)dν̃.

Therefore, in view of Remark 2.3.2, ν̃ is an eigenmeasure of the operator
L∗

f corresponding to the eigenvalue eP(f). Hence, by Theorem 2.3.6,
ν̃ = m̃. Thus ν = ν̃ ◦ π−1 = m̃ ◦ π−1 = mF . �
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We shall now prove a result which, though simple, is rich in geometric
consequences.

Lemma 3.2.4 With the same assumptions as in Theorem 3.1.7 we have

M = min{mF (Xv) : v ∈ V } > 0.

Proof. Since the graph Γ is strongly connected, there exists e ∈ I such
that i(e) = v. Using (2.20) we then get

mF (Xv) ≥ m̃F ([e]) ≥ CT (f)−1(#Λ)−1 exp
(
sup

(
f |[e]

) − P(F )
)
> 0.

�

Keeping the assumption that the system S is conformal-like and F is a
summable Hölder family of functions we put

µF = µ̃f ◦ π−1. (3.10)

Since µF is equivalent with mF with Radon-Nikodym derivatives boun-
ded away from zero and infinity, we call µF the S-invariant version of
mF .

Remark 3.2.5 We would like to draw the reader’s attention to the fact
that in proving uniqueness in the previous theorem we have, in fact,
demonstrated more. Namely, if we assume that a measure m supported
on J satisfies (3.4) and (3.3) with an arbitrary constant L replacing the
constant P(F ), then m ◦ π is an eigenmeasure of the conjugate Perron–
Frobenius operator L∗

f corresponding to the eigenvalue eL. It then in turn
follows from Theorem 2.3.3 that L = P(f) = P(F ), and consequently,
m is F -conformal.
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Conformal Graph Directed Markov Systems

This is the central chapter of our book. We present here the basic
and more refined geometric properties of limit sets of conformal Graph
directed Markov systems.

4.1 Some properties of conformal maps in IRd with d ≥ 2

In this section we study in detail analytic, geometric and especially dis-
tortion properties of conformal maps in any dimension d ≥ 3. We say
that a C1 diffeomorphism (homeomorphism) φ : U → IRd, d ≥ 1, from
an open connected set U ⊂ IRn to IRd is conformal if its derivative at
every point of U is a similarity map. By φ′(z) : IRd → IRd we denote the
derivative of φ evaluated at the point z and by |φ′(z)| its norm, which
in the conformal case coincides with the coefficient of similarity. Note
that for d = 1 C1-conformality means that all the maps φe, e ∈ I, are
C1-diffeomorphisms and monotone, for d ≥ 2 the words C1-conformal
mean holomorphic or antiholomorphic, and for d ≥ 3 the maps φe, e ∈ I

are Möbius transformations. More precisely each C1-conformal homeo-
morphism φ defined on an open connected subset of IRd, d ≥ 3, extends
to the entire space IRd and takes the form

φ = λA ◦ ia,r + b, (4.1)

where 0 < λ ∈ R is a positive scalar, A is a linear isometry in IRd, ia,r
is either inversion with respect to the sphere centered at a point a and
with radius r, or the identity map, and b ∈ IRd. In the sequel λ will
be called the scalar factor and a = φ−1(∞) will be called the center of
inversion. If A is the identity map, φ will be called a conformal affine
homeomorphism. The proof of this characterization of C1-conformal
homeomorphisms in the dimension ≥ 3 can be found in [BP] for example,
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where it is called Liouville’s theorem. In particular it is easy to compute
that

|φ′(z)| = λr2

‖z − a‖2
and

φ′(z)
|φ′(z)| = Id− 2Q(z − a), (4.2)

where Q(z) is the matrix given by the formula

Q(z)ij =
zizj
‖z‖2

.

In dimension d = 2 we will extensively use the following celebrated
Koebe’s distortion theorem (see e.g. [CG]).

Theorem 4.1.1 If w ∈ CI and g : B(w,R) → CI is a univalent holo-
morphic function, then for all z ∈ B(w,R),

1− |z−w|
R(

1 + |z−w|
R

)3 ≤
|g′(z)|
|g′(w)| ≤

1 + |z − w|(
1− |z−w|

R

)3 .

Fix 0 < γ ≤ 1/2 so small that

Kγ = max

{
1 + γ

(1− γ)3
,

(
1− γ

(1 + γ)3

)−1
}
≤ √

2. (4.3)

We will need the following fact, which is in a sense an improvement of
Koebe’s distortion theorem (Theorem 4.1.1).

Theorem 4.1.2 There exists a constant K3 ≥ 1 such that if x ∈ CI,
R > 0 and φ : B(x,R) → CI is a univalent conformal map, then

|φ′(y)− φ′(x)| ≤ K3

R
|φ′(x)‖y − x|

for all y ∈ B
(
x, (min

{
γ, π

24

}
)R
)
.

Proof. Since each conformal map in the plane is either holomorphic or
antiholomorphic and since complex conjugation is an isometry, we may
assume without loss of generality that φ is holomorphic. A holomorphic
function g : ID → CI (ID = {z ∈ CI : |z| < 1}) is called a Bloch function if

‖g‖B = sup
z∈ID

{(1− |z|2)|g′(z)|} <∞.

If f : ID → CI is a univalent holomorphic univalent map, then (see [Po2,
p.73]) log f ′ is a Bloch function and ‖ log f ′‖B ≤ 6 for every branch of
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logarithm of f ′. Since the function z �→ φ(x + Rz) is univalent and
holomorphic on ID, using the chain rule twice, we conclude that

|(logφ′)′(w)| ≤ 8
R

(4.4)

for all w ∈ B(x,R/2). Denote by log
(
φ′(w)
φ′(x)

)
the branch of the logar-

ithm of the function w �→ φ′(w)
φ′(x) defined by the formula w �→ logφ′(w)−

logφ′(x). Since logφ′(y) − logφ′(x) =
∫ y
x (logφ′)′(z)dz for all y ∈

B(x,R), using (4.4) we get∣∣∣∣log
(
φ′(y)
φ′(x)

)∣∣∣∣ = | logφ′(y)− logφ′(x)| ≤ 8
R
|y − x| (4.5)

for all y ∈ B(x,R/2). If now y ∈ B(x, γR), then in view of Theorem 4.1.1
and the choice of γ, we find

1√
2
≤
∣∣∣∣φ′(y)
φ′(x)

∣∣∣∣ ≤ √
2. (4.6)

If now y ∈ B
(
x, πR24

)
, then using (4.5) we obtain∣∣∣∣Arg

(
φ′(y)
φ′(x)

)∣∣∣∣ ≤ 8
R
· πR

24
=
π

3
(4.7)

If logw, for w in the right half plane is the branch of the logarithm
sending 1 to 0, then the function w−1

logw is analytic on the right plane.
Therefore putting

F = {z ∈ CI :
1√
2
≤ |z| ≤

√
2 and |Arg(z)| ≤ π/3}

we get that

C := sup
{∣∣∣∣w − 1

logw

∣∣∣∣ : w ∈ F

}
<∞. (4.8)

Since all branches of the logarithm differ by 2πin, n ∈ ZZ, we conclude
that (4.8) remains true (perhaps with a larger constant C) if by logw
we mean any value of the logarithm. Combining (4.5)–(4.8), we get∣∣∣∣φ′(y)

φ′(x)
− 1
∣∣∣∣ ≤ C1

∣∣∣∣log
(
φ′(y)
φ′(x)

)∣∣∣∣ ≤ 12C1

R
|y − x|

for all y ∈ B
(
x, (min{γ, π

24})R
)

Therefore, putting K3 = 8C1 completes
the proof. �

In the dimension d ≥ 3 we have the following.
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Theorem 4.1.3 Suppose that Y is a bounded subset of IRd, d ≥ 3, and
W is an open subset of IRd containing Y . Then there exists a constant
K4 ≥ 1 such that if φ : IRd → IRd is a conformal diffeomorphism such
that φ(W ) ⊂W , then

|φ′(y)| − |φ′(x)| ≤ K4|φ′(x)‖ · |y − x‖
for all x, y ∈ Y . In particular

|φ′(y)|
|φ′(x)| ≤ 1 +K4diam(Y ).

Proof. In view of (4.1) there then exist λ > 0, a linear isometry A :
IRd → IRd, an inversion (or the identity map) i = ia,r and a vector
b ∈ IRd such that φ = λA ◦ i + b. When i is the identity map the
statement of our theorem is obvious. So, we may assume that i is an
inversion. Since φ(W ) ⊂W ⊂ IRd, a /∈W . Therefore for all x, y ∈ Y

‖x− a‖
‖y − a‖ ≤

‖x− y‖+ ‖y − a‖
‖y − a‖ = 1 +

‖x− y‖
‖y − a‖

≤ 1 +
diam(Y )

dist(Y, ∂W )
.

(4.9)

Thus, using (4.2), we get

|φ′(y)|
|φ′(x)| ≤

(
1 +

diam(Y )
dist(Y, ∂W )

)2

.

The proof of the second part of our theorem is complete. In order
to prove the first part we may assume without loosing generality that
|φ′(x)| ≤ |φ′(y)|. Using (4.2) and (4.9) we then get

|φ′(y)| − |φ′(x)| ≤ |φ′(x)|
( |φ′(y)|
|φ′(x)| − 1

)
= |φ′(x)|

(‖x− a‖2

‖y − a‖2
− 1
)

= |φ′(x)|
(‖x− a‖
‖y − a‖ − 1

)(‖x− a‖
‖y − a‖ + 1

)

≤ |φ′(x)|
(

2 +
diam(Y )

dist(Y, ∂W )

) ‖x− y‖
‖y − a‖

≤ |φ′(x)|
(

2 +
diam(Y )

dist(Y, ∂W )

) ‖x− y‖
dist(Y, ∂W )

≤
(

2 +
diam(Y )

dist(Y, ∂W )

){
1

dist(Y, ∂W )

}
|φ′(x)| · ‖y − x‖

The proof is thus complete. �
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As an immediate consequence of Theorem 4.1.2 and Theorem 4.1.3, we
obtain the following bounded distortion result.

Corollary 4.1.4 Suppose that Y is a bounded subset of IRd, d ≥ 2, and
W is an open subset of IRd containing Y . Then for every ε > 0 there
exists δ > 0 such that if φ : IRd → IRd is a conformal diffeomorphism
such that φ(W ) ⊂W , then

(1 + ε)−1 ≤ |φ′(y)|
|φ′(x)| ≤ 1 + ε

for all x ∈ Y and all y ∈ B(x, δ).

As an immediate consequence of Theorem 4.1.2 alone we get the
following.

Theorem 4.1.5 If x ∈ CI, R > 0 and φ : B(x,R) → CI is a univalent
holomorphic map, then

|φ(y) − φ(x) − φ′(x)(y − x)| ≤ K3

R
|φ′(x) · ‖y − x‖2

for all y ∈ B
(
x, (min

{
γ, π

24 )
}
R
)
, where γ is defined by (4.3) and K3

comes from Theorem 4.1.2.

Proof. In view of Theorem 4.1.2 we get

|φ(y)− φ(x) − φ′(x)(y − x)|

= |
∫ y

x

φ′(z)dz −
∫ y

x

φ′(x)dz| = ‖
∫ y

x

(φ′(z)− φ′(x))dz|

≤ K3

R
|φ′(x)| · |y − x| · |y − x| = K3

R
|φ′(x)‖y − x|2.

The proof is finished. �

In the case d ≥ 3 we have a similar result.

Theorem 4.1.6 Suppose that Y is a bounded subset of IRd, d ≥ 3, and
W is an open subset of IRd containing Y . Then there exists a constant
K5 ≥ 1 such that if φ : IRd → IRd is a conformal diffeomorphism such
that φ(W ) ⊂W , then for all x, y ∈ Y we have

‖φ(y)− φ(x) − φ′(x)(y − x)‖ ≤ K5|φ′(x)| · ‖y − x‖2.
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Proof. Write φ = λA ◦ ia,r + b. If ia,r is the identity map, then the
left-hand side of the claimed inequality is equal to 0 and we are done.
Otherwise, putting i = ia,r and using (4.2), we get

φ(y)− φ(x) − φ′(x)(y − x)

= λA ◦ i(y)− λA ◦ i(x)− λA ◦ i′(x)(y − x)

= λA(i(y) − i(x)− i′(y − x))

= λA

(
r2

y − a

‖y − a‖2
− r2

x− a

‖x− a‖2

− r2

‖x− a‖2
(Id− 2Q(x− a)) (y − x)

)

= λr2A

(
y − a

‖y − a‖2
− x− a

‖x− a‖2
− (Id− 2Q(x− a)) (y − x)

‖x− a‖2

)
.

(4.10)

Since it is straightforward to check that

Q(x− a)u =
〈x− a, u〉
‖x− a‖2

(x− a),

where 〈·, ·〉 is the standard inner product in IRd, we can write

∆ :=
y − a

‖y − a‖2
− x− a

‖x− a‖2
− (Id− 2Q(x− a)) (y − x)

‖x− a‖2

=
y − x

‖y − a‖2
+

x− a

‖y − a‖2
− x− a

‖x− a‖2
− y − x

‖x− a‖2

+ 2
〈x− a, y − x〉
‖x− a‖4

(x− a)

=
(

1
‖y − a‖2

− 1
‖x− a‖2

)
(y − x)

+
(

1
‖y − a‖2

− 1
‖x− a‖2

+ 2
〈x− a, y − x〉
‖x− a‖4

)
(x− a).

Write now

x− a = α(y − x) + β(y − x)⊥,

where (y − x)⊥ is a vector perpendicular to y − x with ‖(y − x)⊥‖ =
‖y − x‖. Then

‖x− a‖2 = (α2 + β2)‖y − x‖2, ‖y − a‖2 = ((α+ 1)2 + β2)‖y − x‖2

and

〈x− a, y − x〉 = α‖y − x‖2.

(4.11)
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Thus

∆ =
(

1
‖y − a‖2

− 1
‖x− a‖2

+ α

(
1

‖y − a‖2
− 1
‖x− a‖2

+
2α‖y − x‖2

‖x− a‖4

))
× (y − x)

+ β

(
1

‖y − a‖2
− 1
‖x− a‖2

+
2α‖y − x‖2

‖x− a‖4

)
(y − x)⊥

=
1

‖x− a‖2

[(
α2 + β2

(α+ 1)2 + β2
− 1 + α

(
α2 + β2

(α+ 1)2 + β2
− 1
)

+
2α2

α2 + β2

)
(y − x) + β

(
α2 + β2

(α+ 1)2 + β2
− 1 +

2α
α2 + β2

)
(y − x)⊥

]

=
1

‖x− a‖2

[(
(1 + α)(α2 + β2)

(α+ 1)2 + β2
− (1 + α) +

2α2

α2 + β2

)
(y − x)

+ β

(
α2 + β2

(α + 1)2 + β2
− 1 +

2α
α2 + β2

)
(y − x)⊥

]
.

(4.12)

Now, a direct calculation using (4.11) shows that

∣∣ (1 + α)(α2 + β2)
(α+ 1)2 + β2

− (1 + α) +
2α2

α2 + β2

∣∣ = |α3 + α2 − 3αβ2 − β2|
(α2 + β2)((α + 1)2 + β2)

=
‖y − x‖4

‖x− a‖2‖y − a‖2
|α3 + α2 − 3αβ2 − β2|

≤ ‖y − x‖4

‖x− a‖2‖y − a‖2
(|α|3 + α2 + 3|α|β2 + β2)

≤ ‖y − x‖4

‖x− a‖2‖y − a‖2

(
4
(‖x− a‖
‖y − x‖

)3

+
‖x− a‖2

‖y − x‖2

)

≤ ‖y − x‖
‖y − a‖

(
4‖x− a‖
‖y − a‖ +

‖y − x‖
‖y − a‖

)

≤ ‖y − x‖
‖y − a‖

(
4(‖y − x‖+ ‖y − a‖)

‖y − a‖ +
‖y − x‖
‖y − a‖

)

≤ ‖y − x‖
‖y − a‖

(
5
‖y − x‖
‖y − a‖ + 4

)

≤ 1
R

(
5diam(Y )

R
+ 4
)
‖y − x‖,
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where R = dist(Y, ∂W ) and

∣∣β( α2 + β2

(α+ 1)2 + β2
− 1 +

2α
α2 + β2

)∣∣
=

|β||3α2 − β2 + 2α|
(α2 + β2)((α + 1)2 + β2)

≤ |β|(3α2 + β2 + 2|α|)
‖x− a‖2‖y − a‖2

‖y − x‖4

≤ 1
‖x− a‖2‖y − a‖2

(
4
(‖x− a‖
‖y − x‖

)3

+ 2
(‖x− a‖
‖y − x‖

)2
)
‖y − x‖4

≤ ‖y − x‖
‖y − a‖2

(4‖x− a‖+ 2‖y − x‖) ≤ ‖y − x‖
‖y − a‖2

(4‖y − a‖+ 6‖y − x‖)

≤ 1
‖y − a‖

(
4 + 6

‖y − x‖
‖y − a‖

)
‖y − x‖ ≤ 1

R

(
4 +

6diam(Y )
R

)
‖y − x‖.

Therefore, combining these two estimates with (4.12), we find there is a
constant K5 such that

‖∆‖ ≤ 1
‖x− a‖2

K5‖y − x‖2.

It now follows from this along with (4.10) and (4.2) that

‖φ(y)−φ(x)−φ′(x)(y−x)‖ ≤ λr2

‖x− a‖2
K5‖y−x‖2 = K5|φ′(x)|·‖y−x‖2.

�

Given a point x ∈ IRd, a vector u ∈ IRd and an angle α ∈ (0, π/2) we
put

Con(x, α, u)

= {y ∈ IRd : ∠(y − x, u) ≤ α and ‖y − x‖ ≤ ‖u‖}
= {y ∈ IRd : cos∠(y − x, u) > cosα and ‖y − x‖ ≤ ‖u‖}
= {y ∈ IRd : 〈y − x, u〉 > cosα‖u‖ · ‖y − x‖ and ‖y − x‖ ≤ ‖u‖}

and we call Con(x, α, u) the cone generated by x, α and u. We prove the
following geometrical fact about conformal maps.

Theorem 4.1.7 Suppose that Y is a bounded subset of IRd, d ≥ 2, and
W is an open subset of IRd containing Y . Then for every ε ∈ (0, π/2)
there exists δ > 0 such that if y ∈ Y , ‖u‖ < δ and α ∈ (0, π/2− ε), and
φ : W →W is a C1 conformal diffeomorphism, then

φ(Con(x, α, u)) ⊂ Con(φ(x), α + ε, 2φ′(x)u).
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Proof. Since in the case when d = 2, the conformal diffeomorph-
ism is either holomorphic or antiholomorphic and since complex con-
jugacy is an isometry, we may assume that if d = 2, then φ is holo-
morphic. In view of Theorem 4.1.6 and Theorem 4.1.5, putting K6 =
max

{
K5,

K3
dist(Y,∂W )

}
we see that if x ∈ Y and ‖y − x‖ < min{γ, π

24dist
(Y, ∂W )}, then

‖φ(y)− φ(x)− φ′(x)(y − x)‖ ≤ K6|φ′(x)| · ‖y − x‖2. (4.13)

Fix η > 0. In view of Theorem 4.1.3 and Theorem 4.1.2 there exists
9 < δ < min{γ, π

24dist(Y, ∂W )} (independent of φ) such that

(1 + η)−1 ≤ |φ′(y)|
|φ′(x)| ≤ 1 + η

for all x ∈ Y and all y ∈ B(x, δ). Fix in turn u ∈ IRd with ‖u‖ ≤ δ. If
‖y − x‖ ≤ u, then

‖φ(y)− φ(x)‖ ≤ (1 + η)|φ′(x)‖ · ‖y − x‖ ≤ (1 + η)|φ′(x)‖ · ‖u‖
= (1 + η)‖φ′(x)u‖. (4.14)

Now,

〈φ(y) − φ(x), (1 + η)φ′(x)u〉
= 〈φ′(x)(y − x), (1 + η)φ′(x)u〉
+ 〈φ(y)− φ(x) − φ′(x)(y − x), (1 + η)|φ′(x)u > .

(4.15)

If y ∈ Con(x, α, u), then using (4.14), we get

〈φ′(x)(y − x), (1 + η)φ′(x)u〉
= (1 + η)|φ′(x)|2〈y − x, u〉
≥ (1 + η)|φ′(x)|2 cosα‖u‖‖y − x‖
≥ cosα‖φ′(x)u‖‖φ(y)− φ(x)‖.

(4.16)

On the other hand, it follows from (4.13) that

|〈φ(y)− φ(x) − φ′(x)(y − x), φ′(x)u〉|
≤ ‖φ(y)− φ(x) − φ′(x)(y − x)‖ · ‖φ′(x)u‖
≤ K6|φ′(x) · ‖y − x‖2 · ‖φ′(x)u‖.

(4.17)
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Assuming δ > 0 to be smaller than (2K6)−1, we obtain from (4.13) that

‖φ(y)− φ(x)‖ ≥ |φ′(x) · ‖y − x‖ −K6|φ′(x)| · ‖y − x‖2

≥ |φ′(x)| · ‖y − x‖ −K6|φ′(x)| · ‖y − x‖(2K6)−1

≥ 1
2
|φ′(x)| · ‖y − x‖.

Therefore, we can continue (4.17) as follows

|〈φ(y) − φ(x) − φ′(x)(y − x), φ′(x)u〉|
≤ 2K6‖φ′(x)u‖ · ‖φ(y)− φ(x)‖ · ‖y − x‖
≤ 2K6δ(1 + η)−1(‖(1 + η)φ′(x)u‖)‖φ(y)− φ(x)‖.

Combining this and (4.15) we get

〈φ(y) − φ(x), (1 + η)φ′(x)u〉
≥ (1 + η)−1(cosα− 2K6δ)

(‖(1 + η)φ′(x)u‖)‖φ(y)− φ(x)‖).
Taking now 0 < η < 1/2 and δ > 0 so small that arccos

(
1+η)−1(cosα−

2K6δ)
)
< α+ ε, this inequality along with (4.14) shows that

φ(Con(x, α, u)) ⊂ Con(φ(x), α + ε, (1 + η)φ′(x)u)

⊂ Con(φ(x), α + ε, 2φ′(x)u).

�

4.2 Conformal measures; Hausdorff and box dimensions

We are now in position to introduce and explore the central object of this
book. Namely, we call a GDMS conformal (CGDMS) if the following
conditions are satisfied.

(4a) For every vertex v ∈ V , Xv is a compact connected subset of a
Euclidean space IRd (the dimension d common for all v ∈ V ) and
Xv = Int(Xv).

(4b) (Open set condition)(OSC) For all a, b ∈ E, a �= b,

φa(Int(Xt(a)) ∩ φb(Int(Xt(b)) = ∅.

(4c) For every vertex v ∈ V there exists an open connected set Wv ⊃ Xv

such that for every e ∈ I with t(e) = v, the map φe extends to a
C1 conformal diffeomorphism of Wv into Wi(e).
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(4d) (Cone property) There exist γ, l > 0, γ < π/2, such that for every
x ∈ X ⊂ IRd there exists an open cone Con(x, γ, l) ⊂ Int(X) with
vertex x, central angle of measure γ, and altitude l.

(4e) There are two constants L ≥ 1 and α > 0 such that∥∥φ′
e(y)| − |φ′

e(x)|
∣∣ ≤ L‖(φ′

e)
−1‖−1‖y − x‖α

for every e ∈ I and every pair of points x, y ∈ Xt(e), where |φ′
ω(x)|

means the norm of the derivative.

Since for every 0 < r < max{dist(Xv, ∂Wv)} and every e ∈ I, we have
φe(B(Xt(e), r)) ⊂ B(Xt(i), r) and since the set of vertices V is finite, as
an immediate consequence of Theorem 4.1.2 and Theorem 4.1.3, we get
the following remarkable result.

Proposition 4.2.1 If d ≥ 2 and a family S = {φe}e∈I satisfies condi-
tions (4a) and (4c), then it also satisfies condition (4e) with α = 1.

As a rather straightforward consequence of (4e) we get the following.

Lemma 4.2.2 If S = {φe}e∈I is a CGDMS, then for all ω ∈ E∗ and
all x, y ∈Wt(ω), we have

∣∣log |φ′
ω(y)| − log |φ′

ω(x)|∣∣ ≤ L

1− s
‖y − x‖α.

Proof. For every ω ∈ E∗, say ω ∈ En, and every z ∈ Wt(ω) put
zk = φωn−k+1 ◦ φωn−k+2 ◦ · · · ◦ φωn(z); put also z0 = z. In view of (4e)
for any two points x, y ∈ Wt(ω) we have∣∣log(|φ′

ω(y)|)− log(|φ′
ω(x)|)∣∣

=

∣∣∣∣∣∣
n∑

j=1

log

(
1 +

|φ′
ωj

(yn−j)| − |φ′
ωj

(xn−j)|
|φ′

ωj
(xn−j)|

)∣∣∣∣∣∣
≤

n∑
j=1

‖(φ′
ωj

)−1‖∥∥φ′
ωj

(yn−j)| − |φ′
ωj

(xn−j)|
∣∣

≤
n∑

j=1

L|yn−j − xn−j |α

≤ L

n∑
j=1

sα(n−j)‖y − x‖α ≤ L

1− s
‖y − x‖α.

(4.18)

�
As a straightforward consequence of (4e) we get the following.
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(4f) (Bounded distortion property). There exists K ≥ 1 such that for
all ω ∈ E∗ and all x, y ∈ Xt(ω)

|φ′
ω(y)| ≤ K|φ′

ω(x)|.
We shall now prove some basic geometric consequences of the properties
(4a)–(4f) and the results proved in the previous section.

We would like to point out that in the case d ≥ 2 property (4f) was
already established in Corollary 4.1.4. As an immediate of the Mean
value inequality and property (4f) we get the following. For all finite
words ω ∈ E∗, all convex subsets C of Wt(ω), all x ∈ Xt(ω) and all radii
r ≤ dist(Xt(ω), ∂Wt(ω))

diam(φω(C)) ≤ ‖φ′
ω‖diam(C), φω(B(x, r)) ⊂ B(φω(x), ‖φ′

ω‖r). (4.19)

We shall prove that there exists a constant D ≥ 1 such that

diam
(
φω(Wt(ω))

) ≤ D‖φ′
ω‖, (4.20)

for all finite words ω ∈ E∗. And indeed, take 0 < r < 1
2 min{dist(Xv,

∂Wv) : v ∈ V }. Then φe
(
B(Xt(e), r)

) ⊂ B(Xt(e), r) for all e ∈ I,
and as Wv we may take the ball B(Xv, r) for every v ∈ V . Since
each set B(Xv, r) is compact and connected, we may cover it by fi-
nitely many balls B(x1, 2r), . . . , B(xq(v), 2r) for some q(v) ≥ 1 with the
centers x1, . . . , xq(v) in Xv. Using then (4.19) we conclude that

diam
(
φω(Wt(ω))

) ≤ q(t(ω))‖φ′
ω‖4r ≤ D‖φ′

ω‖,
where D = 4rmax{q(v) : v ∈ V }.

We shall now prove the following formula.

φω(B(x, r)) ⊃ B(φω(x),K−1‖φ′
ω‖r), (4.21)

for all finite words ω ∈ E∗, all x ∈ Xt(ω) and all 0 < dist(Xt(ω), ∂Wt(ω)).
And indeed, B(x, r) ⊂ Wt(ω)). Take also any ω ∈ E∗ and let R ≥ 0 be
the maximal radius such that

B(φω(x), R) ⊂ φω(B(x, r)). (4.22)

Then ∂
(
B(φω(x), R)

)∩ ∂(φω(B(x, r))
) �= ∅, and in view of (4f) we have

φ−1
ω

(
B(φω(x), R)

) ⊂ B(x, ‖(φ−1
ω )′‖R) ⊂ B(x,K‖φ′

ω‖−1R)

which implies that B(φω(x), R) ⊂ φω
(
B(x,K‖φ′

ω‖−1R)
)
. Therefore

K‖φ′
ω‖−1R ≥ r and using (4.22) we obtain (4.21). We shall now prove
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the following inequality, perhaps with a larger constant D.

diam(φω(Xt(ω))) ≥ D−1‖φ′
ω‖ (4.23)

for all finite words ω ∈ E∗. And indeed, for every v ∈ V put

r = min{dist(Xv, ∂Wv) : v ∈ V }.
Fix xv ∈ Xv and yv ∈ (Xv \ {v} ∩ B(xv ,K−1r). For every ω ∈ E∗

we have by (4.21), φω(B(xt(ω), r)) ⊃ B(φω(xt(ω)),K−1‖φ′
ω‖r) and by

(4.19), φω(yt(ω)) ∈ B(φω(xt(ω)),K−1||φ′
ω||r). Therefore, applying the

mean value inequality to the map φ−1
ω restricted to the convex set

B(φω(xt(ω)),K−1||φ′
ω ||r) along with (4f), we obtain the following.

||yt(ω) − xt(ω)|| = ||φ−1
ω (φω(yt(ω)))− (φ−1

ω (φω(xt(ω)))||
≤ K||(φ−1

ω )′|| · ||φω(yt(ω))− (φω(xt(ω))||
≤ K||φ′

ω||−1||φω(yt(ω))− (φω(xt(ω))||.
Thus

diam(φω(Xt(ω))) ≥ ||φω(yt(ω))− φω(xt(ω))||
≥ K−1||φ′

ω || · ||yt(ω) − xt(ω)||
≥ K−1 min{||yv − xv|| : v ∈ V }||φ′

ω||
and we are done.

In the case when d ≥ 2 the following proposition follows immediately
from Theorem 4.1.7 and if d = 1 it is an immediate consequence of (4f).

Proposition 4.2.3 For every ε > 0 there exists δ > 0 such that if
ω ∈ E∗, x ∈ Xt(ω), ||u|| ≤ δ and α ∈ (0, π/2− ε), then

φω(Con(x, α, u)) ⊂ Con(φω(x), α+ ε, 2φ′(x)u).

We shall prove the following. There exists β > 0 such that if D ≥ 1 is
sufficiently large, then for all ω ∈ E∗ and x ∈ Xt(ω), we have

φω(Xt(ω)) ⊃ Con(φω(x), β,D−1φ′(x)ux)

⊃ Con(φω(x), β,D−2diam(φω(Wt(ω)))ux).
(4.24)

And indeed, if d = 1, the first inclusion is an immediate consequence
of (4.21). So, in proving this inclusion we may assume that d ≥ 2.
Notice that then there exists an integer q ≥ 1 such that for every
x ∈ X there exist unit vectors u1(x), . . . , uq(x) such that all tuples
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(ux, u1(x), . . . , uq(x)) are mutually isometric,

Con(x, γ, IR+ux) ∪
q⋃

j=1

Con(x, γ, IR+uj(x)) ⊂ IRd (4.25)

and

Con(x, γ/2, IR+ux) ∩
q⋃

j=1

Con(x, γ, IR+uj(x)) = ∅.

Then, there exists an ε > 0 such that

Con(x, γ/4, IR+ũx) ∩
q⋃

j=1

Con(x, γ + ε, IR+ũj(x)) = ∅ (4.26)

for all x ∈ X and all tuples (ũx, ũ1(x), . . . , ũq(x)) equivalent with (ux,
u1(x), . . . , uq(x)) by a similarity map. Let 0 < δ < min{dist(Xv, ∂Wv) :
v ∈ V } be ascribed to this ε according to Proposition 4.2.3. In view
of this proposition, (4.26) and the fact that φ′

ω(x) : IRd → IRd is a
similarity map, we get

Con(φω(x), γ/4, IR+φ
′
ω ũx) ∩

q⋃
j=1

φω(Con(x, γ, δuj(x))) = ∅ (4.27)

for all ω ∈ E∗. In view of (4.21) and (4.25) we find

φω

(
Con(x, γ,

δ

l
ux)
)
∪

q⋃
j=1

φω(Con(x, γ, δuj(x))) ⊃ B(φω(x)K−1||φ′
ω ||δ).

This and (4.27) imply that

φω

(
Con(x, γ,

δ

l
ux)
)
⊃ Con(φω(x), γ/4,K−1||φ′

ω ||δ|φ′
ω(x)|−1φ′

ω(x)ux)

⊃ Con(φω(x), γ/4, (Kl)−1δφ′
ω(x)ux)

and we can take any D ≥ KLδ−1 and β = γ/4 for the first inclusion
in formula (4.24) to hold. The second inclusion obviously holds if D is
large enough. We are done.
As an immediate consequence of (4.24) we get the following.

Lemma 4.2.4 If S is a CGDMS, then

sup
n≥1

sup
x∈X

#{ω ∈ En : x ∈ φω(Xt(ω))} ≤ λd−1(Sd−1)
β

<∞,
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where Sd−1 is the (d−1)-dimensional unit sphere and λd−1 is the (d−1)-
dimensional Lebesgue measure on Sd−1.

In fact we have more.

Proposition 4.2.5 Every conformal GDMS S is conformal-like.

Proof. Suppose on the contrary that S is not conformal-like. It means
that there exist a point x ∈ X , an integer q ≥ 1 and an unboun-
ded increasing sequence {nk}k≥1 along with pairwise different words
ρ(k), τ (k) ∈ Enk such that

x ∈ φτ (k)(Xt(τ (k))) ∩ φρ(k)(Xt(ρ(k)))

and ρ(k)|nk−q = τ (k)|nk−q. Passing to a subsequence we may assume
that nk+1 − nk > q for every k ≥ 1. We shall construct by induction
with respect to k ≥ 1 a sequence {Ck}k≥1 such that for every k, Ck

consists of at least k + 1 incomparable words from {ρ(j), τ (j) : j ≤ k}.
Indeed, set C1 = {ρ(1), τ (1)}. Suppose now that Ck has been defined.

If ρ(k+1) does not extend any word in Ck, then we form Ck+1 by adding
ρ(k+1) to Ck. We can do a similar thing in case τ (k+1) does not extend
any word in Ck. If, on the other hand, ρ(k+1) extends some word κ in
Ck and τ (k+1) extends a word η in Ck, then κ and η are both extended
by ρk+1 since for j ≤ k, |ρ(j)|, |τ (j)| ≤ nj ≤ nk, nk+1 > nk + q, and
ρ(k+1)|nk+1−q = τ (k+1)|nk+1−q. Since the words in Ck are incomparable,
κ = η and this is the only word in Ck which is extended by both ρ(k+1)

and τ (k+1). In this case we form Ck+1 by taking away κ and adding
both ρ(k+1) and τ (k+1). Now the sets {φκ(Xt(κ)) : κ ∈ Ck} are non-
overlapping since the words are incomparable. By (4.24) we get k + 1
pairwise disjoint open cones each with vertex x and opening angle β.
Since this is impossible if k is large enough, the proof is finished. �

We will frequently make use of the following simple estimate. This sort
of estimate was used by Moran [Mo] in the study of geometric construc-
tions using similarity maps. This includes the iteration of finitely many
similarity maps and was used by Hutchinson [Hu]. The estimate was
extended to the random case in [GMW],to directed graph constructions
using similarity maps in [MW2] and to the iteration of infinitely many
conformal maps in [MU1]. This estimate remains valid when the cone
property is replaced in these arguments by the more general “neighob-
hood boundedness property” as defined and used in [GMW].
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Lemma 4.2.6 If S is a CGDMS, then for every x ∈ X, every κ > 0 and
every r > 0, the cardinality of any collection of mutually incomparable
words ω ∈ E∗ satisfying B(x, r)∩φω(Xt(ω)) �= ∅ and diam(φω(Xt(ω))) ≥
κr is bounded from above by the number Vdκ−dD2dβ−1(1 + κD−2).

Proof. Let F be such a collection. It follows from (4.24) that

φω(Xt(ω)) ⊃ Con(φω(xω), β,D−2κr) ⊂ B(x, (1 + κD−2)r)

for all ω ∈ F , where φω(xω) is on the boundary of φω(Xt(ω)) ∩ B(x, r).
Hence the cones Con(φω(xω), β, κD−2r), ω ∈ F , are mutually disjoint
and therefore

Vd(1 + κD−2)drd = λd(B(x, (1 + κD−2)r))

≥
∑
ω∈F

λd
(
Con(φω(xω), β, κD−2r)

)
= #Fβ(κD−2r)d.

Now, the required estimate follows. �

We shall now introduce the most important technical tool in our ex-
plorations of geometry of limit sets. It was originated in the context
of Fuchsian groups by S. Patterson in [Patt], adopted by D. Sullivan in
[Su1] to the case of rational functions and by the authors to the case of
conformal iterated function systems (see [MU1]). So, given t ≥ 0 a Borel
probability measure m is said to be t-conformal provided it is supported
on the limit set J and the following two conditions are satisfied. For
every ω ∈ E∗ and for every Borel set A ⊂ Xt(ω)

m(φω(A)) =
∫
A

|φ′
ω |t dm (4.28)

and for all incomparable words ω, τ ∈ E∗

m
(
φω(Xt(ω)) ∩ φτ (Xt(τ))

)
= 0. (4.29)

A simple inductive argument shows that instead of (4.28) and (4.29) it is
enough to require that for every e ∈ I and for every Borel set A ⊂ Xt(e)

m(φe(A)) =
∫
A

|φ′
e|t dm (4.30)

and for all a, b ∈ I, a �= b

m(φa(Xt(a)) ∩ φb(Xt(b))
)

= 0. (4.31)
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Given t ≥ 0 and n ≥ 1, we denote

Zn(t) =
∑
|ω|=n

||φ′
ω ||t and P(t) = P(tLog),

where

Log = {log |φ′
e|}e∈I .

We then simply call P(t) the pressure function. The following simple
but crucial fact about the family Log is an immediate consequence of
Lemma 4.2.2.

Proposition 4.2.7 Log is a Hölder family of order α log s.

Let now

F (S) = {t ≥ 0 : P(t) <∞} and θ(S) = inf(F (S)).

The basic straightforward properties of the pressure function are
contained in the following (the first and the last one implied by
Proposition 2.1.9).

Proposition 4.2.8 Suppose that the incidence matrix A is finitely prim-
itive. Then

(a) inf{t : Z1(t) <∞} = θ(S).
(b) The topological pressure function P(t) is non-increasing on [0,∞),

strictly decreasing on [θ,∞) to negative infinity, convex and con-
tinuous on F (S).

(c) P(0) = ∞ if and only if I is infinite.
(d) P(t) = inf

{
u ≥ 0 :

∑
ω∈E∗ ||φ′

ω ||te−u|ω| <∞}.
Following the terminology introduced in [MU1] in the context of iterated
function systems we call the system S regular if there exists t ≥ 0 such
that P(t) = 0. It follows from Proposition 4.2.8 that there exists at
most one such t. We shall prove the following useful characterization of
regularity.

Theorem 4.2.9 A finitely primitive CGDMS is regular if and only
if there exists a t-conformal measure. If such a measure exists, then
this measure is unique, P(t) = 0 and the t-conformal measure is tLog-
conformal.
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Proof. Suppose that a t-conformal measure exists. Then in view
of Remark 3.2.5, P(t) = 0 and m is tLog-conformal. In view of
Theorem 3.2.3(uniqueness) it is therefore left to show that if P(t) = 0,
then a t-conformal measure exists. And indeed, if P(t) = 0, then in
particular, P(t) < ∞, and in view of Proposition 4.2.7 along with Pro-
position 2.1.9, tLog is a summable Hölder family of functions. Hence,
we conclude from Theorem 3.2.3 and Proposition 4.2.5 that there ex-
ists a unique tLog-conformal measure. Since P(t) = 0, this measure is
t-conformal. �

The unique t-conformal measure will be denoted in the sequel by m,
its invariant version by µ and their lifts to the coding space respect-
ively by m̃ and µ̃. As an immediate consequence of this theorem and
Lemma 3.2.4, we get the following.

Lemma 4.2.10 If a finitely primitive CGDMS is regular, P(h) = 0, and
m is the unique h-conformal measure, then

M = min{m(Xv) : v ∈ V } > 0.

The next result establishes a strong geometric meaning of conformal
measure in the finite case. Its first version can be found in [B2] and in
the context of conformal iterated function systems it essentially appeared
in [Be].

Theorem 4.2.11 If S is a finite CGDMS whose incidence matrix is
primitive, then S is regular and there exists C ≥ 1 such that

C−1 ≤ m(B(x, r))
rh

≤ C

for all x ∈ J and 0 < r < 1
2 min{diam(Xv) : v ∈ V }, where h is the

unique zero of the pressure function. Then h = HD(J) and in particular,
0 < Hh(J),Πh(J) <∞.

Proof. Since I is finite and S is primitive, 0 < P(t) < ∞. Therefore,
it follows from Proposition 4.2.8 that there exists a unique h > 0 such
that P(h) = 0. It then in turn follows from Theorem 4.2.9 that there
exists an h-conformal measure for S. Since S is finite,

ξ = inf{||φ′
i|| : i ∈ I} > 0.

Consider x = π(ω), ω ∈ E∞, 0 < r < 1
2 min{diam(Xv) : v ∈ V }, and

let n ≥ 0 be the least integer such that φω|n(Xt(ωn)) ⊂ B(x, r). Then
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n ≥ 1 and by conformality of m, (4f) and Lemma 4.2.10

m(B(x, r)) ≥ m
(
φω|n(Xt(ωn))

) ≥ K−h||φ′
ω|n ||hm

(
Xt(ωn))

)
≥MK−h||φ′

ω|n ||h,
(4.32)

where M is the constant coming from Lemma 4.2.10. From the choice of
n we conclude that φω|n−1(Xt(ωn−1)) is not contained in B(x, r). Thus,
by (4.20) and (4f), we get

r ≤ diam
(
φω|n−1(Xt(ωn−1))

) ≤ D||φ′
ω|n−1

||
≤ DK||φ′

ωn
||−1||φ′

ω|n || ≤ DKξ−1||φ′
ω|n ||.

Combining this and (4.32) we obtain

m(B(x, r)) ≥MK−2hDhξrh.

So, the first part of our theorem is proved. Let now Z be the family of
all minimal (in the sense of length) words ω ∈ E∗ such that

φω(Xt(ω)) ∩B(x, r) �= ∅ and φω(Xt(ω)) ⊂ B(x, 2r). (4.33)

Then diam(φω||ω|−1
(Xt(ω|ω|−1))) ≥ r and let

R = {ω||ω|−1 : ω ∈ Z}.
Note that R is finite and therefore we can find a finite subfamily R∗

of R consisting of mutually incomparable words such that each element
of R is an extension of an element from R∗. Then by Lemma 4.2.6,
#R∗ ≤ VdD

2dβ−1(1 + D−2)d. Since J ∩ (B(x, r) ⊂ ⋃{τ ∈ R∗}φτ (Xτ )
and since for every τ ∈ R∗,

||φ′
τ || ≤ K||φτe|| · ||φ′

e||−1 ≤ Kξ−1||φτe|| ≤ 4DKξ−1r,

where e ∈ I is such that τe ∈ Z, and the last inequality follows from
(4.33) and (4.20), we conclude that

m(B(x, r)) = m(J ∩B(x, r)) ≤ m

( ⋃
τ∈R∗

φτ (Xt(τ))

)

≤
∑
τ∈R∗

m(φτ (Xt(τ))) ≤
∑
τ∈R∗

||φ′
τ ||hm(Xt(τ))

≤
∑
τ∈R∗

||φ′
τ ||h ≤

∑
τ∈R∗

(4DKξ−1r)h

= #R∗(4ξ−1DK)hrh = VdD
2dβ−1(1 +D−2)d(4DKξ−1)hrh.

�
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In the proof of the next theorem, the main result of this section, we will
need the following simple fact.

Lemma 4.2.12 If S is a regular finitely primitive CGDMS, then for
every n ≥ 1

1 ≤
∑
ω∈En

||φω||h ≤ KhM−1,

where h is the unique zero of the pressure function P(t) and M is the
constant coming from Lemma 4.2.10.

Proof. Let m be the unique h-conformal measure, which exists by
Theorem 4.2.9. The h-conformality of m along with Lemma 4.2.10 imply
now that for every n ≥ 1∑

ω∈En

||φω ||h ≤
∑
ω∈En

Khm(φω(Xt(ω)))
m(Xt(ω))

≤ KhM−1
∑
ω∈En

m(φω(Xt(ω))) ≤ KhM−1

and ∑
ω∈En

||φω||h ≥
∑
ω∈En

m(φω(Xt(ω)))
m(Xt(ω))

≥
∑
ω∈En

m(φω(Xt(ω))) = 1.

�

We would like to immediately add that (see Example 5.2.6, Example 5.2.7
and Example 5.2.8) this theorem fails in the infinite case already for it-
erated function systems. There are irregular systems.

Let Fin(I) denote the family of all finite subsets of I. We shall now prove
a dynamical characterization of the Hausdorff dimension of the limit set
J , whose various versions have a long past and which goes along the line
continued in [Be], [B2], [DU2], [MM], [MW1], [Mo], [MU1] and others.

Theorem 4.2.13 If the conformal GDMS S is finitely primitive, then:

HD(J) = inf{t ≥ 0 : P(t) < 0} = sup{hF : F ∈ Fin(I)} ≥ θ.

If P(t) = 0, then t is the only zero of the function P(t) and t = HD(J).

Proof. Let ξ = inf{t ≥ 0 : P(t) < 0}. Take t > ξ. Then, using (4.20),
for every integer n ≥ 1 sufficiently large we have∑

ω∈En

diam(φω(Xt(ω)))t ≤ Dt
∑
ω∈En

||φ′
ω||t ≤ Dt exp(nP(t)/2).
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Since the family φω(Xt(ω)), ω ∈ En, is a cover of J and since its dia-
meters converge to 0 as n → ∞, it follows from the estimate obtained
that Ht(J) = 0. Thus HD(J) ≤ ξ. Let Λ and q be given by the finite
primitivity of the system S. Set η = sup{hF : F ∈ Fin(I)}. In order to
demonstrate that ξ ≤ η we need an improvement of Lemma 4.2.12. For
every v ∈ V fix ev ∈ I such that i(ev) = v. Consider then an arbitrary
finite subset F of I such that Gq ⊃ Λ and G ⊃ {ev : v ∈ V }. Since G
is finite and finitely primitive, the system SG is regular and there exists
an hG-conformal measure mG for SG. Using (2.21) and proceeding as
in the proof of Lemma 4.2.12, we find for every n ≥ 1

∑
ω∈En∩Gn

||φω||h ≤
∑

ω∈En∩Gn

KhG
m(φω(Xt(ω)))
m(Xt(ω))

≤ KhG

∑
ω∈En∩Gn

min{K−hG ||φ′
α||hG : α ∈ Λ}−1

× T (hGLog)#Λ||φet(ω))||−hGm(φω(Xt(ω)))

≤ K2hGKhG)#Λ max{||φ′
α||−hG : α ∈ Λ}

×max{||φev ||−hG : v ∈ V }
∑

ω∈En∩Gn

m(φω(Xt(ω)))

≤ K3h#Λ max{||φ′
α||−h : α ∈ Λ}max{||φev ||−h : v ∈ V }.

Denote this last number by M and notice that it is independent of G.
Denote by H ⊂ I the minimal set such that Hq ⊃ Λ and H ⊃ {ev :
v ∈ V }. Obviously η = sup{hF : F ∈ Fin(I) and F ⊃ H}. Since
hF ≤ h = hI for every F ⊂ I we have MF ≤ MI for every F ∈ Fin(I)
such that F q ⊂ Λ. Using the above estimate we can write as follows for
any t > η and any n ≥ 1.

∑
ω∈En

||φ′
ω||t = sup

F∈Fin(I):F⊃H

∑
ω∈Fn∩En

||φ′
ω ||t

≤ sup
F
{
∑

ω∈Fn∩En

||φ′
ω||hF sn(t−hF )}

≤ s(t−η)n sup
F
{
∑
ω∈Fn

||φ′
ω ||hF } ≤Ms(t−η)n.

Hence P(t) ≤ (t−η) log s < 0, which gives t ≥ ξ and consequently η ≥ ξ.
Obviously (cf. Lemma 4.2.10) η ≤ HD(J), and since we have proved that
HD(J) ≤ ξ, the proof of the “equality” part of the theorem is completed.
The inequality θ ≤ ξ follows immediately from the definitions of both
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numbers. Finally, the last statement of the theorem is true since P(t) is
continuous and strictly decreasing on (θ,∞). �

It easily follows from Theorem 4.2.11 that if the set of vertices is finite
then the box-counting dimension and the Hausdorff dimension of the
limit set coincide. As Example 5.2.3 shows, this equality fails in the
infinite case. We shall however now provide a complete solution of
the problem of determining the Minkowski or box-counting dimension
and the packing dimension (see Appendix 2, [Ma], or [Fa2]) of the limit
sets for all conformal primitive GDMS. Our first step is to demonstrate
that these numbers are equal even if we assume only that the contrac-
tions forming the system S are bi-Lipschitz continuous.

Theorem 4.2.14 If S is a CGDMS and all contractions φi are bi-
Lipschitz continuous, then PD(J) = BD(J) = PD(J) = BD(J).

Proof. The inequalities PD(J) ≤ PD(J) ≤ BD(J) and PD(J) ≤
BD(J) = BD(J) are obvious. Thus to complete the proof it suffices to
show that PD(J) ≥ BD(J). Indeed, fix t < BD(J) and consider an
arbitrary countable cover {Yn : n ≥ 1} of J . Since the metric space E∞

is complete, there exists q ≥ 1 such that π−1(Yq) has non-empty interior
in E∞. Therefore there exists an ω ∈ E∗ such that [ω] ⊂ π−1(Yq),
whence φω(J) = π([ω]) ⊂ Yq. Since t < BD(J), we have Π∗

t (J) = ∞.
Since φω is bi-Lipschitz continuous, Π∗

t (φω(J)) = ∞. We therefore get
Π∗
t (Yq) = Π∗

t (Yq) ≥ Π∗
t (φω(J)) = ∞. Thus

∑
n≥1 Π∗

t (Yn) = ∞ and
consequently Πt(J) = ∞, which completes the proof. �

We now come back to conformal systems. We begin with the following
definition. For every R ⊂ E∗ and every Y ⊂ X we set

LR(Y ) =
⋃
w∈R

φω(Y ∩Xt(ω)).

If R = En for some n ≥ 1, we simply write Ln(Y ) for LEn(Y ). We
recall that Nr(E) is the minimum number of balls of radius ≤ r needed
to cover a set E.

In order to prove our characterization we need several lemmas.

Lemma 4.2.15 Let {φi : i ∈ I} be a conformal finitely primitive GDMS.
Let Y be an arbitrary subset of X such that Y ∩Xv is a singleton of every
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v ∈ V . Then

PD(J) = BD(J) = max{HD(J), sup
n≥1

BD(Ln(Y ))}.

Proof. Theorem 4.2.14 says that PD(J) = BD(J). Let

M = max{HD(J), BD(Ln(Y ))}.
Fix t > M . By Theorem 4.2.13 P(t) < 0. Thus there is some Q such
that if q ≥ Q, then Zq(t) < 4−t and if |ω| ≥ Q, then ||φ′

ω || ≤ 1/4.
Fix q ≥ Q and choose A such that for all D ≥ r > 0, Nr(Lq(Y )) ≤
Ar−t. Now, choose B such that if 1 ≤ r ≤ D, then Nr(J) ≤ Br−t and
such that B ≥ 4tA/(1 − 4tZq(t)). We will show by induction that for
each n ∈ IN , if 1/n ≤ r ≤ D, then Nr(J) ≤ Br−t. This inequality
holds for n = 1. Suppose it holds for n and 1/(n + 1) ≤ r < 1/n.
Let Cn+1 = {ω ∈ Eq : diam(φω(Jt(ω))) ≤ 1/(2(n + 1))}. Since J =(⋃

ω∈Cn+1
φω(Jt(ω))

)
∪
(⋃

ω∈Eq\Cn+1
φω(J(Jt(ω)

)
, we get

Nr(J) ≤ N1/(n+1)(J) ≤ N1/(n+1)


 ⋃

ω∈Cn+1

φω(J)




+
∑

ω∈Eq\Cn+1

N1/(n+1)(φω(J)).

For ω ∈ Eq \ Cn+1, we have

N1/(n+1)(φω(Jt(ω))) ≤ N1/((n+1)||φ′
ω||)(J) ≤ N1/(2(n+1)||φ′

ω||)(J).

Since ||φ′
ω|| ≤ 1/4 ≤ (1/2)(n/n+ 1), we have 1/n ≤ 1/(2(n+ 1)||φ′

ω ||).
Since 1/(2(n + 1)) < diam(φω(Jt(ω))) ≤ D||φ′

ω ||, we get 1/(2(n + 1)
||φ′

ω ||) ≤ D. So, by the inductive hypothesis, N1/(n+1)(φω(Jt(ω))) ≤
B (2(n+ 1)||φ′

ω ||)t . Next, we claim that

N1/(n+1)(
⋃

ω∈Cn+1

φω(Jt(ω))) ≤ N1/(2(n+1))(Lq(Y )).

In order to see this, letB(yj , 1/(2(n+1))) be a collection of balls of radius
1/(2(n + 1)) covering Lq(Y ). Suppose z ∈ φω(t(ω)J), where ω ∈ Cn+1.

Then |z − φω(xt(ω))| ≤ diam(φω(Jt(ω))) ≤ 1/(2(n + 1)), where xt(ω) is
the only element of the intersection Y ∩ Xt(ω). For some j we have
|φω(xt(ω)) − yj | ≤ 1/(2(n + 1)). So, the balls B(yj , 1/(n + 1)) cover⋃

ω∈Cn+1
φω(t(ω)J). Our claim follows from this. Since n+ 1 ≤ 2/r, we
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get

Nr(t) ≤ A2t(n+ 1)t +
∑
ω∈Eq

B2t(n+ 1)t||φ′
ω||t

≤ 4t [A+BZq(t)] r−t ≤ Br−t.

This completes the induction argument. It now follows that BD(J) ≤ t.

The opposite inequality is obvious. �

Our goal is to show that we can replace the supremum in the previous
lemma with a simple maximum. We use two lemmas to accomplish this.

Lemma 4.2.16 If S is a CGDMS, then for all v ∈ V , all x, y ∈ Xv,
and all n ≥ 1

BD(Ln(x)) = BD(Ln(y)).

Proof. First notice that it suffices to prove this equality for n = 1
since for every n ≥ 1 the collection of maps {φω : ω ∈ En} forms a
conformal graph directed Markov system with the same set of vertices
again. Without loss of generality it is enough to show that BD(L1(y)) ≤
BD((L1(x)). Towards this goal, take 0 < r ≤ min{diam(Xv) : v ∈ V }
and let Ir = {e ∈ I : diam(φe(Xt(e))) ≤ r/2}. Then Nr(LIr (y)) ≤
Nr/2(LIr (x)). Clearly, Nr(LI\Ir

(z)) ≤ #(I \ Ir), for all z ∈ X . On
the other hand by Lemma 4.2.6 applied with κ = 1/2, Nr(LI\Ir

(z)) ≥
#(I \ Ir)/Vd2dD2dβ−1(1 + 2−1D−2). Hence,

Nr(L1(y)) ≤ Nr/2(LIr (x)) +Nr(LI\Ir
(y))

≤ Nr/2(LIr (x)) + Vd2dD2dβ−1(1 + 2−1D−2)Nr(LI\Ir
(x))

≤ (1 + Vd2dD2dβ−1(1 + 2−1D−2)
)
Nr/2(L1(x)).

Therefore,

BD(L1(y)) = lim
r→0

logNr((L1(y))
log r

≤ lim
r→0

logNr((L1(x))
log r

= BD(L1(x)).

�

Lemma 4.2.16 enables us to speak about the numbers BDn(v) := BD(Ln

(x)) for all n ≥ 1, all x ∈ Xv and all v ∈ V . Let

OD(S) = max{BD1(v) : v ∈ V }
and let w be one of the vertices where this maximum is assumed. We
shall prove the following.
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Lemma 4.2.17 If S is a CGDMS, then for all v ∈ V and for all n ≥ 1,
BDn(v) ≤ OD(S).

Proof. For every v ∈ V fix xv ∈ Int(Xv). Then there exists 0 < ρ <

min{dist(Xu, Xv) : u, v ∈ V and u �= v} such that B(xv, ρ) ⊂ Int(Xv)
for every v ∈ V . First, we shall show that θ(S) ≤ BD(L1(x)). To see
this, fix t > t − s > BD(L1(xw)) ≥ BD(L1(xv) for every v ∈ V . Then
fix 0 < ε < ρ/2 and for every v ∈ V consider the set

Iv(ε) = {e ∈ I : t(e) = v and Kερ−1 ≤ ||φ′
e(xv)|| ≤ 2Kερ−1}.

Since for given v ∈ V , the balls B(φi(xv), ε) with e ∈ Iv(ε) are disjoint,
Nε(L1(xv)) ≥ #Iv(ε). Since the set V is finite, we have for all v ∈ V

and all ε > 0 small enough, εs ≥ εtNε((L1(xv)). Therefore, for all k
large enough, say k ≥ k0, we get obtain∑

k≥k0

∑
v∈V

∑
i∈Iv(2−k)

||φ′
i||t ≤

∑
k≥k0

∑
v∈V

2tKtρ−t2−kt#Iv(2−k)

≤ 2tKtρ−t
∑
k≥k0

∑
v∈V

2−ktN2−k(L1(x))

≤ (2Kρ−1)t
∑
v∈V

∑
k≥k0

2−ks

≤ (2Kρ−1)t
#V

1− 2−s
<∞.

Since limi∈I ||φ′
i|| = 0, the set I\∑v∈V

⋃
k≥k0

I(2−k) is finite, and there-
fore t ≥ θ(S). Letting t→ BD(L1(xw)), we get θ(S) ≤ BD(L1(xw)).

Now, fix t > BD(L1(xw)) again. We shall show by induction that for
all n ≥ 1 there exists 0 < An <∞ such that

Nr(Ln(xv)) ≤ Anr
−t, (4.34)

for all v ∈ V and all 0 < r ≤ 2D. Indeed, the existence of A1

is immediate as t > BD(L1(xw)) ≥ BD(L1(xv)). Suppose that 0 <

An < ∞ exists. To prove the existence of An+1, set I1 = {ω ∈ En :
diam(φω(Xt(ω)) < r/2}. Since for every v ∈ V , ω ∈ I1 and every
e ∈ I such that Aωne = 1 and t(e) = v, we have φωj(xv) = φω(φj(xv)) ∈
B(φω(xi(e), r/2), we conclude that for all v ∈ V , Nr(L(I1×I)∩En+1 , xv) ≤∑

u∈V Nr/2(LI1(x)) ≤
∑

u∈V Nr/2(Ln(x)) ≤ 2t#V Anr
−t. If ω ∈ En \

I1, then for all v ∈ V , Nr(L({ω}×I)∩En+1, xv) ≤ Nr/||φ′
ω||(L1(xv)) ≤

A1||φ′
ω ||tr−t, where the second inequality sign holds since r/||φ′

ω || ≤
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2diam(φω(Xt(ω))/||φ′
ω|| ≤ 2D. Thus, since t > θ(S),

Nr(Ln+1(x)) ≤ 2t#V Anr
−t +A1r

−t
∑

ω∈En\I1
||φ′

ω ||t

≤ 2t#V Anr
−t +A1Zn(t)r−t

= (2t#V An +A1Zn(t))r−t.

The proof of (4.34) is completed by setting An+1 = 2t#V An +A1Zn(t).
Hence BDn(v) = BDn(Ln(xv)) ≤ t and therefore BDn(v) ≤ OD(S). �

As a consequence of Lemma 4.2.15 and Lemma 4.2.17, we have a simple
means of obtaining the packing and upper box-counting dimensions of
the limit set.

Theorem 4.2.18 Let {φi : i ∈ I} be a conformal GDMS. Then PD(J) =
BD(J) = OD(S).

4.3 Strongly regular, hereditarily regular
and irregular systems

In this section following the terminology introduced in [MU1] in the con-
text of iterated function systems we classify GDMS into regular, hered-
itarily regular and irregular ones. The latter differentiate themselves by
odd geometric features.

Definition 4.3.1 A CGDMS is said to be strongly regular if there exists
t ≥ 0 such that 0 < P(t) <∞.

A family {φi}i∈F is said to be a cofinite subsystem of a system = {φi}i∈I
if F ⊂ I and the difference I \ F is finite.

Definition 4.3.2 A CGDMS is said to be hereditarily regular if each of
its cofinite subsystem is regular.

Using Proposition 2.1.9 we get the following obvious result.

Lemma 4.3.3 The following conditions are equivalent.

(a) ψS(t) <∞.
(b) There exists a cofinite subsystem S′ of S such that ψS′(t) <∞.
(c) For every cofinite subsystem S′ of S we have ψS′(t) <∞.
(d) PS(t) <∞.
(e) There exists a cofinite subsystem S′ of S such that PS′(t) <∞.
(f) For every cofinite subsystem S′ of S we have PS′(t) <∞.
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A strong geometric meaning of hereditarily regular systems is provided
by the following.

Theorem 4.3.4 An infinite system S is hereditarily regular if and only
if P(θ) = ∞ ⇔ ψ(θ) = ∞ ⇔ {t : P(t) < ∞} = (θ,∞) ⇔ {t : ψ(t) <
∞} = (θ,∞). If S is hereditarily regular, then h > θ.

Proof. If {t : P(t) < ∞} = (θ,∞), then S is hereditarily regular in
view of Lemma 4.3.3, Theorem 4.2.9, and Proposition 4.2.8. If ψ(θ) <
∞, then there exists a cofinite subsystem S′ of S such that ψS′(θ) < 1,
whence PS′(θ) < 0. Therefore S′ is not regular in view of Theorem 4.2.9,
Theorem 4.2.13 and Proposition 4.2.8. All other equivalences involved
in this theorem now follow from Lemma 4.3.3. �

Theorem 4.3.5 Each strongly regular system is regular and each hered-
itarily regular system is strongly regular. In addition, for each strongly
regular system S, hS > θS.

Proof. It immediately follows from Proposition 4.2.8 that each strongly
regular system S is regular and that hS > θS for this system S. If S is
hereditarily regular, then θS = ∞ by Theorem 4.3.4, and S is therefore
strongly regular by Proposition 4.2.8. �

We shall prove the following interesting characterization of the θS
number.

Theorem 4.3.6

lim
T∈Fin(I)

hI\T = inf
T∈Fin(I)

hI\T = θS .

Proof. In view of Lemma 4.3.3, θS′ = θS for every cofinite subsystem
S′ of S. Therefore, using Theorem 4.2.13, we conclude that limT∈Fin(I)

hI\T ≥ θS . In order to prove the opposite inequality fix t > θS . Then
ψS(t) <∞, and therefore there exists F ∈ Fin(I) such that ψI\T (t) < 1
for every finite subset T of I containing F . Hence PI\T (t) < 0 for
every finite subset T of I containing F which shows that limT∈Fin(I)

hI\T ≤ t. �

Definition 4.3.7 If a CGDMS S is not regular we call it irregular.

From Theorem 4.2.9 and Proposition 4.2.8 we get the following charac-
terization of irregular systems.
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Theorem 4.3.8 A CGDMS S is irregular if and only if P(h) < 0 ⇔
P(θ) < 0.

As the next theorem shows, irregular systems also exhibit some hered-
itary features.

Theorem 4.3.9 If S is irregular, then every cofinite subsystem S′ of S
is irregular and hS′ = θS.

Proof. In view of Theorem 4.3.8 hS = θS . In view of Lemma 4.3.3 and
Theorem 4.3.8, PS′(θS′) = PS′(θS) ≤ PS(θS) < 0 and therefore it fol-
lows from Theorem 4.3.8 that S′ is irregular. Thus, using Lemma 4.3.3,
hS′ = θS′ = θS . �

We end this section with the following interesting characterization of
strongly regular systems.

Theorem 4.3.10 Suppose that S = {φi : i ∈ I} is a CGDMS. Then the
following conditions are equivalent.

(a) S is strongly regular.
(b) hS > θS.
(c) There exists a proper cofinite subsystem S′ of S such that hS′ <

hS.
(d) For every proper subsystem S′ of S we have hS′ < hS.

Proof. It is obvious that (d) ⇒ (c). The implication (c) ⇒ (b)
follows from Theorem 4.3.9, Proposition 4.2.8 and Theorem 4.2.13. The
implication (b) ⇒ (a) is an immediate consequence of Theorem 4.3.9
and Theorem 4.3.8. Thus, we are only left to show that (a) ⇒ (d). So,
consider a proper subsystem S′ = {φi : i ∈ I ′} of S. Suppose first that
S′ is irregular and fix any number α ∈ (θS , hS). Then PS′(α) <∞ and
therefore by Theorem 4.2.13, hS′ ≤ α < hS and we are done in this case.
So, suppose that S′ is regular and additionally suppose to the contrary
that h = hS′ = hS . Recall that by µ̃ and µ̃′ we denote the invariant
Gibbs states respectively corresponding to the families {h log |φ′

i|}i∈I
and {h log |φ′

i|}i∈I′ . Then µ̃′([ω]) ≤ QQ′µ̃([ω]) for every ω ∈ E′∗ and
some constants Q and Q′. Since E′∞ ⊂ E∞, µ̃′ can be regarded as
a probability measure on E∞ (µ̃′(A) = µ̃(A ∩ E′∞) for every Borel
set A ⊂ E∞. Then this last inequality implies that µ̃′ is absolutely
continuous with respect to µ̃ (even dµ̃′/dµ̃ ≤ QQ′). Since, in addition,
both measures µ̃∗ and µ̃

′∗ are ergodic and σ-invariant on E∞, they
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must coincide. This however is a contradiction as µ̃
′∗([j]) = 0 and

µ̃∗([j])Q−1||φ′
j || > 0 for every j ∈ I \ I ′. �

4.4 Dimensions of measures

Let us observe first that the argument given at the beginning of the
proof of Theorem 3.2.3 also yields the following remarkable fact, which
can be called a measure theoretic open set condition.

Theorem 4.4.1 If µ is a Borel shift-invariant ergodic probability meas-
ure on E∞, then

µ ◦ π−1
(
φω(Xt(ω)) ∩ φτ (Xt(τ))

)
= 0 (4.35)

for all incomparable words ω, τ ∈ E∗.

Recall that if ν is a finite Borel measure onX , then HD(ν), the Hausdorff
dimension of ν, is the minimum of Hausdorff dimensions of sets of full
ν measure. As before, by α = {[i] : i ∈ I}, we denote the partition
of E∞ into initial cylinders of length 1. If µ is a Borel shift-invariant
ergodic probability measure on E∞, by hµ(σ) we denote its entropy with
respect to the shift map σ : E∞ → E∞ and by χµ(σ) =

∫
ζdµ > 0 its

characteristic Lyapunov exponent, where

ζ(ω) = − log |φ′
ω1

(π(σ(ω)))|.
We start with the following main result of this section versions of which
were established in various conformal contexts.

Theorem 4.4.2 (Volume lemma) Suppose that µ is a Borel shift-
invariant ergodic probability measure on E∞ such that at least one of
the numbers Hµ(α) or χµ(σ) is finite, where Hµ(α) is the entropy of the
partition α with respect to the measure µ. Then

HD(µ ◦ π−1) =
hµ(σ)
χµ(σ)

.

Proof. Suppose first that Hµ(α) < ∞. Then the series
∑

i∈I −µ([i])
log(||φ′

i||0) converges and using (4e) and (4f) we conclude that the func-
tion ζ is integrable. Since Hµ(α) < ∞ and since α is a generating
partition, the entropy hµ(σ) = hµ(σ, α) ≤ Hµ(α) is finite. Thus, in view
of the Birkhoff ergodic theorem and the Breimann–Shannon–McMillan
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theorem there exists a set Z ⊂ E∞ such that µ(Z) = 1,

lim
n→∞

1
n

n−1∑
j=0

ζ◦σj(ω) = χµ(σ) and lim
n→∞

− log(µ([ω|n])
n

= hµ(σ) (4.36)

for all ω ∈ Z. Fix now ω ∈ Z and η > 0. For r > 0 let n = n(ω, r) ≥ 0
be the least integer such that φω|n(Xt(ωn)) ⊂ B(π(ω), r). Then log

(
µ ◦

π−1(B(π(ω), r))
) ≥ log

(
µ ◦ π−1(φω|n(Xt(ωn)))

) ≥ log(µ([ω|n]) ≥
−(hµ(σ) + η)n for every r small enough (which implies that n = n(ω, r)
is large enough) and diam

(
φω|n−1(Xt(ωn−1))

) ≥ r. The last inequality
implies that

log r ≤ log
(
diam(φω|n−1(Xt(ωn−1)))

) ≤ log
(
D|φ′

ω|n−1
(π(σn−1(ω)))|)

≤ logD +
n−1∑
j=1

log |φ′
ωj

(π(σj(ω)))| ≤ logD − (n− 1)(χµ(σ) − η)

for all r small enough. Therefore, for these r

log
(
µ ◦ π−1(B(π(ω), r))

)
log r

≤ −(hµ(σ) + η)n
logD − (n− 1)(χµ(σ)− η)

=
hµ(σ) + η

− logD
n + n−1

n (χµ(σ)− η)
.

Hence letting r → 0, and consequently n→∞, we obtain

lim sup
r→0

log
(
µ ◦ π−1(B(π(ω), r))

)
log r

≤ hµ(σ) + η

χµ(σ)− η
.

Since η was an arbitrary positive number we finally obtain

lim sup
r→0

log
(
µ ◦ π−1(B(π(ω), r))

)
log r

≤ hµ(σ)
χµ(σ)

for all ω ∈ Z. Hence (see Appendix, Section A.2), as µ ◦π−1(π(Z)) = 1,
HD(µ ◦ π−1) ≤ hµ(σ)/χµ(σ). Let now J1 ⊂ J be an arbitrary Borel set
such that µ ◦ π−1(J1) > 0. Fix η > 0. In view of (4.36) and Egorov’s
theorem there exist n0 ≥ 1 and a Borel set J̃2 ⊂ π−1(J1) such that
µ(J̃2) > µ(π−1(J1))/2 > 0,

µ([ω|n]) ≤ exp
(
(−hµ(σ) + η)n

)
(4.37)

and |φ′
ω|n(π(σn(ω))| ≥ exp

(
(−χµ(σ)−η)n) for all n ≥ n0 and all ω ∈ J̃2.

By (4.23), the last inequality implies that there exists n1 ≥ n0 such that

diam
(
φω|n(Xt(ωn))

) ≥ D−1e(−χµ(σ)−η)n ≥ e−(χµ(σ)+2η)n (4.38)
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for all n ≥ n1 and all ω ∈ J̃2. Given now 0 < r < exp(−(χµ(σ)+ 2η)n1)
and ω ∈ J̃2 let n(ω, r) be the least number n such that diam

(
φω|n+1

(Xt(ωn+1))
)
< r. Using (4.38) we deduce that n(ω, r) + 1 > n1, hence

n(ω, r) ≥ n1 and diam
(
φω|n(Xt(ωn))

) ≥ r. In view of Lemma 4.2.6 there
exists a universal constant L ≥ 1 such that for every ω ∈ J̃2 and 0 < r <

exp(−(χµ(σ) + 2η)n1

)
there exist points ω(1), . . . , ω(k) ∈ J̃2 with k ≤ L

such that π(J̃2) ∩ B(π(ω), r) ⊂ ⋃k
j=1 φω(j)|

n(ω(j) ,r)

(
X

t
(
ω(j)|

n(ω(j),r)

)
)

.

Let µ̃ = µ|J̃2
be the restriction of the measure µ to the set J̃2. Using

(4.35), (4.37) and (4.38) we get

µ̃ ◦ π−1(B(π(ω), r))

≤
k∑

j=1

µ ◦ π−1
(
φω(j) |

n(ω(j),r)
(Xt(ω(j)|

n(ω(j),r)
))
)

=
k∑

j=1

µ
(
[ω(j)|n(ω(j),r)]

) ≤ k∑
j=1

exp
(
(−hµ(σ) + η)n(ω(j), r)

)

=
k∑

j=1

(
exp
(−(χµ(σ) + 2η)(n(ω(j), r) + 1)

)) n(ω(j),r)

n(ω(j) ,r)+1
· −hµ(σ)+η

−(χµ(σ)+2η)

≤
k∑

j=1

diam

(
φω(j)|

n(ω(j),r)+1

(
X

t

(
ω

(j)

n(ω(j),r)+1

)
)) n(ω(j),r)

n(ω(j),r)+1
· hµ(σ)−η

χµ(σ)+2η

≤
k∑

j=1

r
n(ω(j) ,r)

n(ω(j),r)+1
· hµ(σ)−η

χµ(σ)+2η ≤ Lr
hµ(σ)−2η

χµ(σ)+2η ,

where the last inequality holds assuming n1 to be so large that n1
n1+1 ·

hµ(σ)−η
χµ(σ)+2η ≥ hµ(σ)−2η

χµ(σ)+2η . Hence (see Appendix 2) HD(J1) ≥ HD(π(J̃2)) ≥
hµ(σ)−2η
χµ(σ)+2η and since η was an arbitrary number HD(J1) ≥ hµ(σ)

χµ(σ) . Thus

HD(µ ◦ π−1) ≥ hµ(σ)
χµ(σ) and the proof is complete in the case of finite

entropy. If Hµ(α) = ∞ but χµ(σ) < ∞, then the above considerations
would imply that HD(µ) = ∞ which is impossible, and the proof is
finished. �

Remark 4.4.3 Note that in proving HD(µ◦π−1) ≥ hµ(σ)
χµ(σ) we did not use

the property µ([ω]) = µ ◦ π−1(φω(Xt(ω))), ω ∈ E∗, which is equivalent
with (4.35).
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Remark 4.4.4 It is worth noting that Hµ(α) < ∞ if and only if
Hµ(αq) < ∞ for some q ≥ 1 and therefore it is sufficient to assume
in Theorem 4.4.2 that Hµ(αq) <∞ for some q ≥ 1.

As an immediate consequence of Theorem 4.4.2 and Remark 4.4.4 we
get the following.

Corollary 4.4.5 If F = {f (i) : i : i ∈ I} is a summable Hölder family
of functions and the series∑

ω∈Eq

−m̃F (φω(X)) log(m̃F (φω(X)))

converges for some q ≥ 1, then

HD(mF ) = HD(µF ) =
hµ̃F (σ)
χµ̃F (σ)

.

Corollary 4.4.6 If the CGDMS S = {φi}i∈I is strongly regular or, more
generally, if it is regular and Hµ̃(α) < ∞, where µ is the S-invariant
version of the h-conformal measure m, then

HD(m) = HD(µ) = HD(JS).

Proof. We want to remark first that for each strongly regular system
S, Hµ̃(α) < ∞. And indeed, since S is strongly regular, there exists
η > 0 such that Z1(h − η) < ∞, which means that

∑
i∈I ||φ′

i||h−η <

∞. Since ||φ′
i||−η ≥ −h log ||φ′

i|| for all but perhaps finitely many i ∈
I, the series

∑
i∈I −h log(||φ′

i||)||φ′
i||h converges. Hence, by the Gibbs

property,
∑

i∈I − log(µ̃([i])µ̃([i]) < ∞, which means that Hµ̃(α) < ∞.
So, suppose that S is regular and Hµ̃(α) < ∞. Since µ and m are
equivalent, HD(µ) = HD(m). Since for every ω ∈ E∞,

lim
n→∞

− log(µ̃([ω|n]))∑n−1
j=0 ζ ◦ σj(ω)

= lim
n→∞

h
∑n−1

j=0 ζ ◦ σj(ω)∑n−1
j=0 ζ ◦ σj(ω)

= h,

using Birkhoff’s ergodic theorem and the Breimann–Shannon–McMillan
theorem, we see that hµ/χµ = h. The proof is now concluded by invoking
Theorem 4.4.2 and Remark 4.4.3. �

We end this short section with the proof of the following two facts show-
ing that essentially µ̃−hζ is the only invariant measure on E∞ whose
projection onto JS has the maximal dimension HD(JS).
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Theorem 4.4.7 Suppose that S = {φi}i∈I is a regular conformal system
such that χµ̃−hζ

< ∞. Suppose also that µ is a shift-invariant ergodic
Borel probability measure on E∞ such that Hµ(α) < ∞. If HD(µ ◦
π−1) = h := HD(J), then µ = µ̃−hζ .

Proof. If χµ = ∞, then it follows from Remark 4.4.3 that h = HD(µ ◦
π−1) = 0, which is a contradiction. So, χµ < ∞ and it follows from
Remark 4.4.3 that hµ − hχµ ≥ 0. Since, in view of Theorem 4.2.9
and Theorem 4.2.13, P(−hζ) = P(h) = 0, we therefore deduce from
Theorem 2.2.9 with f = −hζ, that µ = m̃u−hζ. �

Corollary 4.4.8 Suppose that S = {φi}i∈I is a regular conformal system
such that χµ̃−hζ

<∞. Suppose also that F = {f (i) : i ∈ I} is a summable
Hölder family of functions satisfying the assumptions of Corollary 4.4.5
(or equivalently Hµ̃F (α) < ∞). If HD(µF ) = h := HD(J), then µ̃F =
µ̃−hζ and the difference between the amalgamated function f : E∞ → IR

and the function −hζ : E∞ → IR is cohomologous to a constant in the
class of bounded Hölder continuous functions on E∞.

Proof. Since µF = µ̃F ◦π−1, all the assumptions of Theorem 4.4.7 are
satisfied. It therefore follows from this theorem that µ̃F = µ̃−hζ . As an
immediate application of Theorem 2.2.7 we now conclude that f + hζ is
cohomologous to a constant in the class of bounded Hölder continuous
functions. �

4.5 Hausdorff, packing and Lebesgue measures

We start this section with the following two general results showing that
despite Examples 5.2.6, 5.2.7 and 5.2.8 something positive can proved
about Hausdorff and packing measures even in an entirely general con-
formal setting.

Theorem 4.5.1 If m is a t-conformal measure on J , then the Hausdorff
measure Ht restricted to J is absolutely continuous with respect to m and
||dHt/dm||0 <∞. In particular, Ht(J) is finite.

Proof. In view of (4.20) diam(φω(Xt(ω))) ≤ D||φ′
ω|| for every ω ∈ E∗.

Hence, by t-conformality of the measure m and the bounded distortion
property, we get

m(φω(Xt(ω))) ≥ K−tm(Xt(ω))||φ′
ω ||t ≥MK−t||φ′

ω ||t,



4.5 Hausdorff, packing and Lebesgue measures 95

where M is the constant coming from Lemma 4.2.10. Hence

diam(φω(Xt(ω)))t ≤M−1(DK)tm(φω(Xt(ω))).

Let now A be a closed subset of J and for every n ≥ 1 put An = {ω ∈
En : φω(J) ∩ A �= ∅}. Then the sequence of sets

⋃
ω∈An

φω(Xt(ω)) is
decreasing and

⋂
n≥1

(⋃
ω∈An

φω(Xt(ω))
)

= A. Therefore

Ht(A) ≤ lim inf
n→∞

∑
ω∈An

(
diam(φω(Xt(ω)))

)t

≤ lim inf
n→∞

(
M−1(DK)t

∑
ω∈An

m(φω(Xt(ω)))

)

= M−1(DK)t lim inf
n→∞

(
m
( ⋃
ω∈An

φω(J)
))

= M−1(DK)tm(A).

Since J is a separable metric space, the measure m is regular and there-
fore the inequality Ht(A) ≤ M−1(DK)tm(A) extends to all Borel sub-
sets of J . �

Let us now prove an analogous result for packing measures.

Theorem 4.5.2 If m is a t-conformal measure for a CGDMS S and
either the alphabet I is finite or J ∩ Int(X) �= ∅, then m is absolutely
continuous with respect to Πt. Moreover, the Radon-Nikodym derivative
dm/dΠt is uniformly bounded away from infinity. In particular Πh(J) >
0.

Proof. If I is finite, then the result follows from Theorem 4.2.11. So,
suppose that J ∩ Int(Xv) �= ∅ for some v ∈ V . Then there exists q ≥ 1
and τ ∈ Eq with i(τ) = v and such that φτ (Xt(τ)) ⊂ Int(Xv). Set
γ = dist(φτ (X), ∂X). Let

R = {ω ∈ E∞ : ω|[n+1,n+q] = τ for infinitely many n’s}
and let R0 be the set of those elements of E∞ which contain no subword
τ . Since [τ ] ∩ R0 = ∅, we get µ(R0) < 1, and since σ−1(E∞ \ R0) ⊂
E∞ \ R0, it follows from the ergodicity of σ proved in Theorem 2.2.4
that µ(R0) = 0. As E∞ \R =

⋃
n≥0 σ

−n(R0), we obtain µ(E∞ \R) = 0.
Therefore, using (4.29), we get µ(J \ π(R)) = µ̃ ◦ π−1(J \ π(R)) ≤
µ̃(E∞ \ R) = 0. Take now ω ∈ R and an integer n ≥ 1 such that
ω|[n+1,n+q] = τ . Put x = π(ω) and consider the ball B(x,K−1||φ′

ω|n ||γ).
Since by (4.21) B(x,K−1||φ′

ω|n ||γ) ⊂ φω|n
(
B(π(σn(ω)), γ)

)
and since
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B(π(σn(ω)), γ) ⊂ Int(Xv) ⊂ Xv, using the conformality of m we get

m
(
B(x,K−1||φ′

ω|n ||γ)
) ≤ ||φ′

ω|n ||tm(B(π(σn(ω)), γ)) ≤ ||φ′
ω|n ||t

= (Kγ−1)t(K−1||φ′
ω|n ||γ)t.

Sincem(J\π(R)) = 0, applying Theorem A2.0.13(1) we thus get Πt(E) ≥
(K−1γ)tp1(t)m(E) for every Borel subset E of J . �

The assumption J ∩ Int(X) �= ∅ is known in the literature concerning
iterated function systems as the strong open set condition (abbreviated
(SOSC)).

We shall now provide characterizations of positivity of the Hausdorff
measure and finiteness of the packing measure of the limit set of a regular
CGDMS. These characterizations reduce the procedure of comparing the
ratios of measures of balls and their radii to the balls “containing” the
first level sets. This is in the spirit of going to a “large scale”. This idea
is also employed in Theorem 4.6.2 and Theorem 6.3.1.

Theorem 4.5.3 If S is a regular CGDMS, then the following conditions
are equivalent.

(a) Hh(J) > 0.

(b) There exists a constant L > 0 such that for every i ∈ I, every
r ≥ diam(φi(Xt(i))), and every y ∈ φi(Vt(i)), m(B(y, r)) ≤ Lrh.

(c) There are two constants L > 0, γ ≥ 1 such that for every i ∈ I

and every r ≥ γdiam(φi(Xt(i))) there exists y ∈ φi(Vt(i)) such
that m(B(y, r)) ≤ Lrh.

Proof. (a)⇒(b). In order to prove this implication suppose that (b)
fails. Then for every L > 1/disth(X, ∂V ) there exists j ∈ I such that
m(B(x, r)) > Lrh for some x ∈ φj(Xt(j)) and some r ≥ diam(φj(Xt(j))).
Let J1 be the image under π of all words of E∞ that contain each ele-
ment of I infinitely often. Consider z ∈ J1, z = π(ω) ∈ E∞ such that
ωn+1 = j for some n ≥ 1. Set zn = π(σn(ω)). Then z = φω|n(zn)
and zn ∈ B(x, r). Since r ≤ 1/L1/h ≤ dist(X, ∂V ), all the geometric
consequences of the bounded distortion property (4e), (4f) and (4.19) –
(4.24) are applicable to the ball B(x, r). In particular, we get |φω|n(zn)−
φω|n(x)| ≤ ||φ′

ω|n ||r and B
(
φω|n(x), ||φ′

ω|n ||r
) ⊃ φω|n(B(x, r)). There-

fore, B(z, 2||φ′
ω|n ||r) ⊃ φω|n(B(x, r)). By conformality and (4f) this
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implies that

m
(
B(z, 2||φ′

ω|n ||r)
) ≥ K−h||φ′

ω|n ||hm(B(x, r)) ≥ K−hL||φ′
ω|n ||hrh

=
(
2||φ′

ω|n ||r
)h L

(2K)h
.

Using Theorem A2.0.16, we get Hh(J1) ≤ C/L, for some constant C
independent of L. Now, letting L → ∞ we conclude that Hh(J1) = 0.
By Theorem 2.2.4, m(J\J1) = 0. This in turn, in view of Theorem 4.5.1,
shows that Hh(J \ J1) = 0. Thus, Hh(J) = 0 and therefore the proof of
the implication (a)⇒(b) is finished.

The implication (b)⇒(c) is obvious.

(c)⇒(a). Set η = dist(X, ∂V ). Increasing D or K if necessary, we
may assume that 2KDη−1 ≥ 1. Take an arbitrary x ∈ J and ra-
dius r > 0. Set r̃ = 2KDη−1r. For every z ∈ B(x, r) ∩ J consider
a shortest word ω = ω(z) such that z ∈ π([ω]) and φω(Xt(ω)) ⊂ B(z, r̃).
Then diam(φω||ω|−1

(Xt(ω|ω|−1)) ≥ r̃. Let R = {ω(z)||ω(z)|−1 : z ∈
J ∩ B(x, r)}. Notice that R is finite since limi∈I diam(φi(Xt(i))) = 0
and since limn→∞ sup{diam(φω(Xt(ω))) : ω ∈ In} = 0. Therefore we can
find a finite set {z1, z2, . . . , zk} ⊂ J ∩B(x, r) such that the family R∗ =
{ω(zj)||ω(zj)|−1 : j = 1, . . . , k} ⊂ R consists of mutually incomparable
words and the family {π(ω(zj)||ω(zj)|−1 : j = 1, . . . , k} covers B(x, r)∩J .
Now, temporarily fix an element z ∈ {z1, z2, . . . , zk}, set ω = ω(z), q =
|ω|, and ψ = φω|q−1 . Since diam(ψ(Int(Xt(ωq−1 ))) ≥ r̃, it follows from
Lemma 4.2.6 that #R∗ ≤M , a constant depending only on the system
S. By the choice of ω, (4.23) and (4f) we haveD−1K−1||ψ′||·||φ′

ωq
|| ≤ 2r̃,

whence, by (4.20), 2KD2||ψ′||−1r̃ ≥ D||φ′
ωq
|| ≥ diam(φωq (Xt(ωq))). So,

if y ∈ φωq (Xt(ωq)) is the point from the assumptions corresponding to
the radius 4γKD2||ψ′||−1r̃ ≥ 2γdiam(φωq (Xt(ωq))), using (4.21), the
inequality 2rK||ψ′||−1 ≤ 2rKDr̃−1 = η and the relation ψ−1(z) ∈
φωq (Xt(ωq)), we can write

B(x, r) ∩ ψ(Xt(ωq−1)) ⊂ B(z, 2r) ∩ ψ(Xt(ωq−1))

⊂ ψ
(
B(ψ−1(z), 2rK||ψ′||−1)

)
⊂ ψ
(
B(y, 2r̃K||ψ′||−1 + 2r̃K||ψ′||−1D2)

)
⊂ ψ
(
B(y, 4D2K||ψ′||−1r̃)

)
.
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So, by the assumptions of the lemma,

m
(
B(x, r) ∩ ψ(Xt(ωq−1))

) ≤ m
(
ψ(Xt(ωq−1)) ∩B(y, 4D2K||ψ′||−1r̃)

)
≤ ||ψ′||hm(B(y, 4D2K||ψ′||−1r̃)

)
≤ ||ψ′||hL(4D2K||ψ′||−1r̃

)h
= L(8D3K2η−1)hrh.

Therefore m(B(x, r)) ≤ #R∗L(8D3K2η−1)hrh ≤ ML(8D3K2η−1)hrh

and applying Theorem A2.0.12(2) finishes the proof of this implication
and simultaneously the whole thorem. �

Remark 4.5.4 It is obvious that it suffices the for conditions (b) and
(c) of Theorem 4.5.3 to be satisfied for a cofinite subset of I.

Theorem 4.5.5 If S = {φi : i ∈ I} is a regular CGDMS, then the
following conditions are equivalent.

(a) Πh(J) < +∞.
(b) There are two constants L > 0, ξ > 0 such that for every i ∈ I,

every diam(φi(X)) ≤ r ≤ ξ and every y ∈ φi(Wt(i)), m(B(y, r)) ≥
Lrh.

(c) There are three constants L > 0, ξ > 0, and γ ≥ 1 such that
for every i ∈ I and every γdiam(φi(X)) ≤ r ≤ ξ there exists
y ∈ φi(Wt(i)) such that m(B(y, r)) ≥ Lrh.

Proof. (a)⇒(b). In order to prove this implication suppose that (b)
fails and (a) holds. Fix L, ξ > 0. Then there are i ∈ I and diamφi(X) ≤
r ≤ ξ such that for some x ∈ φi(Wt(i)), we have

m(B(x, r)) ≤ Lrh.

Since the system is regular, there is a Borel subset B of J with m(B) = 1
and such that each point z of B has a unique code, ω, and π(σn(ω)) is in
the ball B(x, r/2) for infinitely many n’s. For such a point z and integer
n ≥ 1, we have by conformality of m and (4f)

m(φω|n(B(π(σn(ω)), r/2))) ≤ ‖φ′
ω|n‖hm(B(π(σn(ω)), r/2))

≤ ‖φ′
ω|n‖hm(B(x, r)) ≤ ‖φ′

ω|n‖hLrh.
But, by (4.21),

φω|n(B(π(σn(ω)), r/2)) ⊃ B(z, ‖φ′
ω|n‖K−1r/2).
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So, m(B(z, ‖φ′
ω|n‖r/2K)) ≤ (‖φ′

ω|n‖r/2K)h(2K)hL. Using Theorem
A2.0.13(1), we get Πh(J) ≥ Πh(J ∩B) ≥ (2K)−hL−1p1(t). Now, letting
L → 0 we get Πh(J) = ∞. This contradiction finishes the proof of the
implication (a)⇒(b).

The implication (b)⇒(c) is obvious.
(c)⇒(a). First notice that decreasing L if necessary, the assumption

of the lemma continues to be fulfilled if the number ξ is replaced by any
other positive number, for example by η/2, where η = dist(X, ∂V ). Fix
0 < r < ξ, x = π(ω) ∈ J , and take the maximal k ≥ 0 such that

φω|k(Wt(ωk)) ⊃ B(x,D−2r). (4.39)

Abbreviate φω|k+1 by ψ. Then ψ(Wt(ωk+1)) does not contain B(x,D−2r)
and, as by (4.23), ψ(V ) ⊃ B(x,D−1||ψ′||), we obtain D−2r > D−1||ψ′||.
Hence, by (4.20), B(x, r) ⊃ B(x,D||ψ′||) ⊃ ψ(Wt(ωk+1)) and therefore,
using the conformality ofm, we getm(B(x, r)) ≥ K−h||ψ′||hm(Xt(ωk+1)))
≥MK−h||ψ′||h whereM comes from Lemma 4.2.10. If now γDK||ψ′|| ≥
(2D3)−1ηr, then

m(B(x, r))
rh

≥Mηh(2D4K2γ)−h.

Otherwise,

γDK||ψ′|| < (2D3)−1ηr. (4.40)

Set g = φωk+1 and let y be an arbitrary point in g(Wt(ωk+1)). Since
diam(g(Wt(ωk+1))) ≤ D||g′|| and since γ ≥ 1, it follows from (4.40) that

B
(
y, (2D3)−1η||φ′

ω|k ||−1r
) ⊂ B

(
π(σk(ω)), D−3η||φ′

ω|k ||−1r
)
. (4.41)

From (4.19)

φω|k
(
B(π(σk(ω)), D−3η||φ′

ω|k ||−1r)
)

⊂ B
(
x,D−3ηr||φ′

ω|k (g(z))||) ⊂ B(x, r).
(4.42)

In view of (4.40) we have (2D3)−1η||φ′
ω|k ||−1rγD||g′(z)|| ≥ γdiam

(g(Wt(ωk+1))). By (4.39) and (4.20), D−3||φ′
ω|k ||−1r ≤ 1; hence (2D3)−1

η||φ′
ω|k ||−1rγD||g′(z)|| ≤ η/2. As the number (2K)−1||φ′

ω|k(g(z))||−1r

does not depend on the choice of y ∈ g(Wt(ωk+1)), we can assume that
y satisfies the assumption of our lemma. So, using this assumption, it
follows from (4.41) and (4.42) that

m(B(x, r)) ≥ K−h||φ′
ω|k ||hL(2D3)−h||φ′

ω|k ||−hrh = L(2D3K)−hrh.

�
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Remark 4.5.6 It is obvious that it suffices for the conditions (b) and
(c) of Theorem 4.5.5 to be satisfied for a cofinite subset of I.

As a consequence of Theorem 4.5.3, we get the following.

Corollary 4.5.7 If S = {φi : i ∈ I} is a regular CGDMS and there
exist a sequence of points zj ∈ S(∞) and a sequence of positive reals
{rj : j ≥ 1} such that

lim sup
j→∞

m(B(zj , rj))
rhj

= ∞,

then Hh(J) = 0.

Proof. Indeed, by the definition of S(∞), for every j ≥ 1 there
exists i(j) ∈ I such that φi(j)(Xt(i(j))) ⊂ B(zj , rj). Then for every
x ∈ φi(j)(Xt(i(j))) we have

m(B(x, 2rj)
(2rj)h

≥ m(B(zj , rj))
(2rj)h

and letting j ↗ ∞ we see that condition (b) of Theorem 4.5.3 is not
satisfied. �

As a consequence of Theorem 4.5.3, we get the following.

Corollary 4.5.8 If S = {φi : i ∈ I} is a regular CGDMS and there
exist a sequence of points zj ∈ S(∞) and a sequence of positive reals
{rj : j ≥ 1} such that

lim inf
j→∞

m(B(zj , rj))
rhj

= 0,

then Πh(J) = ∞.

Proof. Indeed, by the definition of S(∞), for every j ≥ 1 there ex-
ists i(j) ∈ I such that φi(j)(Xt(i(j))) ⊂ B(zj , rj/4). Then for every
x ∈ φi(j)(Xt(i(j))), we have φi(j)(Xt(i(j))) ⊂ B(x, rj/2) ⊂ B(zj , rj).
Therefore

m(B(x, rj/2)
(rj/2)h

≤ m(B(zj , rj))
(rj/2)h

and letting j ↗ ∞ we see that condition (b) of Theorem 4.5.5 is not
satisfied. �
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Now for each n ≥ 0 put

Xn =
⋃

ω∈En

φω(Xt(ω)).

We shall now prove two results concerning the d-dimensional Lebesgue
measure λd of these sets, the Lebesgue measure of the limit set J , and
an estimate on the Hausdorff dimension of J .

Proposition 4.5.9 If S is a CGDMS and λd
(
Int(X) \X1

)
> 0, then

there exists 0 < γ < 1 such that λd(Xn) ≤ γnλd(X) for all n ≥ 1. In
particular λd(J) = 0.

Proof. For every v ∈ V put G = Int(X) \ X1 and ξ = K−d

min {λd(Gv)/λd(Xv)} > 0. In view of the bounded distortion prop-
erty we have λd(φω(Gt(ω))) ≥ ξλd(φω(Xt(ω))). In view of the open set
condition we have φω(Gt(ω)) ∩ φτ (Xt(ω)) = ∅ if ω �= τ and |ω| = |τ |.
Thus for all n ≥ 0

Xn+1 =
⋃

ω∈En

φω(X1) ⊂
⋃

ω∈En

φω(Xt(ω) \Gt(ω))

=
⋃

ω∈En

φω(Xt(ω)) \
⋃

ω∈En

φω(Gt(ω)) = Xn \
⋃

ω∈En

φω(Gt(ω)).

Therefore

λd(Xn+1) = λd(Xn)− λ
( ⋃
ω∈En

φω(Gt(ω))
)

= λd(Xn)−
∑
ω∈En

λd(φω(Gt(ω)))

≤ λd(Xn)− ξ
∑
ω∈En

λd(φω(Xt(ω)))

≤ λd(Xn)− ξλd(Xn) = (1− ξ)λd(Xn).

So, putting γ = 1− ξ finishes the proof. �

Theorem 4.5.10 If S is a regular CGDMS and λd(Int(X) \X1) > 0,
then h = HD(J) < d. Conversely, if λd(X \X1) = 0 and λd(∂X) = 0,
then S is regular, λd(J) = λd(X) > 0, in particular HD(J) = d, and
λd/λd(X) is the only conformal measure.

Proof. In order to prove the first part suppose to the contrary that
h = d. Then for every ω ∈ E∗ and every Borel set A ⊂ Xt(ω) with
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λd(A) > 0 we have

m(φω(A)) ≤ ||φ′
ω ||dm(A) = K−d||φ′

ω ||dλd(A)
m(A)
λd(A)

Kd

≤ λd(φω(A))Kd m(A)
λd(A)

.

(4.43)

For every n ≥ 1 and every ω ∈ En define Yω = φω(Xt(ω)) ∩
⋃

τ∈En\{ω}
φτ (Xt(ω)). Then the sets φω(Xt(ω)) \ Yω, ω ∈ En, are mutually disjoint,
m(Yω) = 0 for all ω ∈ En in view of (4.29), and φ−1

ω (Yω) ⊂ ∂X by
the open set condition. Therefore, using (4.43), we get the following
estimate:

m(Xn) =
∑
ω∈En

m
(
φω(Xt(ω)) \ Yω

)
=
∑
ω∈En

m
(
φω(Xt(ω) \ φ−1

ω (Yω))
)

≤
∑
ω∈En

λd
(
φω(Xt(ω) \ φ−1

ω (Yω))
)
Kdm(Xt(ω) \ φ−1

ω (Yω))
λd(Xt(ω) \ φ−1

ω (Yω))

≤ Kd m(X)
min{λd(Int(Xv)) : v ∈ V }

∑
ω∈En

λd
(
φω(Xt(ω)) \ Yω

)

≤ Kd

min{λd(Int(Xv)) : v ∈ V }λd(Xn).

Thus, by Proposition 4.5.9, m(J) = limn→∞m(Xn) = 0. This completes
the proof of the first part.

Moving to the other part of the theorem notice first that for every
n ≥ 0 we have

Xn \Xn+1 =
⋃

ω∈En

φω(Xt(ω)) \
⋃

ω∈En

φω(X1)

⊂
⋃

ω∈En

(
φω(Xt(ω)) \ φω

(
X1 ∩Xt(ω)

))
=
⋃

ω∈En

φω(Xt(ω) \X1)

Since λd(X \X1) = 0, we therefore obtain λd(Xn\Xn+1) = 0 or equival-
ently λd(Xn) = λd(Xn+1). Hence λd(J) = limn→∞ λd(Xn) = λd(X) >
0. In particular h = d. Since obviously λd(φω(A)) =

∫
A
|φ′

ω|d dλd
for all n ≥ 0 and all Borel subsets A of X , and since λd

(
φω(Xt(ω)) ∩

φτ (Xt(τ))
)

= 0 for all incomparable words ω, τ ∈ E∗ by the condition
λd(∂X) = 0, we conclude that λd/λd(X) is a conformal measure for the
system S. �
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Let us finish this section with the following result concerning irregular
systems.

Theorem 4.5.11 If S is irregular, then each measure Hg(J) or Πg(J)
is either zero or infinity for every gauge function g of the form thL(t),
where L(t) is a slowly varying function. Additionally Hh(J) = 0.

Proof. Suppose that a measure Hg(J) or Πg(J) (call it Gg) is finite.
Then the Jacobian (Radon-Nikodym derivative) of a map φω , ω ∈ I∗,
with respect to the measure Gg is equal to |φ′

ω|h. By the definition of
pressure there exists n0 ≥ 1 such that

∑
ω∈En ||φ′

ω ||h < exp(nP(h)/2)
for every n ≥ n0. Hence

Gg(J) ≤
∑
ω∈En

Gg(φi(J)) ≤
∑
ω∈En

||φ′
ω ||hGg(J) < exp(nP(h)/2)Gg(J).

Thus letting n → ∞ and noting that by Theorem 4.3.8 P(h) < 0, we
obtain Gg(J) = 0. The proof that Hh(J) = 0 is very similar but requires
a slightly different argument as we do not know whether Hh(J) is finite.
Indeed, if n ≥ n0 is as above, then∑

ω∈En

(
diam(φi(Xt(ω)))

)h ≤ ∑
ω∈En

Dh||φ′
ω ||h < Dh exp(nP(h)/2)

and letting n→∞ we conclude that Hh(J) = 0. �

4.6 Porosity of limit sets

A bounded subset X of a Euclidean space is said to be porous if there
exists a positive constant c > 0 such that each open ball B centered at
a point of X and of an arbitrary radius 0 < r ≤ 1 contains an open ball
of radius cr disjoint from X . If only balls B centered at a fixed point
x ∈ X are discussed, X is called porous at x.

Obviously the following, formally weaker, requirement also defines
porosity. There exist positive constants c, κ > 0 such that each open
ball B centered at a point of X and of an arbitrary radius 0 < κr ≤ 1
contains an open ball of radius cr disjoint from X . For a fixed κ, c is
called a porosity constant of X .

It is easy to see that each porous set has box counting dimension less
than the dimension of the Euclidean space it is contained in. Further
relations between porosity and dimensions can be found for example
in [Ma2] and [Sal]. A much weaker property, also called porosity, was
introduced in [De]. For a survey concerning this concept see [Zar]. Here
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we will only be interested in the notion of porosity described in the first
paragraph of this section.

In this section, following the approach from [U2], we deal with the
problem of porosity of limit sets of conformal graph directed Markov
systems. We provide a necessary and sufficient condition for the limit
sets of these systems to be porous and we show that the limit set of each
non-trivial finite system is porous. In [U2] the reader may find some
examples to which the results of this section apply. One of the most
interesting is provided by the arithmetic characterization of subsets I of
positive integers such that the set of all reals in [0, 1], all of whose entries
in the continued fraction expansion belong to I, is porous. In [JJM],
conformal iterated functions systems yielding limit sets with positive
porosity are also characterized and applications are given to random
fractals. We start this section with the following straightforward result.

Theorem 4.6.1 If S = {φi}i∈I is a CGDMS and IntX \ J �= ∅, then
J ⊂ IRd is a nowhere-dense set.

Proof. Consider an arbitrary point x ∈ J and a radius r > 0. By
the definition of the limit set there exists ω ∈ E∗ such that φω(Xt(ω)) ⊂
B(x, r). By the open set condition φω(Int(Xt(ω)) \ J) ⊂ B(x, r) is then
an open set disjoint from J and we are done. �

The main result of this section is the following characterization of poros-
ity of limit sets of conformal GDMSs in terms of the “large scale”
behavior.

Theorem 4.6.2 Let S = {φi}i∈I be a CGDMS such that the cone con-
dition is satisfied for every x ∈ X. Then the following three conditions
are equivalent.

(a) The limit set J is porous.
(b) ∃c > 0 ∃ξ > 0 ∀i ∈ I ∀0 < r ≤ ξ

if r ≥ diam(φi(Xt(i))) then there exists xi ∈ B(φi(Xt(i)), r)∩Xi(i)

such that

B(xi, cr) ∩ J = ∅.
(c) ∃κ ≥ 1 ∃c > 0 ∃ξ > 0 ∃β ≥ 1 ∀i ∈ I ∀0 < r ≤ ξ

if r ≥ βdiam(φi(Xt(i))) then there exists xi ∈ B(φi(Xt(i)), κr) ∩
Xi(i) such that

B(xi, cr) ∩ J = ∅.
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Proof. It is obvious that (a)⇒(b)⇒(c). So, suppose that condition (c)
is satisfied. Decreasing c > 0 if necessary, we may assume that it holds
with ξ ≥ 2KD3β. Fix an arbitrary x = π(ω) ∈ J , ω ∈ E∞, and a
positive radius r < 2KD3β. Let n ≥ 1 be the least integer such that

φω|n(Xt(ωn)) ⊂ B

(
x,

r

2KD2β

)
.

Suppose first that n = 1. Then r ≥ βdiam(φω1(Xt(ω1))) and, as r <
2KD3β, we conclude from (c) that B(xω1 , cr) ∩ J = ∅. Since also
B(xω1 , cr) ⊂ B(x, cr + κr) ⊂ B(x, (c + κ)r), we are done in this case
with the porosity constant ≤ c/2. So, suppose in turn that n ≥ 2. Then

diam(φω|n(X)) ≤ r

KD2β
and diam(φω|n−1(X)) ≥ r

2KD2β
. (4.44)

Therefore by (4.20) and (4f)

diam(φωn(Xt(ωn))) ≤ D||φ′
ωn
|| ≤ DK

||φ′
ω|n ||

||φ′
ω|n−1

||
≤ DK||φ′

ω|n−1
||−1Ddiam(φω|n(Xt(ωn)))

≤ D2Kr(βKD2)−1||φ′
ω|n−1

||−1 = β−1r||φ′
ω|n−1

||−1.

Hence,

r||φ′
ω|n−1n

||−1 ≥ βdiam(φωn(Xt(ωn))). (4.45)

Also by (4.44)

r||φ′
ω|n−1n

||−1 ≤ Drdiam−1(φω|n−1(Xt(ωn−1))) ≤ 2KD3β. (4.46)

Hence, condition (c) is applicable with i = ωn and the radius
r||φ′

ω|n−1n
||−1. Using (4.45) we get

φω|n−1

(
B
(
xωn , cr||φ′

ω|n−1
||−1
))

⊂ φω|n−1

(
B
(
φω|n(X), cr||φ′

ω|n−1
||−1 + κr||φ′

ω|n−1
||−1
))

⊂ φω|n−1

(
B
(
π
(
σn−1(ω)

)
, β−1r||φ′

ω|n−1
||−1 + cr||φ′

ω|n−1
||−1

+ κr||φ′
ω|n−1

||−1
)) ⊂ B(x, (2 + κ)r).

Since B
(
xωn , cr||φ′

ω|n−1
||−1
)

may not be contained inXi(ωn), we need the
following reasoning to conclude the proof. In view of (4.46) and the cone
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condition (4d), we get for some y ∈ Con
(
xωn , α,min{c, l(2KD3β)−1}

r||φ′
ω|n−1

||−1
)
,

φω|n−1

(
B
(
xωn , cr||φ′

ω|n−1n
||−1
))

⊃ φω|n−1

(
Con
(
xωn , α,min{cr||φ′

ω|n−1
||−1, l}))

⊃ φω|n−1

(
Con
(
xωn , α,min{c, l(2KD3β)−1}r||φ′

ω|n−1
||−1
))

⊃ φω|n−1

(
B
(
y, c′ min{c, l(2KD3β)−1}r||φ′

ω|n−1
||−1
))

⊃ B
(
φω|n−1(y),K

−1c′ min{c, l(2KD3β)−1}r),
where 0 < c′ ≤ 1 is so small that each central cone Con(z, α, k) contains
an open ball of radius c′k. Since Con

(
xωn , α,min{cr||φ′

ω|n−1
||−1, l}) ⊂

Int(Xi(ωn)) and J ∩B(xωn , cr||φ′
ω|n−1

||−1
)

= ∅, we conclude that

J ∩B(φω|n−1(y),K
−1c′ min{c, l(2KD3β)−1}r) = ∅.

�

Theorem 2.3 from [U2] shows that one cannot replace the set I by any
of its cofinite subsystems (i.e. those whose complements in I are finite)
in Theorem 4.6.2. As an immediate consequence of Theorem 4.6.2 we
get however the following.

Theorem 4.6.3 If there exists a cofinite subset F of I such that one of
the following conditions is satisfied, then the limit set JI is porous.

(a) ∃c > 0 ∃ξ > 0 ∀i ∈ I ∀0 < r ≤ ξ

if r ≥ diam(φi(X)) then there exists xi ∈ B(φi(X), r) such that

B(xi, cr) ∩ J = ∅.
(b) ∃κ ≥ 1 ∃c > 0 ∃ξ > 0 ∃β ≥ 1 ∀i ∈ I ∀0 < r < ξ

if r ≥ βdiam(φi(X)) then there exists xi ∈ B(φi(X), κr) such
that

B(xi, cr) ∩ J = ∅.
As an immediate consequence of Theorem 4.6.2 and Theorem 4.6.1 we
get the following result showing that in case of a finite iterated function
system “most” limit sets are porous.

Theorem 4.6.4 If S = {φi}i∈I is a finite conformal CIFS and Int(X)\
J �= ∅, then the limit set JS is porous.
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4.7 The associated iterated function system

For every vertex v ∈ V we define the alphabet Iv ⊂ E∗ by induction as
a union

⋃∞
n=1 In as follows.

I1 = {e ∈ I : i(e) = t(e) = v}.
Suppose now that all the sets Ik ⊂ Ek, k = 1, 2, . . . , n, have been defined.
We then say that ω ∈ En+1 belongs to In+1 if i(ω) = t(ω) = v and ω

cannot be represented as a concatenation of words from
⋃n

k=1 Ik. Notice
that our construction is “economical” in the sense that no element from
Iv is a concatenation of other elements from Iv.

Definition 4.7.1 The system Sv = {φω}ω∈Iv is called the conformal
iterated function system associated with the conformal graph directed
Markov system S via vertex v.

We would like to remark that the associated iterated function system
Sv is usually much “bigger” than the original system S in the sense that
Iv is “bigger” than I. It is however sometimes more convenient to deal
with an iterated function system rather than a CGDMS, especially when
the former shares many properties with the latter. We shall now prove
several properties towards this end.

Proposition 4.7.2 For every vertex v ∈ V the limit set JIv is contained
in Jv and JIv = Jv.

Proof. The first part of this proposition is obvious. Hence JIv ⊂ Jv. In
order to prove the opposite inclusion it suffices to demonstrate that each
element of Jv can be represented as a limit of elements from JIv . And
indeed, let x = π(ω), ω ∈ E∞ with i(ω1) = v. Since the incidence matrix
A is irreducible and the graph Γ is strongly connected, for every n ≥ 1
there exists α(n) ∈ E∗ and τ (n) ∈ I∞v such that ω|nα(n)τ (n) ∈ E∞. Since
τ (n) ∈ I∞v and i(ω1) = v, ω|nα(n)τ (n) ∈ I∞v . Hence π(ω|nα(n)τ (n)) ∈ JIv

and obviously limn→∞ π(ω|nα(n)τ (n)) = x. �

Remark 4.7.3 Notice that the equality in the first part of this propos-
ition has to hold if there exists a word ω ∈ E∞ without elements e ∈ I

with i(e) = v or t(e) = v.

Theorem 4.7.4 If S is a CGDMS, then for every vertex v ∈ V ,
HD(JIv ) = HD(J).
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Proof. By Proposition 4.7.2, HD(JIv ) ≤ HD(J) for every v ∈ V . In
view of Theorem 4.2.13 it suffices now to show that for every v ∈ V and
every t ≥ 0, P(t) ≤ Pv(t), where Pv(t) is the pressure associated with
the system Sv. And indeed, let Λ ⊂ Eq be the set witnessing the finite
primitivity of A. Then for every e ∈ I there exist α(e), β(e) ∈ Λ such
that i(α(e)) = v, t(β(e)) = v and α(e)eβ(e) ∈ E∗. Fix u > Pv(t). Then∑
ω∈E∗

||φ′
ω||te−u|ω|

≤ K2t
(
max{||φ′

α||−t : α ∈ Λ})2 ∑
ω∈E∗

||φ′
α(ω1)ωβ(ω|ω|)||te−u|ω|

≤ K2te2qu
(
max{||φ′

α||−t : α ∈ Λ})2 ∑
τ∈I∗v

||φ′
τ ||te−u|τ |v <∞,

(4.47)

where we could write the second inequality sign since α(ω1)ωβ(ω|ω|) ∈
I∗v , since the function ω �→ α(ω1)ωβ(ω|ω|) is 1-to-1, and since |τ |v ≤
|τ | for every τ ∈ I∗v , where |τ |v denotes the length of τ written as a
concatenation of letters from the alphabet I∗V . The last inequality sign
follows from Theorem 3.1.1 since u > Pv(t). Consequently Pv(t) ≥ P(t)
and the proof is complete. �

Suppose that F = {f (i) : Xt(i) → IR}i∈I is a Hölder family of functions
of some order β > 0. Given v ∈ V define Fv, a family of maps from
Xt(v) to Xt(v), as follows. If ω ∈ Iv, then set

f (ω)
v = Sω(F )− P(F )|ω| : Xv → IR.

As an immediate consequence of Lemma 3.1.2 we get the following.

Proposition 4.7.5 If F = {f (i) : Xt(i) → IR}i∈I is a Hölder family of
functions of some order β > 0, then for every vertex v ∈ V , Fv is also
a Hölder family of functions of order β.

As a consequence of the definition of F -conformal measures, and the
definitions of families Fv, we get the following.

Theorem 4.7.6 If F = {f (i) : Xt(i) → IR}i∈I is a Hölder family of
functions and m is the F -conformal measure, then m(Jv)−1m|Jv is Fv-
conformal for Sv for every vertex v ∈ V .

Proof. Since the shift-invariant measure µ̃ is ergodic and since µ̃ is
positive on all cylinders, we get for every v ∈ V that

µ̃(I∞v ) = µ̃ ({ω ∈ E∞ : i(ω1) = v}) .
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Hence m̃(I∞v ) = m̃ ({ω ∈ E∞ : i(ω1) = v}) and consequently

m(JIv ) = m̃(I∞v ) = m̃ ({ω ∈ E∞ : i(ω1) = v}) = m(Jv).

That the measure m(Jv)−1m|Jv is Fv-conformal follows immediately
from the definition of F conformality and the definition of families
Fv. �

In particular we get the following.

Corollary 4.7.7 If the system S is regular, then so is Sv for every
v ∈ V . In addition, if m is the unique h-conformal measure for S, then
m(JIv ) = m(Jv) and m(Jv)−1m|Jv is a unique h-conformal measure for
Sv.

4.8 Refined geometry, F -conformal measures versus
Hausdorff measures

In this section we establish relations between Gibbs states and appro-
priate generalized Hausdorff measures, cf. [DU!], [PUZ] and [U1]. Let

ψ = f + κζ − P(F ),

where κ = HD(µF ) and, as in the previous sections,

ζ(ω) = − log |φ′
ω1
◦ π ◦ σ(ω)|.

Throughout this section we assume that∫
|f |2+γdµ̃F <∞ and

∫
|ζ|2+γdµ̃F <∞ (4.48)

for some γ > 0. In view of Lemma 2.5.6 and since L∗(σ) is a linear space,
ψ ∈ L∗(σ) and, in particular, σ2 = σ2(ψ) exists. The following lemma
has been proved in [DU1] as Lemma 4.3. We provide a formulation and
short proof of it for the sake of completeness.

Lemma 4.8.1 Let η, χ > 0 and let ρ : [(χ + η)−1,∞) → IR+ belong
to the upper (lower) class. Let θ : [(χ + η)−1,∞) → IR+ be a function
such that limt→∞ ρ(t)θ(t) = 0. Then there exists an upper (lower) class
function ρ+ : [1,∞) → IR+, (ρ− : [1,∞) → IR+) with the following
properties.

(a) ρ(t(χ+ η)) + θ(t(χ+ η)) ≤ ρ+(t), (t ≥ 1)
(b) ρ(t(χ− η))− θ(t(χ− η)) ≥ ρ−(t), (t ≥ 1).
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Proof. Since limt→∞ ρ(t)θ(t) = 0, there exists a constant M such
that (ρ(t) + θ(t))2 ≤ ρ(t)2 + M . Let ρ belong to the upper class. Then
t �→ ρ(t/(χ+ η)) also belongs to the upper class. Hence we may assume
that χ+ η = 1. Define

ρ+(t)2 = inf{u(t)2 : u is non-decreasing and u(t) ≥ ρ(t) + θ(t)}.

Then ρ+(t) ≥ ρ(t) + θ(t) for t ≥ 1 and ρ+ is non-decreasing. Since
ρ+(t)2 ≤ ρ(t)2 +M , we also get

∫ ∞

1

ρ+(t)
t

exp
(−(1/2)ρ2

+(t)
)
dt

≥ exp(−M/2)
∫ ∞

1

ρ+(t)
t

exp
(−(1/2)ρ2(t)

)
dt = ∞.

The proof in the case of a function of the lower class is similar. �

A function h : [1,∞) → IR+ is said to be slowly growing if h(t) = o(tα)
for all α > 0. Let χ = χµ̃F (σ) =

∫
ζdµ̃F . First we shall prove the main

geometrical lemma.

Lemma 4.8.2 (Refined volume lemma) Suppose that σ2 = σ2(ψ) > 0.
If a slowly growing function h belongs to the upper class, then for µF -a.e.
x ∈ J ,

lim sup
r→0

µF (B(x, r))
rκ exp

(
σχ−1/2h(− log r)

√− log r
) = ∞.

If, on the other hand, h belongs to the lower class, then for every ε > 0
there exists a Borel set Jε ⊂ J such that µF (Jε) ≥ 1− ε, and there exists
a constant k(ε) ≥ 1 such that for all x ∈ Jε and all 0 < r ≤ 1/k(ε)

µF (Jε ∩B(x, r))
rκ exp

(
σχ−1/2h(− log r)

√− log r
) ≤ ε.

Proof. Given x = π(ω) ∈ J and r > 0 let n = n(ω, r) be the least integer
such that φω|n(Xt(ωn)) ⊂ B(x, r). Then r ≤ diam(φω|n−1(Xt(ωn−1))) and

mF (B(x, r)) ≥ mF (φω|n(X)) =
∫
Xt(ωn)

exp
(
Sω|n(F )−P(F )n

)
(z)dmF (z).
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Hence, using Lemma 3.2.4, Lemma 3.1.2 and (4.20), we get the following.

mF (B(x, r))
rκ exp

(
σχ−1/2h(− log r)

√− log r
)

≥
∫
Xt(ωn)

exp
(
Sω|n(f)− P(F )n

)
(z)dmF (z)

rκ exp
(
σχ−1/2h(− log r)

√− log r
)

≥ Q−1 exp
(
Sω|n(F )− P(F )n

)
(x)

rκ exp
(
σχ−1/2h(− log r)

√− log r
)

≥ MT (F )−1 exp
(
Sω|n(F )− P(F )n

)
(x)

diam(φω|n−1(X))κ exp
(
σχ−1/2h(− log r)

√− log r
)

≥ MT (F )−1 exp
(∑n−1

j=0 f ◦ σj(ω)− P(F )n
)

Dκ exp
(−κ∑n−2

j=0 g ◦ σj(ω)
)
exp
(
σχ−1/2h(− log r)

√− log r
)

= exp


n−1∑

j=0

(f ◦ σj(ω) + κg ◦ σj(ω))− P(F )n

− σχ−1/2h(− log r)
√
− log r − κζ(σn−1(ω))


/T (F )M−1Dκ.

(4.49)

In view of the Birkhoff ergodic theorem there exists a Borel set Y1 ⊂ E∞

of µ̃F measure 1 such that for every η > 0, every ω ∈ Y1 and every n

large enough, say n ≥ n1(ω, η),

− log r ≤ − log
(
diam(φω|n(Xt(ωn)))

)
+ log 2 ≤ (χ+ η)n. (4.50)

In fact, in what follows we will need a better upper estimate on − log r.
In order to provide it, notice that in view of Lemma 2.5.6 and (4.48)
the function ζ is a member of L∗(σ). Let τ2 denote the asymptotic
variance of ζ. If τ2 = 0, then by [IL] g is cohomologous to the constant
χ by an L1 coboundary. It turns out that the following proof, where we
assume τ2 > 0 becomes much simpler when τ2 = 0. Since the function
t �→ 2

√
t log log t belongs to the lower class there exists Y2 ⊂ Y1 of µ̃F

measure 1 such that for all ω ∈ Y2, τ1 > τ , and all n large enough, say
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n ≥ n2(ω) ≥ n1(ω, η),

− log r ≤ − log
(
diam(φω|n(Xt(ωn))

)
+ log 2

≤ logD + log 2 +
n−1∑
j=0

g(σj(ω))

≤ χn+ 2τ
√
n log logn+ logD + log 2

≤ χn+ 2τ1
√
n log logn

(4.51)

It is a simple exercise in measure theory to check that if t > 0 and∫ |g|tdµ < ∞, then for every a > 0, µ(|g| ≥ a) ≤ a−t
∫ |g|tdµ. Since by

(4.48)
∫ |ζ|2+4γdµ̃F <∞ for some 0 < γ < 1/2, for all η > 0 we get

µ̃F
({ω ∈ E∞ : κ|ζ(ω)| ≥ σ(h((χ+ η)n)

√
n)1−γ})

≤ (σ(h((χ+ η)n)
√
n)1−γ

)−2−4γ
∫
|ζ|2+4γdµ̃F .

Since for every n ≥ 1, h((χ+η)n) ≥ h(χ+η) > 0, 1
2 (1−γ)(−2−4γ) < −1

and the measure µ̃F is σ-invariant, we get

∞∑
n=1

µ̃F
({ω ∈ E∞ : κ|ζ(σn−1(ω))|

≥ σ(h((χ + η)n)
√
n)1−γ})

≤
∞∑
n=1

(
σ(h((χ + η)n)

√
n)1−γ

)−2−4γ
∫
|ζ|2+4γdµ̃F <∞

Therefore, in view of the Borel–Cantelli lemma, there exists a set Y3 ⊂ Y2

of µ̃F measure 1 such that for all ω ∈ Y3 there exists n3(ω) ≥ n2(ω) such
that for all n ≥ n3(ω)

κ|ζ(σn−1(ω))| ≤ σ(h((χ + η)n)
√
n)1−γ . (4.52)
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Combining this, (4.51), (4.50) and (4.49) we get for all a < 0

mF (B(x, r))eσan
1/4

rκ exp
(
σχ−1/2h(− log r)

√− log r
)

≥ M

T (F )Dκ
exp
(n−1∑
j=0

ψ ◦ σj(ω)− σχ−1/2h((χ+ η)n)

×
√
χn+ 2τ1

√
n log logn− σ(h((χ+ η)n)

√
n)1−γ

)
eσan

1/4

=
M

T (F )Dκ
exp
(n−1∑
j=0

ψ ◦ σj(ω)− σ
√
n

(
h((χ+ η)n)

×
√

1 +
2τ1
χ

√
log logn

n
− an−1/4 + h((χ+ η)n)

√
n)1−γn−γ/2

))
.

(4.53)
Now, consider the function

θ(t) = h(t)



√√√√1 +

2τ1
χ

√
log log(t(χ+ η)−1)

t(χ+ η)−1
− 1




− a(t(χ+ η)−1)−1/4 +
h(t)1−γ

(t(χ+ η)−1)γ/2
.

Thus, θ(t) > 0 and since h(t) is slowly growing, limt→∞ h(t)θ(t) = 0.
Therefore it follows from Lemma 4.8.1(a) that there exists h+(t) in the
upper class such that h+(t) ≥ h(t(χ+η))+θ(t(χ+η)). Since, by (4.48),
Theorem 2.2.9 and Theorem 4.4.2,∫

ψdµ̃F =
∫
fdµ̃F +

hµ̃F

χ
χ− P(F ) =

∫
fdµ̃F + hµ̃F − P(F ) = 0,

it follows from Theorem 2.5.5 that for infinitely many n’s

0 ≤
n−1∑
j=0

ψ ◦ σj(ω)− σ
√
nh+(n)

≤
n−1∑
j=0

ψ ◦ σj(ω)− σ
√
n
(
h(n(χ+ η)) + θ(n(χ+ η))

)

≤
n−1∑
j=0

ψ ◦ σj(ω)− σ
√
n

(
h(n(χ+ η))

√
1 +

2τ1
χ

√
log logn

n

− an−1/4 + h((χ+ η)n)1−γn−γ/2

)
.
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Combining this and (4.53) we see that

mF (B(x, r))
rκ exp

(
σχ−1/2h(− log r)

√− log r
) ≥M(T (F )Dκ)−1 exp(−σan1/4)

for µ̃F -a.e. ω and infinitely many n’s provided they are of the form
n(ω, r). But since there exists n3(ω) such that each n ≥ n3(ω) is of the
form n(ω, r), fixing a < 0, we eventually get

lim sup
r→0

mF (B(x, r))
rκ exp

(
σχ−1/2h(− log r)

√− log r
) = ∞.

for µF a.e. x ∈ J . Since the measures µF and mF are equivalent
with bounded Radon-Nikodym derivatives, the proof of the first part of
Lemma 4.8.2 is complete.

Let us now prove the second part of the lemma. For every ω ∈ E∞

and every r > 0 let n = n(ω, r) ≥ 0 be the least integer n such that
diam(φω|n+1(Xt(ωn+1))) < r. Clearly limr→0 n(ω, r) = ∞ and therefore
there exists r1(ω) such that for all 0 < r ≤ r1(ω)

diam(φω|n(Xt(ωn))) ≥ r. (4.54)

Fix now ω ∈ E∞ and 0 < r ≤ r1(ω). Since m̃F is a Gibbs state, we have
by (2.3) that m̃F ([ω|n]) ≤ Q exp

(∑n−1
j=0 f ◦ σj(ω)− P(F )n

)
. Hence

m̃F ([ω|n])
rκ exp

(
σχ−1/2h(− log r)

√− log r
)

≤
Q exp

(∑n−1
j=0 f ◦ σj(ω)− P(F )n

)
diamκ(φω|n+1(X)) exp

(
σχ−1/2h(− log r)

√− log r
)

≤
Q exp

(∑n−1
j=0 f ◦ σj(ω)− P(F )n

)
D−κ|φ′

ω|n+1
(π(σn+1(ω)))| exp

(
σχ−1/2h(− log r)

√− log r
)

= QDκ exp


n−1∑

j=0

f ◦ σj(ω) + κ
n∑

j=0

ζ ◦ σj(ω)

− P (F )n− σχ−1/2h(− log r)
√
− log r




= QDκ exp


n−1∑

j=0

f ◦ σj(ω)

− σχ−1/2h(− log r)
√
− log r + κζ ◦ σn(ω)


 .

(4.55)
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In view of the Birkhoff ergodic theorem there exists a Borel set Y1 ⊂ E∞

of µ̃F measure 1 such that for every η > 0, every ω ∈ Y1 and every n

large enough, say n ≥ n1(ω, η),

− log r ≥ − log
(
diam(φω|n(Xt(ωn)))

) ≥ (χ− η)n. (4.56)

In fact, in what follows we will need a better upper estimate on − log r.
In order to provide it recall that the function ζ is a member of L∗(σ).
Let τ2 denote the asymptotic variance of ζ. If τ2 = 0, then by [IL] ζ is
cohomologous to the constant χ by an L1 coboundary. It turns out that
the following proof, where we assume τ2 > 0, becomes much simpler
when τ2 = 0. Since the function t �→ 2

√
t log log t belongs to the lower

class there exists Y2 ⊂ Y1 of µ̃F measure 1 such that for all ω ∈ Y2,
τ1 > τ , and all n large enough, say n ≥ n2(ω) ≥ n1(ω, η),

− log r ≥ − log
(
diam(φω|n(Xt(ωn))

) ≥ − log(DK) +
n−1∑
j=0

ζ(σj(ω))

≥ χn− 2τ
√
n log logn− log(DK) ≥ χn− 2τ1

√
n log logn.

(4.57)

The same argument as that leading to (4.52) shows that there exists a
Borel set Y3 ⊂ Y2 of µ̃F measure 1 such that for all ω ∈ Y3 there exists
n3(ω) ≥ n2(ω) such that for all n ≥ n3(ω),

κ|ζ(σn(ω))| ≤ σ(h((χ − η)n)
√
n)1−γ .

Combining this, (4.55), (4.56) and (4.57) we get for all a > 0

m̃F ([ω|n])eσan
1/4

rκ exp
(
σχ−1/2h(− log r)

√− log r
)

≤ QDκ exp
(n−1∑
j=0

f ◦ σj(ω)− σχ−1/2h((χ− η)n)
√
χn− 2τ1

√
n log logn

+ σ(h((χ− η)n)
√
n)1−γ

)
eσan

1/4

= QDκ exp
(n−1∑
j=0

ψ ◦ σj(ω)− σ
√
n

(
h((χ− η)n)

√
1− 2τ1

χ

√
log logn

n

− an−1/4 − h((χ− η)n)
√
n)1−γn−γ/2

))
(4.58)
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Now, consider the function

θ(t) = h(t)


1−

√√√√1− 2τ1
χ

√
log log(t(χ− η)−1)

t(χ− η)−1




+ a(t(χ− η)−1)−1/4 +
h(t)1−γ

(t(χ− η)−1)γ/2
.

Thus, θ(t) > 0 and since h(t) is slowly growing, limt→∞ h(t)θ(t) = 0.
Therefore it follows from Lemma 4.8.1(b) that there exists h−(t) in the
lower class such that h−(t) ≤ h(t(χ− η))− θ(t(χ− η)). Since, by (4.48),
Theorem 2.2.9, and Theorem 4.4.2,∫

ψdµ̃F =
∫
fdµ̃F +

hµ̃F

χ
χ− P(F ) =

∫
fdµ̃F + hµ̃F − P(F ) = 0,

it follows from Theorem 2.5.5 that there exists a Borel set Y4 ⊂ Y3

of µ̃F measure 1 such that for all ω ∈ Y4 and all n large enough, say
n ≥ n4(ω) ≥ n3(ω),

0 ≥
n−1∑
j=0

ψ ◦ σj(ω)− σ
√
nh−(n)

≥
n−1∑
j=0

ψ ◦ σj(ω)− σ
√
n
(
h(n(χ− η))− θ(n(χ− η))

)

≥
n−1∑
j=0

ψ ◦ σj(ω)− σ
√
n

(
h(n(χ− η))

√
1− 2τ1

χ

√
log logn

n

− an−1/4 − h((χ− η)n)1−γn−γ/2

)
.

Combining this and (4.58) we conclude that for every ω ∈ Y4 and every
n ≥ n4(ω)

m̃F ([ω|n])
rκ exp

(
σχ−1/2h(− log r)

√− log r
) ≤ QDκe−σan1/4

.

In other words, for every ω ∈ Y4 and every r > 0 small enough, say
r ≤ r(ω) ≤ r1(ω),

m̃F ([ω|n(ω,r)])
rκ exp

(
σχ−1/2h(− log r)

√− log r
) ≤ QDκe−σan(ω,r)1/4

. (4.59)

Fix now ε > 0 and take q so large that QDκe−σaq1/4 ≤ ε. Then, since
limr↘0 n(ω, r) = ∞, there exists k(ω) ≥ 1 such that for all 0 < r ≤
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1/k(ω), (4.58) holds and n(ω, r) ≥ q. Since

Y4 =
∞⋃
k=1

{ω ∈ Y4 : k(ω) ≤ k},

there exists k(ε) so large that if J̃ε = {ω ∈ Y4 : k(ω) ≤ k(ε)}, then

m̃F (J \ J̃ε) ≤ ε. (4.60)

Moreover for every ω ∈ J̃ε and every r < 1/k(ε) (so r ≤ 1/k(ω))

m̃F ([ωn(ω,r)])
rκ exp

(
σχ−1/2h(− log r)

√− log r
) ≤ QDκe−aσn(ω,r)1/4

≤ QDκe−aσq1/4 ≤ ε.

(4.61)

Let

Jε = π(J̃ε).

It then follows from (4.60) that

mF (Jε) = m̃F ◦ π−1(Jε) = m̃F ◦ π−1(π(J̃ε)) ≥ m̃F (J̃ε) ≥ 1− ε.

Now, in view of Lemma 4.2.6, there exists a universal constant L ≥ 1
such that for every x ∈ Jε and every 0 < r < 1/k(ε) there exist points
ω(1), ω(2), . . . , ω(L) ∈ J̃ε such that

Jε ∩B(x, r) ⊂
L⋃

j=1

φω(j)|
n(ω(j),r)

(Xt(ω(j)|
n(ω(j),r)

)).

Therefore, by (4.61)

mF (Jε ∩B(x, r))
rκ exp

(
σχ−1/2h(− log r)

√− log r
)

≤
L∑

j=1

mF

(
φω(j) |

n(ω(j),r)
(Xt(ω(j)|

n(ω(j),r)
))
)

rκ exp
(
σχ−1/2h(− log r)

√− log r
) ) ≤ Lε.

Since the measures µF and mF are equivalent with bounded Radon-
Nikodym derivatives, looking at the last two displays we conclude that
the proof of the second part of Lemma 4.8.2 is complete. �

For a function h : [1,∞) → (0,∞) define for sufficiently small t > 0

h̃(t) = tκ exp
(

σ√
χ
h(− log t)

√
− log t

)
.

One of the results we announced at the beginning of this section is here.
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Theorem 4.8.3 Suppose that σ2(ψ) > 0 and that h : [1,∞) → (0,∞)
is a slowly growing function.

(a) If h belongs to the upper class, then the measures µF and Hh̃ on
J are singular.

(b) If h belongs to the lower class, then µF is absolutely continuous
with respect to the Hausdorff measure Hh̃.

Proof. Suppose first that h belongs to the upper class. For every
n ≥ 1 and every ε > 0, by Lemma 4.8.2 there exists a Borel set En ⊂ J

such that µF (En) > 1− ε2−n and such that for every x ∈ En and some
closed ball B(x) centered at x and with diameter < 1/n, µF (B(x)) >
nh̃(B(x)). By Besicovitch’s covering theorem there exists a universal
constant C > 0 such that from the cover {B(x) : x ∈ En} one can
choose a countable subcover {B(xj) : j ≥ 1} of multiplicity ≤ C. Since
for every j ≥ 1, diam(B(xj)) < 1/n, we get

Hh̃(En, 1/n) ≤ 1
n

∞∑
j=1

µF (B(xj)) ≤ C

n
µF (J) =

C

n
.

Setting Eε =
⋂

n≥1En we then have Hh̃(Eε) = 0 and µF (Eε) ≥ 1 − ε.

Finally the set E =
⋃

q≥1E1/q satisfies Hh̃(E) = 0 and µF (E) = 1. The
proof of item (a) is therefore complete.

Suppose in turn that h belongs to the lower class and consider a Borel
set E ⊂ J with µF (E) > 0. Take ε = µF (E)/2. Then by Lemma 4.8.2
µF (Jε ∩ E) ≥ µF (E) − ε = ε. Fix 0 < δ ≤ 1/k(ε) and consider B =
{B(xi, ri)}, the cover of Jε ∩E by balls centered at points of Jε ∩E and
with radii ≤ δ. Then by Lemma 4.8.2∑

i

h̃(ri) ≥ 1
ε

∑
i

µF (Jε ∩B(xi, ri)) ≥ 1
ε
µF (Jε ∩ E) ≥ 1.

Hence Hh̃
δ (E) ≥ B > 0, where B is a universal constant (see The-

orem A2.0.13). Thus Hh̃(E) ≥ B > 0 and we are done. �

Remark 4.8.4 Taking h := 0 it follows from Theorem 4.8.3(a) that
the measure µF is singular with respect to the κ-dimensional Hausdorff
measure Hκ on J .

We recall that two functions f1, f2 : E∞ → IR are cohomologous in a
class H if there exists a function u ∈ H such that

f2 − f1 = u ◦ σ − u.
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As a complementary result to Theorem 4.8.3 we shall prove the following.

Theorem 4.8.5 If σ2(ψ) = 0, then κ = HD(µF ) = HD(J) := h, the
functions −hg and f − P(F ) are cohomologous in the class of Hölder
continuous bounded functions, the system {φi : i ∈ I} is regular and
mF is equivalent with the h-conformal measure on J , that is with m−hg,
with bounded Radon-Nikodym derivatives. In addition, the invariant
measures µ̃F and µ̃hg are equal.

In order to prove Theorem 4.8.5 we need some preparations. First, let
α− be the partition of the two-sided shift space EZZ = {{ωn}n∈ZZ} into
elements of the form ω × E{1,2,...}, where ω ∈ E{...,−2,−1,0}. Given
−∞ ≤ m ≤ n ≤ +∞ let ω|nm = ωmωm+1 . . . ωn and let

[ω]nm = {τ ∈ EZZ : τk = ωk for all m ≤ k ≤ n}.
Finally let µF be Rokhlin’s natural extension of the invariant measure
µ̃F onto the two-sided shift space EZZ . Let us recall that µF is defined
on a cylinder

C = π−1
n1

(C1) ∩ π−1
n2

(C2) ∩ · · · ∩ π−1
nk

(Ck)

with n1 ≤ n2 ≤ · · · ≤ nk, by the formula

µF (C) = µ̃F
(
σ−(n1+1)(C)|∞1

)
,

where for every k ∈ ZZ, πk : EZZ → I is the projection onto the kth
coordinate given by the formula πk(ω) = ωk and for every set B ⊂ EZZ ,
B|∞1 is the projection of B onto E{1,2,...} denoted also by π(B). Let
us recall that the measure µF is shift-invariant. We shall prove the
following.

Lemma 4.8.6 If {µα−(ω) : ω ∈ EZZ} is the Rokhlin canonical system of
measures of the measure µF on the partition α−, then for µF -a.e. ω ∈
EZZ the conditional measure µα−(ω) considered on EIN is equivalent with
µ̃F . Moreover, the Radon-Nikodym derivative dµα−(ω)/dµ̃F is bounded
from above and from below respectively by Q2T (F )2 and Q−2T (f)−2,
where Q comes from the Gibbs property of the measure µ̃F .

Proof. By the martingale theorem, for µF -a.e. ω ∈ EZZ and every
Borel set B ⊂ EZZ ,

µα−(ω)(B) = lim
n→∞

µF (B ∩ [ω]0−n)
µF ([ω]0−n)

.
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It therefore suffices to show that for every τ ∈ E∗

Q−4 ≤ µα−(ω)([ω|0−∞τ ])
µF ([τ ])

≤ Q4.

And indeed, in view of the Gibbs property of the measure µ̃F , we get

µF ([ω]0−n) = µ̃F (σ−(n+1)([ω]0−n)|∞1 )

≤ Q exp
(
sup
(
Sσ−(n+1)([ω]0−n)|n+1

1
(F )
)− P(F )(n+ 1)

)
= Q exp

(
sup
(
Sω−n...ω0(F )

)− P(F )(n+ 1)
)
.

Using in addition Lemma 3.1.2 and putting k = |τ |, we get

µF ([τ ] ∩ [ω]0−n)

= µ̃F (σ−(n+1)([τ ] ∩ [ω]0−n)|∞1 ))

≥ Q−1 inf
(
exp
(
Sσ−(n+1)([τ ]∩[ω]0−n)|n+1

1
(F )
)− P(F )(n+ 1 + k)

)
= Q−1 exp

(
inf
(
Sω−n...ω0τ1...τk

(F )
)− P(F )(n+ 1 + k)

)
≥ Q−1 exp

(
inf
(
Sω−n...ω0(F )

)
+ inf

(
Sτ1...τk

(F )
)− P(F )(n+ 1 + k)

)
≥ Q−1T (f)−2 exp

(
sup
(
Sω−n...ω0(F )

)− P(F )(n+ 1)
)

× exp
(
sup
(
Sτ1...τk

(F )
)− P(F )k

)
.

Applying the Gibbs property of the measure µ̃F again, we therefore
obtain

µF ([τ ] ∩ [ω]0−n)
µF ([ω]0−n)

≥ Q−1T (f)−2 exp
(
supSτ (F )− P(F )k

)
≥ Q−2T (f)−2µF ([τ ]).

Hence µα−(ω)([ω|0−∞τ ]) ≥ Q−2T (f)−2µF ([τ ]). Similar computations
show that

µα−(ω)([ω|0−∞τ ]) ≤ Q2T (f)2µF ([τ ]).

�
As an immediate consequence of this lemma we get the following.

Corollary 4.8.7 If {µα−(ω) : ω ∈ EZZ} is the Rokhlin canonical system
of measures of the measure µF on the partition α−, then for µF -a.e.
ω ∈ EZZ , supp(µα−(ω)) = α−(ω), where α−(ω) is the only atom of α−
containing ω.

Lemma 4.8.8 If η : E∞ → IR is a Hölder continuous function of some
order β > 0 such that

∫ |η|2+γdµ̃F < ∞,
∫
ηdµ̃F = 0 and σ2(η) = 0,
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then there exists a bounded Hölder continuous function u of order β > 0
such that η = u− u ◦ σ. In particular η turns out to be bounded.

Proof. It follows from Theorem 2.5.1 and [IL] that there exists u ∈
L2(µ̃F ) such that

η = u− u ◦ σ (4.62)

µ̃F -a.e. Our aim is to show that u has a Hölder continuous version of
order β. We first extend η and u on the two-sided shift space EZZ by
declaring

η(ω) = η(ω|∞1 ) and u(ω) = u(ω|∞1 )

wherever u(ω|∞1 ) is defined. The cohomological equation (4.62) remains
satisfied since

u(ω)− u ◦ σ(ω) = u(ω|∞1 )− u(σ(ω)|∞1 ) = u(ω|∞1 )− u(σ((ω|∞1 ))) = η(ω).
(4.63)

In view of Luzin’s theorem there exists a compact set D ⊂ EZZ such that
µF (D) > 1/2 and the function u|D is continuous. In view of Birkhoff’s
ergodic theorem there exists a Borel set B ⊂ EZZ such that µF (B) = 1,
for every x ∈ B, σn(x) visitsD with the asymptotic frequency> 1/2, u is
well defined on

⋃
n∈ZZ σ

−n(B) and (4.62) holds on
⋃

n∈ZZ σ
−n(B). By the

definition of conformal measures and by Lemma 4.8.6 there exists a Borel
set F ⊂ EZZ such that µF = 1, for all ω ∈ F , µα−(ω)(B∩α−(ω)) = 1, and
supp(µα−(ω)) = α−(ω). In particular, for every ω ∈ F , the set B∩α−(ω)
is dense in α−(ω). Fix one ω ∈ F and consider two arbitrary elements
ρ, τ ∈ α−(ω). Then there exists a continuous increasing unbounded
sequence {nj} such that σ−nj (ρ), σ−nj (τ) ∈ D for all j ≥ 1. Using
(4.62) we get

|u(ρ)− u(τ)|

=

∣∣∣∣∣u(σ−nj (ρ))−
nj∑
k=1

η(σ−k(ρ))−
(
u(σ−nj (τ)) −

nj∑
k=1

η(σ−k(τ))

)∣∣∣∣∣
≤ |u(σ−nj (ρ))− u(σ−nj (τ))| +

nj∑
k=1

|η(σ−k(ρ))− η(σ−nk(τ))|.
(4.64)

Now, since limj→∞ dist(σ−nj (ρ), σ−nj (τ)) = 0, since both σ−nj (ρ) and
σ−nj (τ) belong to D and since u|D is uniformly continuous (as D is
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compact), we conclude that

lim
j→∞

|u(σ−nj (ρ))− u(σ−nj (τ))| = 0.

Since η is Hölder continuous of order β, we get
nj∑
k=1

|η(σ−k(ρ)− η(σ−nk(τ)| ≤
nj∑
k=1

Vβ(η)e−βkdβ(ρ, τ) ≤ Vβe−β

1− e−β
dβ(ρ, τ).

Therefore, it follows from (4.64) that

|u(ρ)− u(τ)| ≤ Vβe−β

1− e−β
dβ(ρ, τ).

Hence, as α−(ω)∩B is dense in α−(ω), u has a bounded Hölder continu-
ous extension from α−(ω) ∩ B on α−(ω) = ω × EIN , where ω = ω|0−∞.
Denote this extension by u : α−(ω) → IR and for every τ ∈ EIN set

u(τ) = u(ωτ).

This obviously defines a bounded Hölder continuous function u : EIN →
IR. Define now the set Bω to be determined by the condition

ωBω = α−(ω) ∩B.
The function u : EIN → IR is a version of u. Indeed, since µα−(ω)(ωBω) =
1, it follows from Lemma 4.8.6 that µ̃F (Bω) = 1 and additionally, for
every τ ∈ Bω, u(τ) = u(ωτ) = u(τ). Since the measure µ̃F is shift-
invariant, µ̃F (Bω ∩ σ−1(Bω)) = 1. Take now an arbitrary element
ρ ∈ Bω∩σ−1(Bω). Then σ(ω) ∈ Bω and we have η(ρ) = u(ρ)−u(σ(ρ)) =
u(ρ)−u(σ(ρ)). But since supp(µ̃F ) = EIN , the set Bω∩σ−1(Bω) is dense
in EIN and therefore η = u− u ◦ σ on EIN . �

Proof of Theorem 4.8.5 First notice that in view of Theorem 4.4.2, The-
orem 2.2.9 and Lemma 2.2.8∫

ψdµ̃F =
∫
fdµ̃F +

hµ̃F

χµ̃F

χµ̃F − P(F )

=
∫
fdµ̃F + hµ̃F − P(F ) = P(F )− P(F ) = 0.

Hence the assumptions of Lemma 4.8.8 are satisfied with η = ψ and
therefore there exists a bounded function u ∈ Hβ such that

f − P(F ) + κζ = u− u ◦ σ,
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that is the functions −κζ and f − P(F ) are cohomologous in the class
of bounded functions of Hβ . It follows from this equation that the
constant R appearing in Theorem 2.2.7(2) (with f := f − P(F ) and
g = −κζ) is equal to zero. Therefore, it follows from this theorem that
P(−κζ) = P(f) − P(F ) = 0. Hence, the system S is regular, κ = h

and it follows from Theorem 2.2.7(1) that µ̃F = µ̃−κζ . The equivalence
of measures mF and m−κζ with bounded Radon-Nikodym derivatives
follows now from the fact that both these measures are Gibbs states of
the functions f − P(F ) and −κζ respectively. �

4.9 Multifractal analysis

The multifractal formalism arose from various considerations in physics
and mathematics (see e.g. [Man], [FP], [Gr], [Ha]). In this last paper
a formulation of the scenarios of multifractal theory was elaborated in
which there were strong hints of parallels to the theory of statistical
physics. Some of the first rigorous mathematical results concerning this
formalism are in [CM] and [Ra]. Since then there have been many pa-
pers written verifying some aspects of this formalism (see for example
[O1]–[O4], [PW], [Pat1], [Pat2]). Recently, Pesin presented a general
formulation of the setting for multifractal theory [Pe]. Also, many more
references concerning this topic may be found in his book. In this sec-
tion dealing with multifractal analysis of conformal GDMSs we develop
Section 7 of [HMU]. We would like to emphasize that our analysis is per-
formed only for cylinders (and also under some other technical assump-
tions), whereas the question concerning the analysis of balls, successfully
taken care of (see the papers cited above) in the case of finite iterated
function systems, remains open for infinite iterated function systems.
In this section S = {φe : Xt(e) → Xi(e) : e ∈ I} is a regular conformal
GDMS such that

φi(Xt(i)) ∩ φj(Xt(j)) is at most countable (4.65)

for all i �= j ∈ I and

F = {f (i) : X → IR : i ∈ I}
is a summable Hölder family of functions. Subtracting from each of
the functions f (i) the topological pressure of F we may assume that
P(F ) = 0. We consider a two-parameter family of Hölder continuous
families of functions

Gq,t = {g(i)
q,t := qf (i) + t log |φ′

i|}.



124 Conformal Graph Directed Markov Systems

Let .

Fin(F ) = {q ∈ IR : LqF (11) <∞}
= {q ∈ IR : P(qF ) <∞} and θ(F ) = inf Fin(F ),

where the second equality follows from Proposition 2.1.9. By the defin-
ition of summable Hölder families of functions, 1 ∈ Fin(F ) and, in
particular, {i : sup f (i) > 0} is finite. Before dealing with smoothness
properties we shall prove the following result, which will be needed in
the next section.

Lemma 4.9.1 The function (q, t) �→ P(q, t) := P(Gq,t) is decreasing
with respect to both variables q ≥ 0 and t ≥ 0.

Proof. Consider two pairs (q1, t1) and (q2, t2) such that q1 ≤ q2 and
t1 ≤ t2. If P(q1, t1) = ∞, there is nothing to be proved. So, suppose
that P(q1, t1) < ∞. Then by Proposition 2.1.9 Gq1,t1 is a summable
Hölder family of functions. Since the set {i : sup f (i) > 0} is finite
and since all the functions log |φ′

i| are negative, this implies that Gq2,t2

also forms a summable Hölder family of functions. It then follows from
Theorem 2.1.8 that for every ε > 0 there exists a Borel probability
measure µ on E∞ such that

∫ −(q2f − t2ζ)dµ <∞ (which implies that∫ −(q1f − t1ζ)dµ <∞) and

P (q2, t2) ≤ hµ +
∫

(q2f − t2ζ)dµ + ε

= hµ +
∫

(q1f − t1ζ)dµ + (q2 − q1)
∫
fdµ+ (t1 − t2)

∫
ζdµ+ ε

≤ hµ +
∫

(q1f − t1ζ)dµ + ε ≤ P(q1, t1) + ε,

where the last inequality follows from Theorem 2.1.8. Letting ε↘ 0 we
thus get P(q2, t2) ≤ P(q1, t1). The proof is complete. �

Given q ≥ 0 let

Fin(q) = inf{t : LGq,t(11) <∞} = inf{t : P(Gq,t) <∞}
≤ θ(S) and let θ(q) = inf Fin(q).

Notice that if q ∈ Fin(F ), then 0 ∈ Fin(q). We assume that for every
q ∈ Fin(F ) there exists u ∈ Fin(q) such that

0 < P(Gq,u) <∞. (4.66)
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We shall prove the following.

Lemma 4.9.2 If q ∈ Fin(F ), then there exists a unique t = T (q), called
the temperature function associated with q, such that P(Gq,T (q)) = 0. In
addition T (q) ∈ (θ(q),∞).

Proof. Fix q > θ(F ). Since for every n ≥ 1 the function t �→∑
|ω|=n || exp

(∑n
j=1 φ

ωj

q,t ◦ φσjω

)||, t ∈ Fin(q), is logarithmic convex, the
function t �→ P(Gq,t) is convex and hence continuous in (θ(q),∞). Since
0 < P(Gq,u) < ∞ for some u ∈ Fin(q), in order to conclude the proof
it therefore suffices to show that the function t �→ P(Gq,t) is strictly
decreasing on t ∈ (θ(q),∞) and limt→+∞ P(Gq,t) = −∞. But for every
t ≥ u

P(Gq,t) = lim
n→∞

1
n

log


∑

|ω|=n

|| |φ′
ω|t exp(Sω(qF ))||




≤ lim
n→∞

1
n

log


∑

|ω|=n

||φ′
ω||t−u|| |φ′

ω|u exp(Sω(qF ))||



≤ lim inf
n→∞

1
n

log


∑

|ω|=n

sn(t−u)|| |φ′
ω|u exp(Sω(qF ))||




= (t− u) log s+ P(Gq,u)

Hence t ∈ Fin(q) and moreover, as s < 1, limt→+∞ P(Gq,t) = −∞. To
prove that P(Gq,t) is strictly decreasing consider t > θ(q) and δ > 0.
We then have

P(Gq,t+δ) = lim
n→∞

1
n

log


∑

|ω|=n

|| |φ′
ω |t+δ exp(Sω(qφ))||




≤ lim
n→∞

1
n

log


∑

|ω|=n

||φ′
ω ||δ|| |φ′

ω|t exp(Sω(qF ))||



≤ lim
n→∞

1
n

log
(
snδ|| |φ′

ω |t exp(Sω(qF ))||)
= δ log s+ P(Gq,t) < P(Gq,t).

�
Given q ∈ Fin(F ) and t ∈ Fin(q), let

µq,t = µGq,t , µ̃q,t = µ̃Gq,t , mq,t = mGq,t , m̃q,t = m̃Gq,t
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and

µq = µq,T (q), µ̃q = µ̃q,T (q), mq = mq,T (q), m̃q = m̃q,T (q)

and let

α(q) =
∫
fdµ̃q

− ∫ ζdµ̃q
if
∫ |f |dµ̃q < ∞. By (4.65), π : E∞ → J is 1-to-1, so given x = π(ω)

we can speak about xn and x|n respectively as ωn and ω|n. Given µ, a
Borel probability measure on J , and x ∈ J we define

Dµ(x) = lim inf
n→∞

log
(
µ(φx|n(Xt(xn)))

)
log
(
diam(φx|n(Xt(xn)))

) ,

Dµ(x) = lim sup
n→∞

log
(
µ(φx|n(Xt(xn)))

)
log
(
diam(φx|n(Xt(xn)))

) ,
and

dµ(x) = lim inf
r→0

log
(
µ(B(x, r))

)
log r

,

dµ(x) = lim sup
r→0

log
(
µ(B(x, r))

)
log r

,

If Dµ(x) = Dµ(x) we denote the common value by Dµ(x), and if dµ(x) =
dµ(x) the common value is denoted by dµ(x). Given α ≥ 0 we define

Kµ(α) = {x ∈ J : Dµ(x) = α}
and

fµ(α) = HD(Kµ(α)),

the Hausdorff dimension of the set Kµ(α). Let k be a strictly convex
map on an interval I, so that k′′ > 0 wherever this second derivative
exists. The Legendre transform of k is the function l of a new variable p
defined by

l(p) = max
I
{px− k(x)}

everywhere where the maximum exists. It can be proved that the domain
of l is either a point, an interval or a half-line. It is also easy to show that
l is strictly convex and that the Legendre transform is an involution. We
then say that the functions k and l form a Legendre transform pair. The
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following theorem (see [Ro] for example) gives a useful characterization
of a Legendre transform pair.

Theorem 4.9.3 Two strictly convex differentiable functions k and g

form a Legendre transform pair if and only if l(−k′(q)) = k(q)− qk′(q).

Our main result in this section is the following.

Theorem 4.9.4 Suppose that condition (4.66) is satisfied for all q ∈
Fin(F ). Suppose also that there exists an interval ∆1 ⊂ Fin(F ) such
that 1 ∈ ∆1 and for every q ∈ ∆1 and all t in some neighborhood of T (q)
(contained in (θ(q),∞)),∫

(|f |2+γ + |ζ|2+γ)dµ̃q <∞ and
∫

(|f |+ |ζ|)dµ̃q,t <∞

for some γ > 0. Suppose finally that hµq(σ)/χµq (σ) > θ(S) for all
q ∈ ∆2 ⊂ ∆1 for some interval ∆2 ⊂ ∆1. Then

(a) The number DµF (x) exists for µF -a.e. x ∈ J and

DµF (x) =
− ∫ fdµ̃F∫

ζdµ̃F
.

(b) The function T : ∆1 → IR is real-analytic, T (0) = HD(J), and
T ′(q) < 0, T ′′(q) ≥ 0 for all q ∈ ∆1.

(c) For every q ∈ ∆2, fµF (−T ′(q)) = T (q)− qT ′(q).
(d) If µ̃F �= µ̃−HD(J)ζ , then the function α �→ fµF (α), α ∈ (α1, α2)

is real-analytic, where the interval (α1, α2), 0 ≤ α1 < α2 ≤ ∞
is the range of the function −T ′(q) defined on the interval ∆2.
Otherwise T ′(q) = HD(J) for every q ∈ (θ(F ),∞).

(e) If µ̃F �= µ̃−HD(J)ζ , then the functions fµF (α) and T (q) form a
Legendre transform pair.

(f) For every q ∈ ∆1 the number T (q) is uniquely determined by the
property that there exists a constant C ≥ 1 such that for every
n ≥ 1

C−1 ≤
∑
|ω|=n

µqF ([ω])diamT (q)(φω(X)) ≤ C.

Proof. Since 1 ∈ ∆1 and
∫ |f |dµ̃F < ∞, part (a) is a combined con-

sequence of Birkhoff’s ergodic theorem (along with (4f), (4.20) and
(4.23)), the Breimann–Shannon–McMillan theorem and the assumption
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that P(F ) = 0. We shall now prove part (b). And indeed, since by
Proposition 2.6.13, ∂P

∂t |q,t = − ∫ ζdµ̃q,t < 0 for every q ∈ ∆1 and all t
in a neighborhood of q, and since T (q) is uniquely determined by the
condition P(q, T (q)) = 0, it follows from Theorem 2.6.12 and the im-
plicit function theorem that the map q �→ T (q) is real-analytic on ∆1.
Since the system F is regular, P(−HD(J)ζ) = 0, which means that
T (0) = HD(J). It follows from Proposition 2.6.13 that for every q ∈ ∆1

0 =
dP
dq

(q, T (q)) =
∂P
∂q
|(q,T (q))+

∂P
∂t
|(q,T (q))T

′(q) =
∫
φdµ̃q−

∫
gdµ̃qT

′(q)

and therefore

T ′(q) =
∫
fdµ̃q∫
ζdµ̃q

= −α(q). (4.67)

Since P(f) = 0 and
∫
fdµ̃q < ∞, we deduce from Theorem 2.1.8 that∫

fdµ̃q + hµ̃q (σ) ≤ 0 and therefore it follows from (4.67) that T ′(q) ≤
−hµ̃q(σ)/

∫
ζdµ̃q ≤ 0. Thus to prove that T ′(q) < 0 it suffices to notice

that hµ̃q (σ) > 0, which follows immediately from Theorem 2.5.2. Hence,
to complete the proof of Theorem 4.9.4(b) it is left to show that T ′′(q) ≥
0 for all q ∈ ∆1. This is done in the following.

Lemma 4.9.5 The function q �→ T (q), q ∈ ∆1 is convex. It is not
strictly convex if and only if µ̃f is equal to µ̃−HD(J)ζ .

Proof. Differentiating the formula

0 =
∂P(q, t)
∂t

|(q,T (q)) · T ′(q) +
∂P(q, t)
∂q

|(q,T (q))

and using Proposition 2.6.13 we obtain

T ′′(q) = −T
′(q)2 ∂

2P(q,t)
∂t2 + 2T ′(q)∂

2P(q,t)
∂q∂t + ∂2P(q,t)

∂q2

∂P(q,t)
∂t

=
T ′(q)2 ∂

2P(q,t)
∂t2 + 2T ′(q)∂

2P(q,t)
∂q∂t + ∂2P(q,t)

∂q2

χµ̃q

,

where, let us recall, χµ̃q =
∫
ζdµ̃q is the Lyapunov characteristic expo-

nent of the measure µ̃q. Invoking Proposition 2.6.14 we see that

∂2P
∂t2

= σ2
µ̃q

(−ζ), ∂2P
∂q∂t

= σ2
µ̃q

(ζ, f),
∂2P
∂q2

= σ2
µq

(f).
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Hence, we can write

T ′(q)2
∂2P
∂t2

+ 2T ′(q)
∂2P
∂q∂t

+
∂2P
∂q2

= T ′(q)2
∞∑
k=0

(
µ̃q(ζ · ζ ◦ σk)− χ2

µ̃q

)
+ T ′(q)

∞∑
k=0

(
µ̃q(−ζ · f ◦ σk)

+ χµ̃q µ̃q(f)
)

+ T ′(q)
∞∑
k=0

(
µ̃q(f(−ζ ◦ σk))

+ χµ̃q µ̃q(f)
)

+
∞∑
k=0

(
µ̃q(f · f ◦ σk)− µ̃q(f)2

)

=
∞∑
k=0

µ̃q
(−T ′(q)ζ(−T ′(q)ζ ◦ σk + f ◦ σk))

+
∞∑
k=0

µ̃q
(
f(−T ′(q)ζ(−T ′(q)ζ ◦ σk + f ◦ σk))

−
∞∑
k=0

(−T ′(q)χµ̃q + µ̃q(f)
)2

=
∞∑
k=0

µ̃q
(
(−T ′(q)ζ + f)(−T ′(q)ζ + f) ◦ σk)− (−T ′(q)χµ̃q + µ̃q(f))2

= σ2
µ̃q

(−T ′(q)ζ + f).

It follows then from (4.67) that
∫
(−T ′(q)ζ + f)dµ̃q = 0. We know that

σ2
µ̃q

(−T ′(q)ζ + f) ≥ 0, and by Lemma 4.8.8 σ2
µ̃q

(−T ′(q)ζ + f) = 0 if
and only if the function −T ′(q)ζ+ f is cohomologous to 0 in the class of
bounded Hölder continuous functions. Therefore T ′(q)ζ is cohomologous
to f and, as P(f) = 0, also P(T ′(q)ζ) = 0. Thus, by Theorem 4.2.13,
T ′(q) = −HD(J) and consequently f is cohomologous to the function
−HD(J)ζ. This implies that µ̃f = µ̃−HD(J)ζ , the latter being the equi-
librium (invariant Gibbs) state of the potential −HD(J)ζ. The proof is
complete. �

So, item (b) of Theorem 4.9.4 is now an immediate consequence of
Lemma 4.9.5. We shall now focus on a contribution toward the proof of
parts (c)–(e). Given α ≥ 0 we define

K̃(α) =

{
x ∈ J : lim

n→∞

∑n−1
j=0 f ◦ σj(x)∑n−1
j=0 −ζ ◦ σj(x)

= α

}
.
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Lemma 4.9.6 For every α ≥ 0, K̃(α) = Kµf
(α).

Proof. In order to prove this lemma it suffices to show that for all x ∈ J

lim
n→∞

log
(
µf (φx|n(Xt(xn)))

)
∑n−1

j=0 f ◦ σj(x)
= 1 and lim

n→∞
log
(
diam(φx|n(Xt(xn)))

)
∑n−1

j=0 −ζ ◦ σj(x)
= 1.

And in order to prove the first equality it suffices to demonstrate that

lim
n→∞

log
(
mF (φx|n(Xt(xn)))

)
∑n−1

j=0 f ◦ σj(x)
= 1

and this follows immediately from the F -conformality of the measure
mF and the fact that P(F ) = 0. The second inequality to be proved is
an immediate consequence of the bounded distortion property. �

Lemma 4.9.7 If x ∈ K̃(α) and

lim inf
n→∞

log |φ′
xn

(σn(x))|
log |φ′

x|n−1
(σn−1(x))| = 0,

then for every q ∈ IR

lim inf
n→∞

(
log |φ′

xn
(σn(x))|

log |φ′
x|n−1

(σn−1(x))| +
qf(σn−1x)

log |φ′
x|n−1

(σn−1(x))|

)
≤ 0

Proof. If q ≤ 0, then our inequality follows immediately from the fact
that q ∈ Fin(F ), our assumption and the formula limn→∞ log ||φ′

x|n−1
|| =

−∞. So, we may assume that q > 0. Let {nk}∞k=1 be an increasing in-
finite sequence such that

lim
k→∞

log |φ′
xnk

(σnk (x))|
log |φ′

x|nk−1
(σnk−1(x))| = 0. (4.68)

In order to conclude the proof it suffices to sow that

lim
k→∞

f(σnk−1x)
log |φ′

x|nk−1
(σnk−1(x))| ≤ 0.

So, suppose on the contrary that

lim sup
k→∞

f(σnk−1x)
log |φ′

x|nk−1
(σnk−1(x))| ≥ 2b > 0

for some positive b. Passing to a subsequence of the sequence {nk}∞k=1

we may assume that the limit limk→∞
f(σnk−1x)

log |φ′
x|nk−1

(σnk−1(x))| exists and
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is greater than or equal to 2b (perhaps +∞). This, (4.68) and the fact
that x ∈ K̃(α) imply the existence of an integer l0 ≥ 1 such that for
every l ≥ l0∑l

j=0−f(σjx)∑l
j=0 ζ(σjx)

≥ α− b

3
,

f(σlx)∑l
j=0 ζ(σjx)

≥ b and

∑l
j=0 ζ(σ

jx)∑l+1
j=0 ζ(σjx)

≥ 1− δ,

where δ is so small that (α− b
3 )(1 − δ) ≥ α − b

2 . But then, taking k so
large that nk − 2 ≥ l0, we get∑nk−1

j=0 −f(σjx)∑nk−1
j=0 ζ(σjx)

=

∑nk−2
j=0 −f(σjx)∑nk−2
j=0 ζ(σjx)

·
∑nk−2

j=0 ζ(σjx)∑nk−1
j=0 ζ(σjx)

+
−f(σnk−1x)∑nk−1
j=0 ζ(σjx)

≥ (α− b

3
)(1− δ) + b ≥ α− b

2
+ b = α+

b

2
.

This however implies that

lim inf
n→∞

∑n
j=0−f(σjx)∑n
j=0 ζ(σjx)

≥ α+
b

2
> α

which is a contradiction since x ∈ K̃(α). �

Lemma 4.9.8 With the same assumptions as in Theorem 4.9.4

(a) µq(KµF (α(q))) = 1 for all q ∈ ∆1.
(b) dµq

(x) ≤ T (q)+qα(q) for all q ∈ ∆1 and for every x ∈ KµF (α(q))
but a set of Hausdorff dimension ≤ θ(S).

(c) fµF (α(q)) = T (q) + qα(q) for every q ∈ ∆2.

Proof. Fix q ∈ ∆1. Since the functions |f | and |ζ| are integrable with re-
spect to the measure µq, part (a) follows immediately from Lemma 4.9.6
and Birkhoff’s ergodic theorem. In order to prove part (b) fix x ∈
KµF (α(q)) and r > 0. Let n = n(x, r) be the least integer such
that φx|n(Xt(xn)) ⊂ B(x, r). Then µq(B(x, r)) ≥ µq(φx|n(Xt(xn)) and
φx|n−1(Xt(xn−1)) is not contained in B(x, r). From the latter,
diam

(
φx|n−1(Xt(xn−1))

) ≥ r. Hence, by Lemma 3.1.2

log
(
µq(B(x, r))

)
log r

≤ log
(
µq(φx|n(X))

)
log
(
diam(φx|n−1(X))

)
≤ T (q)

∑n
j=1 log |φ′

xj
(σj(x))|+ q

∑n−1
j=0 f ◦ σj(x) +M1∑n−1

j=1 log |φ′
xj

(σj(x))| +M2
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for some constants M1 and M2. Since the range of the function r �→
n(x, r), r ∈ (0, 1], is of the form IN ∩ [A,∞), it follows from the last
inequality, Lemma 4.9.7 and Lemma 4.9.6 that if

lim inf
n→∞

log |φ′
xn

(σn(x))|
log |φ′

x|n−1
(σn−1(x))| = 0,

then dµq
(x) ≤ T (q) + qα(q). Consider the set

Bad =

{
x ∈ J : lim inf

n→∞
log |φ′

xn
(σn(x))|

log |φ′
x|n−1

(σn−1(x))| > 0

}
.

We shall show that HD(Bad) ≤ θ(S). So, given γ > 0 define

Bad(γ) =

{
x ∈ J : ∃q ≥ 1∀n ≥ q

log |φ′
xn

(σn(x))|
log |φ′

x|n−1
(σn−1(x))| ≥ γ

}

and given n ≥ 1 put

Badn(γ) =

{
x ∈ J :

log |φ′
xk

(σk(x))|
log |φ′

x|k−1
(σk−1(x))| ≥ γ ∀k ≥ n

}
.

Fix η > θ(S). By the definition of θ(S) there exists k ≥ 1 so large that
for all l ≥ k ∑

{i∈I:||φ′
i||0≤Ksγl}

||φ′
i||η0 ≤

1
2
. (4.69)

Fix n ≥ 1. For every l ≥ p = max{n − 1, k} let Ωl = {ω ∈ El :
φω(Xt(ω)) ∩ Badn(γ) �= ∅}. We shall prove by induction that for every
l ≥ p ∑

ω∈Ωl

||φ′
i||η0 ≤

(
1
2

)l−p ∑
ω∈Ωp

||φ′
i||η0 , (4.70)

where as η > θ(S), ∑
ω∈Ωp

||φ′
i||η0 ≤

∑
ω∈Ip

||φ′
i||η0 <∞. (4.71)

Indeed, for l = p we even have equality. So, suppose that (4.70) holds
for some l ≥ p. Fix ω ∈ Ωl+1. Then ω|l ∈ Ωl and there exists x ∈
φω(Xt(ω)) ∩ Badn(γ). Since x = φx|l+1(σ

l+1(x)), it follows from (4.65)
that ω = x|l+1. Since l ≥ n− 1 and x ∈ Badn(γ), we therefore get

||φ′
ωl+1

||0 ≤ K|φ′
ωl+1

(σl+1(x))| = K|φ′
xl+1

(σl+1(x))|
≤ K|φx|l(σl(x))|γ ≤ Ksγl.
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Thus, using (4.69) and (4.70) for l we can write∑
ω∈Ωl+1

||φ′
i||η0 ≤

∑
ω∈Ωl

∑
{i∈I:||φ′

i||0≤Ksγl}
||φ′

ω ||η0 ||φ′
i||η0

=
∑
ω∈Ωl

||φ′
ω||η0

∑
{i∈I:||φ′

i||0≤Ksγl}
||φ′

i||η0

≤ 1
2

∑
ω∈Ωl

||φ′
ω ||η0 =

(
1
2

)l+1−p ∑
ω∈Ωp

||φ′
i||η0 .

The inductive proof of (4.70) is finished. By (4.20) we therefore get for
all l ≥ k

∑
ω∈Ωl

diamη(φω(Xt(ω))) ≤ D

(
1
2

)l−p ∑
ω∈Ωp

||φ′
i||η0

and using (4.71) we conclude that Hη(Badn(γ)) = 0. Thus HD(Badn
(γ)) ≤ η which implies that HD(Badn(γ)) ≤ θ(S). Since Bad(γ) =⋃

n≥1 Badn(γ), HD(Bad(γ)) ≤ θ(S) and since Bad =
⋃

m≥1 Bad(1/m),
HD(Bad) ≤ θ(S). The proof of (b) is complete. Since µq(KµF (α(q))) =
1, it follows from Theorem 4.4.2 that fµF (α(q)) = HD(KµF (α(q)) ≥
HD(µq) = hµq(σ)/χµ̃q (σ). Since P(Gq,T (q)) = 0, using Theorem 2.2.9,
we continue writing

fµF (α(q)) ≥ hµ̃q (σ)
χµ̃q (σ)

=
− ∫ gq,T (q)dµ̃q

χµ̃q(σ)
=
∫
(−T (q)ζ + qf)dµ̃q

−χµ̃q(σ)

=
−T (q)χµ̃q(σ) + q

∫
fdµ̃q

−χµ̃q(σ)
= T (q) + qα(q).

(4.72)

This proves one half of (c). If now q ∈ ∆2, then our assumptions give
hµq (σ)/χµq (σ) > θ(S). Applying this along with (a) and (b), it follows
from Theorem A2.0.16 that fµF (α(q)) = HD(KµF (α(q))) ≤ T (q) +
qα(q). This proves the other part of (c). �

Part (c) of Theorem 4.9.4 is an immediate consequence of Lemma 4.9.8(c)
and formula (4.69). Part (d) is a combined consequence of Lemma 4.9.5
and part (c) of Theorem 4.9.4. Part (e) of Theorem 4.9.4 follows from
Lemma 4.9.5, part (c) of Theorem 4.9.4 and Theorem 4.9.3. We end the
proof of Theorem 4.9.4 by demonstrating part (f). And indeed, since
the diameters of the images φω(Xt(ω)) tend to zero uniformly (exponen-
tially) fast with respect to the length of ω, we conclude that there exists
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at most one value t ∈ IR such that for some C ≥ 1 and every n ≥ 1

C−1 ≤
∑
|ω|=n

µqF ([ω])diamt(φω(Xt(ω))) ≤ C.

So, we only need to show that the display appearing in part (f) of
Theorem 4.9.4 is true. And indeed, if ω ∈ I∗, say |ω| = n and ρ ∈ [ω],
then it follows from the definition of measures µ̃q and µ̃F that

µ̃q([ω]) # exp


q n−1∑

j=0

f ◦ σj(ρ)− T (q)
n−1∑
j=0

ζ ◦ σj(ρ)



=


exp

n−1∑
j=0

f ◦ σj(ρ)



q
exp


− n−1∑

j=0

ζ ◦ σj(ρ)





T (q)

# µ̃qF ([ρ|n])diamT (q)(φ|ρ|n(Xt(ρn)))

= µ̃qF ([ω])diamT (q)(φ|ω(Xt(ω))).

Since
∑

|ω|=n µ̃q([ω]) = 1, summing the above display over all ω ∈ In

we obtain the desired inequalities. The proof of Theorem 4.9.4 is
complete. �

Let us recall that in [MU2] we have introduced the class of absolutely
regular conformal iterated function systems S by the requirement that
θ(S) = 0. The same definition extends to conformal GDMSs. For
these systems we can rewrite Theorem 4.9.4, relaxing the assumption
hµ̃q (σ)/χµ̃q > θ(S) since we already know (see the paragraph preceed-
ing Lemma 4.9.5) that the entropy hµ̃q(σ) is always positive. It then
reads as follows.

Theorem 4.9.9 Suppose that condition (4.66) is satisfied for all q ∈
Fin(F ). Suppose also that there exists an interval ∆1 ⊂ Fin(F ) such
that 1 ∈ ∆1 and for every q ∈ ∆1 and all t in some neighborhood of T (q)
(contained in (θ(q),∞)),∫

(|f |2+γ + |ζ|2+γ)dµ̃q <∞ and
∫

(|f |+ |ζ|)dµ̃q,t <∞

for some γ > 0. Suppose finally that the system S is absolutely regular.
Then
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(a) The number DµF (x) exists for µF -a.e. x ∈ J and

DµF (x) =
− ∫ fdµ̃F∫

ζdµ̃F
.

(b) The function T : ∆1 → IR is real-analytic, T (0) = HD(J), and
T ′(q) < 0, T ′′(q) ≥ 0 for all q ∈ ∆1.

(c) For every q ∈ ∆2, fµF (−T ′(q)) = T (q)− qT ′(q).
(d) If µ̃F �= µ̃−HD(J)ζ , then the function α �→ fµF (α), α ∈ (α1, α2)

is real-analytic, where the interval (α1, α2), 0 ≤ α1 < α2 ≤ ∞
is the range of the function −T ′(q) defined on the interval ∆2.
Otherwise T ′(q) = HD(J) for every q ∈ (θ(F ),∞).

(e) If µ̃F �= µ̃−HD(J)ζ , then the functions fµF (α) and T (q) form a
Legendre transform pair.

(f) For every q ∈ ∆1 the number T (q) is uniquely determined by the
property that there exists a constant C ≥ 1 such that for every
n ≥ 1

C−1 ≤
∑
|ω|=n

µqF ([ω])diamT (q)(φω(X)) ≤ C.
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Examples of GDMSs

5.1 Examples of GDMSs in other fields of mathematics

In this section we mainly provide some classes of conformal GDMS nat-
urally generated in other areas of mathematics. We would especially like
to call the reader’s attention to the class of Kleinian groups of Schottky
type. We start however with the following two operations on iterated
function systems which lead to graph directed Markov systems.

Example 5.1.1 (Gluing)

Suppose that we are given finitely many iterated function systems
{Sv}v∈V in the same Euclidean space, say IRd, and let S be a GDMS
with vertices V and edges E. We form a new GDMS Ŝ by adding to S

all the contractions {φ(v)
i : Xv → Xv}i∈Iv , where Iv is the alphabet of

the system Sv, and by declaring that the new incidence matrix Â con-
tains the old matrix and has additional entries Âa,b equal to 1 if either
t(a) = v and b ∈ Iv or a ∈ Iv and i(b) = v.

Example 5.1.2 (Restrictions)

Let S = {φi : X → X}i∈I be a conformal iterated function system (e.g.
generated by a continued fraction algorithm with restricted entries see
Example 5.1.4 for more details) and let A : I × I → {0, 1}. The system
Ŝ generated by taking the set of vertices to be a singleton {v} with
Xv = X , the set of edges equal to I and the incidence matrix equal to
A is a GDS.

Example 5.1.3 (Expanding maps)

Each distance expanding map f : X → X (see [Ru], cf. [PU]) has
Markov partitions R = {Xt}t∈T with arbitrarily small diameters. It

136
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gives rise to a GDS with T , the set of vertices, the contractions formed
by continuous inverse branches of f defined on Xt, t ∈ T , and the
incidence matrix determined by the Markov partition R.

Example 5.1.4 (Continued fractions)

This system is given by the maps φn : [0, 1] → [0, 1] defined by the
formulae

φn(x) =
1

x+ n
.

It is easy to see that

φ(ω) =
1

ω1 +
1

ω2 +
1
ω3

The continued fraction system with restricted entries (see Example 5.1.2)
has been thoroughly explored from the geometric viewpoint in [MU2].
Compare also [HeU] and [U2].

Example 5.1.5 (Kleinian groups of Schottky type)

Fix finitely many, say q ≥ 1, closed balls B1, B2, . . . , Bq ⊂ IRd. For each
j = 1, 2, . . . , q let gj be the inversion with respect ∂Bj, the boundary
of Bj . The group G = 〈g1, g2, . . . , gq〉 is the Kleinian group of Schottky
type generated by the inversions g1, g2, . . . , gq. Recall that L(G), the
limit set of a Kleinian group G is the set of limit points limn→∞ gn(z),
where gn ∈ G are mutually distinct. The value of this limit does not
depend on the point z ∈ IRd. Our goal is to represent L(G), the limit
set of the Schottky group G as the limit set on an appropriate conformal
GDS. Let us first construct this GDS. Set V = {1, 2, . . . , q}, E = V ×
V \ {(i, i) : i ∈ {1, 2, . . . , q}} and Xv = Bv for all v ∈ V . Since gi(IRd) =
Int(Bi), we see that for every (i, j) ∈ E the map g(i,j) = gi|Bj : Bj → Bi
is well defined. The associated incidence matrix is defined as follows.

A(i,j),(k,l) =

{
1 if k = j

0 if k �= j.

The system SG = 〈V,E, {ge}e∈E〉 obviously satisfies all the requirements
of a conformal GDS except that the maps {ge}e∈E need not be uniform
contractions. But since the diameters of the sets gω(Btω) converge to
zero uniformly with respect to the length of the word ω, the bounded
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distortion property (see [PU] for details) implies that all maps from a
sufficiently high iterate of the system SG are uniformly contracting. And
this is precisely what we need. We shall prove the following.

Theorem 5.1.6 If G is a Kleinian group of Schottky type, then L(G) =
JSG .

Proof. The inclusion JSG ⊂ L(G) is obvious. In order to prove the
opposite inclusion, fix a sequence {gn}∞n=1 of mutually distinct elements
of G such that limn→∞ gn(z) exists for some (and equivalently all) z ∈
IRd. With appropriate nkj ∈ {1, 2, . . . , q} write

gn = gnkn
◦ gnkn−1 ◦ · · · ◦ gn2 ◦ gn1

in its unique irreducible form, that is with gnj �= gnj+1 for all 1 ≤ j ≤
kn−1. Passing to a subsequence we may assume that n1 �= i for all n ≥ 1
and some i ∈ {1, 2, . . . , q}. Fix z ∈ Bi. We shall show by induction that
gnl

◦gnl−1◦· · ·◦gn1(z) ∈ Bnl
for all l = 1, 2, . . . , kn. And indeed, for l = 1

this follows from the fact that z /∈ Bn1 and gn1(IRd \ Bn1) = Int(Bn1).
So, suppose that gnl

◦ gnl−1 ◦ · · · ◦ gn1(z) ∈ Bnl
for some 1 ≤ l ≤

kn− 1. Since, by irreducibility of the word gnkn
◦ gnkn−1 ◦ · · · ◦ gn2 ◦ gn1 ,

Bnl+1 ∩Bnl
= ∅ and since gnl+1(IRd \Bnl+1) = Int(Bnl+1), we conclude

that gnl+1 ◦ gnl
◦ · · · ◦ gn1(z) ∈ Bnl+1 . The inductive proof is finished.

Hence, we can write

gn(z) = g(nkn ,nkn−1) ◦ g(nkn−1,nkn−2) ◦ · · · g(n2,n1) ◦ g(n1,i)(z).

Thus limn→∞ gn(z) ∈ JSG = JSG , where we could write the equality
sign since the system SG is finite. �

We shall now generalize the above considerations by establishing natural
relations between the limit set of each subgroup of a Kleinian group of
Schottky type and the limit set of a naturally associated conformal GDS,
perhaps with infinitely many edges. Indeed, let Γ ⊂ G = 〈g1, . . . , gq〉
be a subgroup of a Schottky group. We first look at the set Γ0 ⊂ Γ
formed by those elements g = gin ◦ · · · ◦ gi1 (ij ∈ {1, 2, . . . , q}) written in
irreducible form as elements of G, with no proper initial block belonging
to Γ. In order to associate with Γ the conformal GDS SΓ we take as
before V = {1, 2, . . . , q} and Xv = Bv for all v ∈ V . The elements of
the system SΓ are formed by the maps

φg,j = gin ◦ · · · ◦ gi1 : Bj → Bin
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for every element g = gin ◦ . . . ◦ gi1 ∈ Γ0 and every j ∈ {1, 2, . . . , q} \
{i1}. The incidence matrix is determined by the requirement that the
compositions φg,j ◦ φγ,i are allowed if and only if j = im, where γ =
gim ◦ . . . ◦ gi1 ∈ Γ0 is represented in its irreducible form. As in the
case of a (full) Schottky group, the system SΓ is a conformal GDS but,
recalling the discussion in the case of a (full) Schottky group, we see
that the only point which may require some explanation is the open set
condition. So, suppose that φg,j �= φγ,i, both belonging to SΓ. If g = γ,
then j �= i and φg,j(Bj) ∩ φγ,i(Bi) = g(Bj) ∩ g(Bi) = ∅ since g is 1-to-1
and Bj ∩ Bi = ∅. If g �= γ, then φg,j and φγ,i are two incomparable
elements of SG, and therefore φg,j(Bj) ∩ φγ,i(Bi) = ∅. Thus, we have
proved that SΓ is a conformal GDS. Repeating essentially the proof of
the previous theorem, we shall demonstrate the following.

Theorem 5.1.7 If Γ is a subgroup of a Kleinian group of a Schottky
type, then JSΓ ⊂ L(Γ), L(Γ) = JSΓ and L(Γ) = JSΓ if Γ0 is finite.

Proof. The inclusion JSΓ ⊂ L(Γ) is obvious. In order to prove that
L(Γ) ⊂ JSΓ fix a sequence {γn}∞n=1 of mutually distinct elements of Γ
such that limn→∞ γn(z) exists for some (and equivalently all) z ∈ IRd.
Write

γn = gnkn
◦ gnkn−1 ◦ · · · ◦ gn2 ◦ gn1 ,

in its unique irreducible form in G and decompose this representation of
γn into blocks γnl

◦. . .◦γn1 of elements from Γ0. Passing to a subsequence
we may assume that t(n1) �= i for all n ≥ 1 and some i ∈ {1, 2, . . . , q}.
Fix z ∈ Bi. Then, as in the proof of Theorem 5.1.6, we see that

γn(z) = φγnl
,i(γnl−1) ◦ φγnl−1 ,i(γnl−2) ◦ · · · ◦ φγn2 ,i(γn1) ◦ φγn1 ,i

(z)

and therefore limn→∞ γn(z) ∈ JSΓ . Thus the proof of the inclusion
L(Γ) ⊂ JSΓ is complete. If now Γ0 is finite, then SΓ is also finite and
consequently JSG = JSΓ = L(G), which finishes the proof. �

5.2 Examples with special geometric features

In this section we provide a number of examples of infinite conformal
iterated function systems showing how flexible they are, and how large a
variety of fractal features one can already meet find among them, not to
mention general GDMSs. We begin with an extremely simple example
of a conformal graph directed Markov system whose limit set cannot be
represented as the limit set of a conformal iterated function system.
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Example 5.2.1 A conformal finite irreducible graph directed Markov
system whose limit set cannot be represented as the limit set of a con-
formal iterated function system.

Let the set of vertices consist of two elements v and w and let E =
{vw, vv, wv, ww}. We put Xv = [2, 4] × [1, 3] ⊂ IR2 and Xw = [0, 2] ×
[3, 5] ⊂ IR2. Let φvw : Xw → Xv, φww : Xw → Xw, φwv : Xv → Xw,
φvv : Xv → Xv be similarity maps with scaling factor 1/2 mapping
respectively the setXw onto the square [2, 3]×[2, 3],Xw onto [1, 2]×[3, 4],
Xv onto [1, 2] × [4, 5] and Xv onto [3, 4] × [2, 3]. Obviously this graph
directed system is irreducible and its limit set J is

[2, 4]× {3} ∪ {2} × [3, 5].

Since J has Hausdorff dimension is equal to 1 and it is not an analytic
arc, it follows from the second paragraph following Theorem 6.4.1 that
J cannot be represented as the limit set of a conformal iterated function
system.

Example 5.2.2 The limit set J is an Fσδ but not a Gδ.

Denote byQ the set of all rational numbers in [0, 1]. LetX = [0, 1]×[0, 1]
and let ∆ = {(x, x) ∈ X} be the diagonal of X . Consider a conformal
iterated function system {φi : X → X : i ∈ Q ∪ {−1}} consisting of
linear mappings and such that

(a) φi(X) ∩∆ = {φi(0, 1)} = {(i, i)} for all i ∈ Q

(b) φ−1(x, y) = (x/2, (y + 1)/2)
(c) The sets φi(X), i ∈ Q ∪ {−1}, are mutually disjoint.
Then J ∩∆ = Q is not Gδ, so neither is J . Let us also note that this
system is not locally finite. �

Example 5.2.3 An iterated function system for which PD(J) ≥
BD(J) > HD(J).

Take any sequence of positive numbers {ri : i ≥ 1} (for example of the
form bi, 0 < b < 1) such that the equation

∑
i≥1 r

t
i = 1 has a (unique)

solution and this solution is less than 1. Consider a family {φi : {z ∈ CI :
|z| ≤ 1} → {z ∈ CI : |z| ≤ 1} : i ≥ 1} of similarity maps satisfying the
open set condition and such that ||φ′

i|| = ri and X(∞) = {z : |z| = 1}.
Then by Theorem 4.2.14, PD(J) ≥ BD(J) ≥ BD(X(∞)) ≥ 1 and by
Theorem 4.2.13, HD(J) < 1. �
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Example 5.2.4 Irregular system.

A model for such a system has been described in Example 4.5 of [MW1].
Since this is a very short and important example we repeat its construc-
tion here. Let I = {(n, k) : n ≥ 1 and 1 ≤ k ≤ 2n

2−1}, let X = [0, 1],
and let S = {φn,k : X → X : (n, k) ∈ I} be a system consisting of simil-
arity maps φn,k such that ||φ′

n,k|| = 2−(n2+n) and such that the intervals
φn,k(X) are mutually disjoint. This last requirement can be satisfied
since

∑
(n,k)∈I ||φ′

n,k|| =
∑
n≥1 2

−(n2+n)2n
2−1 = 1/2 < 1. Notice that

by this computation we have shown that ψ(1) = 1/2 < 1. Observe also
that ψ(t) =

∑
n≥1 2

n2−12−(n2+n)t =
∑
n≥1 2

n2(1−t)−nt−1 = ∞ for all
0 < t < 1. Thus, in view of Theorem 4.3.8, S is irregular, in view of
Theorem 4.3.9 h = HD(J) = 1, and in view of Theorem 4.5.11, J is
dimensionless in the restricted sense. �

Example 5.2.5 Linear, regular but not hereditarily regular iterated func-
tion system.

This example is very similar to Example 5.2.4. The only difference in
its definition is that now we take I = {(n, k) : n ≥ 1 and 1 ≤ k ≤
2n

2}. Then the same computations as in Example 5.2.4 above show
that ψ(1) = 1, whence P(1) = 0, and ψ(t) =∞ for all 0 < t < 1. Hence,
in view of Theorem 4.5.10, S is regular, the only conformal measure is
the Lebesgue measure λ1, and h = HD(J) = 1. Moreover, in view of
Theorem 4.3.4, S is not hereditarily regular. �

Notice that Example 5.2.5 provides a number of irregular examples. In
fact every cofinite subsystem of S is irregular.

Example 5.2.6 A hereditarily regular linear system with 0 < Πh(J) <
∞ and Hh(J) = 0.

Let X = [0, 1] and let S = {φn : X → X : n ≥ 1} be the CIFS consisting
of similarities φn(x) = x

3n2 + 1
n − 1

3n2 so that φn(0) = 1
n − 1

3n2 and
φn(1) = 1

n . Thus ||φ′
n|| = 1

3n2 and ψ(t) =
∑
n≥1 ||φ′

n||t =
∑
n≥1 3

−tn−2t.
Hence h = HD(J) > 1/2 and by Theorem 4.3.4 S is hereditarily regular.
Let m be the corresponding conformal measure. Then for every n ≥ 1

m
(
B(0, 1/n)

)
=

∑
k≥n

(
1
3k2

)h
≥ 3−h

∫ ∞

n

x−2h dx = 3−h
1

2h− 1

(
1
n

)2h−1

.

Taking now for any 0 < r ≤ 1 the unique integer n ≥ 1 such
that 1/(n + 1) < r ≤ 1/n, we get m(B(0, r)) ≥ Cr2h−1, where
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C = ((2h− 1)3h22h−1)−1. Since h− 1 < 0 it now follows from Corollary
4.5.7 that Hh(J) = 0. Positivity of Πh(J) is guaranteed by Theorem
4.5.2. We now show that the assumptions of Lemma 4.5.5 are satisfied
with γ = 3 if for every n ≥ 1 the point y is chosen to be 1/n. Indeed,
fix n ≥ 1 and take 1/n2 ≤ r ≤ 1. Suppose first that r ≤ 1/(2n). Then
n ≥ 2 and 1

n − r > 1
2n . Let I(r) = {k ≥ 1 : 1

k ≤ 1
n and

1
k+1 ≥ 1

n − r}.
Notice that #I(r) ≥ (1/n− r)−1 − n = n2r/(1− nr) ≥ n2r. Therefore

m
(
B(1/n, r)

) ≥
∑
k∈I(r)

(
1
3k2

)h
≥

(
1

3(2n)2

)h
#I(r) ≥ (12)−hn−2hn2r ≥

= (12)−h
(
1
n2

)h−1

r ≥ (12)−hrh−1r = (12)−hrh.

Now suppose that 1/(2n) ≤ r ≤ 2/n. Then 1/n2 ≤ r/4 ≤ 1/(2n)
and in view of the previous case m(B(1/n, r)) ≥ m(B(1/n, r/4)) ≥
(12)−h(r/4)h = (48)−hrh. Finally suppose that r ≥ 2/n. ThenB(1/n, r)
⊃ B(0, r/2) ≥ C(r/2)2h−1 = 2C4−hrhrh−1. Thus the assumptions of
Lemma 4.5.5 are satisfied and therefore Πh(J) < ∞. �

We should mention here that in the next section the CIFS induced by
complex continued fractions will be considered, which is also hereditar-
ily regular and whose limit set has h-dimensional Hausdorff measure 0
and h-dimensional finite packing measure. The idea for proving these
properties will be the same there as in Example 5.2.6.

Example 5.2.7 Hereditarily regular linear system with Πh(J) =∞ and
Hh(J) > 0.

Let X = [0, 1] and let S = {φn : X → X : n ≥ 1} be the CIFS consisting
of similarities φn(x) = 2−2nx+ 2−n − 2−2n so that φn(0) = 2−n − 2−2n

and φn(1) = 2−n. Thus ||φ′
n|| = 2−2n and ψ(t) =

∑
n≥1 ||φ′

n||t =∑
n≥1 2

−2nt. Hence h = 1/2 and by Theorem 4.3.4 S is hereditarily
regular. Let m be the corresponding conformal measure. Then for every
n ≥ 1 we havem

(
B(0, 2−n)

)
=

∑
k≥n 2

−2kh = 2(2−2nh). Taking now for
any 0 < r ≤ 1/2 the unique integer n ≥ 1 such that 2−(n+1) < r ≤ 2−n,
we get

m(B(0, r)) ≤ 4r2h.

Thus, Πh(J) =∞ by Corollary 4.5.8. Finiteness of Hh(J) is guaranteed
by Lemma 4.2. We now show that the assumptions of Theorem 4.5.3
are satisfied with γ = 1 if for every n ≥ 1 the point y is chosen to be
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2−n. Indeed, fix n ≥ 1 and take 2−2n ≤ r ≤ 1/2. If r ≥ 2−n, then
m(B(2−n, r)) ≤ m(B(0, 2r)) ≤ 4(2r)2h = 8r2h. In the general case
r1/2 ≥ 2−n and then m(B(2−n, r)) ≤ m(B(2−n, r1/2)) ≤ 8(r1/2)2h =
8rh. Thus the assumptions of Theorem 4.5.3 are satisfied and therefore
Hh(J) > 0. �

Example 5.2.8 Hereditarily regular linear system with Πh(J) =∞ and
Hh(J) = 0.

This example is made up by gluing together Examples 5.2.6 and 5.2.7.
Namely let X = [0, 2] and S = {φn,0, φn,1 : n ≥ 2}, where φn,0(x) =

1
3n2

x
2+

1
n− 1

3n2 and φn,1(x) = 2−2n x
2+2

−n−2−2n+1. Then φn,0([0, 2]) =
[ 1n − 1

3n2 ,
1
n ] ⊂ [0, 1/2] and φn,1([0, 2]) = [2−n−2−2n+1, 2−n+1] ⊂ [1, 2]

and ψ(t) =
∑
n≥2(||φ′

n,0||t + ||φ′
n,1||t) =

∑
n≥2 6

−tn−2t + 2−t2−2nt. So,
the interval of convergence of ψ(t) is (1/2,∞). Thus, in view of The-
orem 3.20, S is hereditarily regular and h = HD(J) > 1/2. We see that
X(∞) = {0, 1} and, if m is the corresponding h-conformal measure,
then as in Example 5.2.6 we get m(B(0, 1/n)) ≥ (2h − 1)−1(1/n)2h−1.
In view of Theorem 4.3.10 this implies that Hh(J) = 0 and as in Ex-
ample 5.2.7 we getm(B(1, 2−n)) ≤ 4h(4h−1)−1(2−n)2h and this in view
of Corollary 4.5.8 implies that Πh(J) =∞. �

Example 5.2.9 One-dimensional systems.

Here we want to describe how every compact subset F of the interval
X = [0, 1] canonically gives rise to a linear CIFS on X such that

S(∞) = (∂F )d = {x ∈ X : x is an accumulation point of ∂F},
the Cantor–Bendixson derived set of ∂F . Indeed, let R be the family of
all connected components of X \F and for every C ∈ R let φC : X → X

be the unique linear map such that φC(0) is the left endpoint of the
closure of C and φC(1) is the right endpoint of the closure of C. The
system S = {φC : X → X : C ∈ R} has the property required. �
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Conformal Iterated Function Systems

In this chapter we deal with conformal iterated function systems CIFS.
Recall this means that we assume S to be a CGDMS such that the set
of vertices is a singleton, the corresponding spaces are denoted by X
and W , and all the entries of the incidence matrix are equal to 1. We
would like to note at the very beginning that in the context of CIFSs,
indeed in the wider context of conformal-like iterated function systems,
the name S-invariant becomes meaningful since each measure µF , where
F is a summable Hölder family of functions, enjoys the following two
properties expressed for a Borel probability measure ν supported on JS .

ν(
⋃
i∈I
φi(A)) = ν(A) (6.1)

and

ν(φi(X) ∩ φj(X)) = 0 (6.2)

for all i ∈ I, j ∈ I \ {i}, and all Borel sets A ⊂ X . Any measure ν
satisfying (6.1) and (6.2) will be in the sequel called S-invariant.

6.1 The Radon-Nikodym derivative ρ = dµ
dm

In this section we study analytic properties of the Radon-Nikodym de-
rivative ρ = dµ

dm wherem is the h-conformal measure of a regular CIFS S
and µ is its S-invariant version. We first introduce an auxiliary Perron–
Frobenius operator F : C(X) → C(X) and then we show that ρ has a
unique continuous extension on the whole set X such that F (ρ) = ρ on
X . This will play a crucial role in Section 6.2. Our ultimate aim in the
present section, playing an important role in Section 6.4 and Section 6.7
is to show that in dimension d ≥ 2 (and also in dimension d = 1 if all the
contractions forming the system S are real-analytic) the density ρ has

144
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a real-analytic extension on a neighborhood of JS . So, notice first that
if the system S is regular then by Lemma 4.2.12 the series

∑
i∈I ||φ′i||h

converges, and therefore the operator F : C(X) → C(X) defined by the
formula

F (g) =
∑
i∈I

|φ′i|hg ◦ φi

acts continuously on C(X). Let us recall from [Lj] that a bounded
operator L : B → B defined on a Banach space B is said to be almost
periodic if for every x ∈ B the orbit {Lnx}∞n=0 is relatively compact in
B. We start with the following result establishing almost periodicity of
the operator F : C(X) → C(X).

Lemma 6.1.1 If S is a regular CIFS, then the operator F : C(X) →
C(X) is almost periodic and the sequence {Fn(11)}∞n=0 is uniformly
bounded between Kh and K−h.

Proof. The uniform bound from above of the sequence {Fn(11)}∞n=0 is an
immediate consequence of Lemma 4.2.12. The lower bound follows from
this lemma combined with (4f). Although the proof of almost periodicity
of the operator F : C(X) → C(X) is similar to the proof of Lemma 2.4.1,
following [MU1], we provide it here for the sake of completeness and the
convenience of the reader. And indeed, fix g ∈ C(X) and ε > 0. Since
g is uniformly continuous, there exists η1 > 0 such that |g(y)− g(x)| <
ε if x, y ∈ X and ||y − x|| ≤ η1. Since it follows from the proof of
Proposition 4.2.7 that the family {log |φ′ω|}ω∈I∗ is equicontinuous, there
exists η2 > 0 so small that

|log |φ′ω(y)| − log |φ′ω(x)|| ≤ min{ 1
2h
, ε}

for all ω ∈ I∗ and all x, y ∈ X with ||y − x|| ≤ η2. Put η = min{η1, η2}
and consider two points x, y ∈ X with ||y − x|| ≤ η. Then using
Lemma 4.2.12 we obtain for every n ≥ 1

|Fn(g)(y)− Fn(g)(x)| =
∣∣∣∣ ∑
ω∈In

g(φω(y))|φ′ω(y)|h−
∑
ω∈In

g(φω(x))|φ′ω(x)|h
∣∣∣∣

≤
∑
ω∈In

|g(φω(y))|φ′ω(y)|h − g(φω(x))|φ′ω(x)|h|

≤
∑
ω∈In

|g(φω(y))|
∣∣|φ′ω(y)|h − |φ′ω(x)|h

∣∣
+

∑
ω∈In

|φ′ω(x)|h|g(φω(y))− g(φω(x))|

≤ ||g||0
∑
ω∈In

∣∣|φ′ω(y)|h − |φ′ω(x)|h
∣∣ + εKh.
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Looking at the Taylor’s series expansion of et about 0, we deduce that
there exists M > 0 such that |et − 1| ≤M |t| if only |t| ≤ 1/2. Hence

∣∣|φ′ω(y)|h − |φ′ω(x)|h
∣∣ = |φ′ω(y)|h

∣∣∣∣1− |φ′ω(x)|h
|φ′ω(y)|h

∣∣∣∣
= |φ′ω(y)|h

∣∣1− exp
(
h
(
log |φ′ω(x)| − log |φ′ω(y)|

))∣∣
≤ |φ′ω(y)|hMh |log |φ′ω(x)| − log |φ′ω(y)||
≤ |φ′ω(y)|hMhε.

Consequently, using Lemma 4.2.12 again, we get∑
ω∈In

∣∣|φ′ω(y)|h − |φ′ω(x)|h
∣∣ ≤Mε ∑

ω∈In

|φ′ω(y)|h ≤ KhMε.

Thus, finally

|Fn(g)(y)− Fn(g)(x)| ≤ Kh(M ||g||0 + 1)ε.

Due to the Ascoli–Arzela theorem along with Lemma 4.2.12 this demon-
strates that the family {Fn(g)}∞n=1 is relatively compact in the sup norm
on C(X). �

We are now in position to prove the following result, which can be found
in [MU4]. Perhaps its most important and rather unexpected part
is that the density function ρ has a canonical extension to the whole
space X .

Theorem 6.1.2 Suppose that S is a regular CIFS and m is the corres-
ponding conformal measure. Then

(a) There exists a unique continuous function ρ : X → [0,∞) such
that

Fρ = ρ and
∫
ρdm = 1.

(b) K−h ≤ ρ ≤ Kh.
(c) The sequence {Fn(11)}∞n=1 converges uniformly to ρ on X.
(d) ρ|J = dµ

dm , where µ is the S-invariant version of the conformal
measure m.

Proof. Suppose that ρ : X → [0,∞) is a continuous function such
that Fρ = ρ and

∫
ρdm = 1. Since Fρ(πω) = Lhζ(ρ ◦ π)(ω), where

Lhζ is the operator considered in Chapter 2, we thus get Lhζ(ρ ◦ π) =
ρ◦π. It therefore follows from Proposition 2.4.7 and Theorem 2.4.6 that
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ρ ◦ π = dµ̃
dm̃ and consequently ρ|J = dµ

dm . So, item (d) is proved and if
ρ1, ρ2 : X → [0,∞) are two functions satifying the requirements of item
(a), then ρ1|J = ρ2|J . Denote this common restriction by ρ̂. Fix ε > 0
and consider η > 0 so small that for each i = 1, 2, |ρi(y) − ρi(x)| < ε
if x, y ∈ X and ||y − x|| ≤ η. Take an arbitrary n ≥ 1 so large that
Dsn ≤ η. Finally fix an arbitrary z ∈ X and consider an ω ∈ In. Then
diam(φω(X)) ≤ Dsn ≤ η. Choose x ∈ J ∩ φω(X). Then

|ρ2(φω(z))− ρ1(φω(z))| ≤ |ρ2(φω(z))− ρ̂(x)|+ |ρ̂(x) − ρ1(φω(z))|
≤ ε+ ε = 2ε.

Hence, using Lemma 4.2.12, we get

|ρ2(z)− ρ1(z)| = |Fnρ2(z)− Fnρ1(z)| = |Fn(ρ2 − ρ1)(z)|
≤

∑
|ω|=n

|ρ2(φω(z))− ρ1(φω(z))| · |φ′ω(z)|h

≤
∑
|ω|=n

2ε||φ′ω||h ≤ 2Khε.

Therefore, letting ε↘ 0 we conclude that ρ2(z) = ρ1(z) and the unique-
ness part of item (a) is proved.
Since by Lemma 6.1.1 the sequence {Fn(11X)}∞n=1 is uniformly

bounded between K−δ and Kδ and is equicontinuous, the sequence
1
n

∑n−1
j=0 F

j(11X) has the same properties. Let ρ be an accumulation
point of this sequence of averages. Then obviously, ρ is continuous and
Fρ = ρ,

∫
ρdm = 1 and K−h ≤ ρ ≤ Kh. Thus items (a) and (b) are

also proved. It remains to demonstrate item (c). And indeed, since
by Lemma 6.1.1 the Perron–Frobenius operator F : C(X) → C(X) is
almost periodic, it follows from a Lyubich’s result (see [Lj]) that

C(X) = E0 ⊕ Eu,
where E0 = {f : ||Fn(f)|| �→ 0} and Eu is the closed span of {f : F (f) =
λf for some λ with λ| = 1}. We shall demonstrate first that

Eu = {cρ : c ∈ CI}. (6.3)

Indeed, suppose F (ψ) = λψ with |λ| = 1. Since F is a positive operator
on the Banach lattice, C(X), it follows from Lemma 18, Theorem 4.9
and Exercise 2 in [Sc] (p. 326–327) that the spectrum of F meets the
unit circle in a cyclic compact group. Therefore, the group is finite and
there is some positive integer r such that λr = 1. Thus, F r(ψ) = ψ
and F r(Reψ) = Reψ F r(Imψ) = Imψ. Let us suppose Reψ �= 0. Fix
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M ∈ R so large that Reψ + Mρ > 0. But, by lemma 2.2.4, σr is
ergodic with respect to µ̃. This means that ρ ◦ πm̃ is the only invariant
measure for σr equivalent to m̃. Therefore, there is a constant c > 0
such that Reψ ◦ π + Mρ ◦ π = cρ ◦ π. So, Reψ ◦ π = (c − M)ρ ◦ π
and

∫
Reψdm = c −M . Repeating this argument for Imψ, we obtain

ψ ◦ π = (
∫
ψdm)ρ ◦ π. Since Fρ = ρ, this implies that λ = 1 and since

π(E∞) is dense in J , ψ∫
ψdm

|J = ρ|J . But repeating now the argument
of the proof of uniqueness in item (a), we conclude that ψ =

∫
ψdmρ

on X . The proof of (6.3) is complete.
Representing the function 11 as a unique sum of an element from Eu

and E0, it follows from (6.3) that there exists c ∈ CI such that 11− cρ ∈
E0. But since the operator F preserves integration with respect to the
measure m,

∫
gdm = 0 for every g ∈ E0. Consequently c = 1. Therefore

||Fn(11)− ρ|| = ||Fn(11− ρ)|| → 0 when n→ ∞. We are done. �

The main result of this section is contained in the following.

Theorem 6.1.3 If d ≥ 2 and the system S is regular, then the Radon-
Nikodym derivative ρ = dµ

dm has a real-analytic extension on an open
connected neighborhood U of X in W .

Proof. We shall deal first with the case d ≥ 3. In view of (4.1), there
then exist λω > 0, a linear isometry Aω, an inversion (or the identity
map) iω = iaω,rω and a vector bω ∈ IRd such that φω = λωAω ◦ iω + bω.
Then

|φ′ω(z)| =
λωr

2
ω

||z − aω||2 if iω �= Id

and

|φ′ω(z)| = λω if iω = Id

Since φω(W ) ⊂ W , aω /∈ W . Fix ξ ∈ X and consider the function
ρω : CI d → CI given by the formula

ρω(z) =
||ξ − aω||2∑d

j=1

(
zj − (aω)j

)2 or ρω(z) = 1 if iω = Id.

We shall show that there exist a constant B > 0 and a neighborhood Ũ
of X in CI d such that

|ρω(z)| ≤ B (6.4)

for every ω ∈ I∗ and every z ∈ Ũ . Indeed, otherwise there exist se-
quences ω(n) ∈ I∗ and z(n) ∈ CI d, n ≥ 1 such that limn→∞ dist(z(n), X) =
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0 and |ρω(n)(z(n))| ≥ n for every n ≥ 1. Passing to a subsequence we
may assume that the limit w = limn→∞ z(n) exists. Then w ∈ X ⊂ IRd
and for every n ≥ 1 we have

d∑
j=1

(
z
(n)
j − (aω(n))j

)2 =
d∑
j=1

(
(z(n)
j − wj) + (wj − (aω(n))j)

)2

=
d∑
j=1

(
(z(n)
j − wj)2 + 2

d∑
j=1

(z(n)
j − wj)(wj − (aω(n))j)

+
d∑
j=1

(wj − (aω(n))j)2.

(6.5)

Now, since aω(n) /∈W and w ∈ X , we get

d∑
j=1

(wj − (aω(n))j)2 = ||w − aω(n) ||2 ≥ dist2(X, ∂W ). (6.6)

Fix now q ≥ 1 so large that for every n ≥ q
d∑
j=1

|z(n)
j − wj |2 ≤ 1

4
dist2(X, ∂W ) (6.7)

and
d∑
j=1

|z(n)
j − wj | ≤ min

{
1
8d

dist2(X, ∂W ),
1
8d

}
. (6.8)

So, if |wj − (aω(n))j | ≤ 1, then by (6.8)

2|z(n)
j − wj ||wj − (aω(n))j | ≤ 1

4d
dist2(X, ∂W ) (6.9)

and if |wj − (aω(n))j | ≥ 1, then by the other part of (6.8)

2|z(n)
j − wj ||wj − (aω(n))j | ≤ 2|z(n)

j − wj ||wj − (aω(n))j |2

≤ 1
4d

|wj − (aω(n))j |2

≤ 1
4d

||w − aω(n) ||2.

(6.10)
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Applying now (6.5) along with (6.6), (6.7), (6.9), and (6.10), we get for
every n ≥ q

∣∣∣∣∣∣
d∑
j=1

(
z
(n)
j − (aω(n))j

)2

∣∣∣∣∣∣ ≥
d∑
j=1

(wj − (aω(n))j)2 −
d∑
j=1

|z(n)
j − wj |2

− 2
d∑
j=1

|z(n)
j − wj ||wj − (aω(n))j |

≥ ||w − aω(n) ||2 − 1
4
||w − aω(n) ||2

− d 1
4d

||w − aω(n) ||2 = 1
2
||w − aω(n) ||2.

And therefore, using also (4f) and (4.2), we get

n ≤ |ρω(n)(z(n))| = ||ξ − aω(n) ||2∑d
j=1

(
z
(n)
j − (aω(n))j

)2 ≤ 2
||ξ − aω(n) ||2
||w − aω(n) ||2 ≤ 2K.

This contradiction finishes the proof of (6.4). Decreasing Ũ if necessary,
we may assume that this set is connected. Now, for every n ≥ 1 define
the function bn : Ũ → CI by setting

bn(z) =
∑
|ω|=n

ρhω(z)|φ′ω(ξ)|h.

Since each term of this series is an analytic function and since, by
Lemma 6.1.1 and (6.4),

∑
|ω|=n

|ρhω(z)||φ′ω(ξ)|h ≤ Bh
∑
|ω|=n

||φ′ω ||h ≤ BhKh,

we conclude that all the functions bn : Ũ → CI are analytic and ||bn||∞ ≤
BhKh for every n ≥ 1. Hence, in view of Montel’s theorem, we can
choose a subsequence {bnk

}∞k=1 converging on a connected neighborhood
Ũ1 ofX (with closure Ũ1 contained in Ũ) to an analytic function b : Ũ1 →
CI. Since for every n ≥ 1 and every z ∈ X , bn(z) =

∑
|ω|=n |φ′ω(z)|h =

Ln(11), it therefore follows from Theorem 6.1.2(c) that b|X = ρ = dµ
dm .

Hence, putting U = Pr(Ũ1), where Pr: CI d → IRd is the orthogonal
projection from CI d to IRd, completes the proof in the case d ≥ 3.
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Following [MPU] we shall deal now with the case d = 2. We start by
defining the sequence of functions bn : V → (0,∞) by setting

bn(z) =
∑
|ω|=n

|φ′ω(z)|h =
∑
|ω|=n

|ψ′
ω(z)|h, (6.11)

where ψω = φω if φω is holomorphic and ψω = φω if φω is antiholo-
morphic. In view of Lemma6.1.1 |bn(z)| = bn(z) ≤ Kh for all z ∈ X and
all n ≥ 1. Hence, applying the Koebe distortion theorem, we conclude
that there exists T > 0 such that for each point w ∈ X there exists a
radius r = r(w) > 0 such that B(w, 2r) ⊂ V and for all z ∈ B(w, 2r)
and all n ≥ 1

|bn(z)| = bn(z) ≤ T. (6.12)

Now equate CI, where our contractions φi, i ∈ I, act, to IR2 with co-
ordinates x, y, the real and complex part of z. Embed this into CI 2 with
x, y complex. Denote the above CI = IR2 by CI 0. We may assume that
w = 0 in CI 0. Given ω ∈ I∗ define the function ρω : BCI 0(0, 2r) → CI by
setting

ρω(z) =
φ′ω(z)
φ′ω(0)

.

Since BCI 0(0, 2r) ⊂ CI 0 is simply connected and ρω nowhere vanishes,
all the branches of the log ρω are well-defined on BCI 0(0, 2r). Choose the
branch that maps 0 to 0 and denote it also by log ρω. By Koebe’s distor-
tion theorem |ρω| and |argρω| are bounded on B(0, r) by universal con-
stants K1,K2 respectively. Hence | log ρω| ≤ K = logK1+K2. We write

log ρω =
∞∑
m=0

amz
m

and note that by Cauchy’s inequalities

|am| ≤ K/rm. (6.13)

We can write for z = x+ iy in CI 0

Re log ρω = Re
∞∑
m=0

am(x+ iy)m

=
∞∑

p,q=0

Re
(
ap+q

(
p+ q
q

)
iq

)
xpyq :=

∑
cp,qx

pyq.

In view of (6.13) we can estimate |cp,q| ≤ |ap+q|2p+q ≤ Kr−(p+q)2p+q.
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Hence Re log ρω extends, by the same power series expansion
∑
cp,qx

pyq,
to a complex-valued function on the polydisk IDCI 2(0, r/2) and

|Re log ρω| ≤ 4K on IDCI 2(0, r/4). (6.14)

Now each function bn, n ≥ 1, extends to the function

Bn(z) =
∑
|ω|=n

|φ′ω(0)|hehRe log ρω(z), (6.15)

whose domain, like the domains of the functions Re log ρω, contains the
polydisk IDCI 2(0, r/2). Finally, using (6.12) and (6.14) we get for all
n ≥ 0 and all z ∈ IDCI 2(0, r/4)

|Bn(z)| ≤
∑
|ω|=n

|φ′ω(0)|heRe(hRe log ρω(z)) ≤
∑
|ω|=n

|φ′ω(0)|heh|Re log ρω(z)|

≤ eKh
∑
|ω|=n

|φ′ω(0)|h ≤ eKhT.

Now by Cauchy’s integral formula (in IDCI 2(0, r/4)) for second derivat-
ives we prove that the family Bn is equicontinuous on, say, IDCI 2(0, r/5).
Hence we can choose a uniformly convergent subsequence whose limit
function G is complex and analytic and extends ρ on X ∩ B(0, r/5), in
the manner described in Theorem 6.1.2. Thus we have proved that for
every w ∈ X , the density ρ extends to a complex and analytic function
in an open ball contained in CI 2 and centered at the point w ∈ X . Since
X = IntX , these extensions restricted to CI 0, coincide on intersections
of these balls. This finishes the proof in the dimension d = 2. �

As an immediate consequence of this theorem we get the following.

Corollary 6.1.4 Suppose that d = 1, the system S is regular and all con-
tractions are real-analytic. Moreover, suppose that there exists an open
connected set U ⊂ IR2 containing X and invariant under all elements
of S. Then the Radon-Nikodym derivative ρ = dµ

dm has a real-analytic
extension on an open connected neighborhood of X in IR.

For every ω ∈ I∗ denote by Dφω = dµ◦φω

dµ the Jacobian of the map
φω : J → J with respect to the measure µ. As an immediate consequence
of Theorem 6.1.3, the following computation

dµ ◦ φω
dµ

=
dµ ◦ φω
dm ◦ φω · dm ◦ φω

dm
· dm
dµ

=
( dµ
dm

◦ φω
)
· |φ′ω|δ ·

dm

dµ

and the observation that |φ′ω |δ is real-nalytic on V , we get the following.
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Corollary 6.1.5 For every i ∈ I the Jacobian Dφi has a real-analytic
extension D̃φi on the neighborhood U of X produced either in The-
orem 6.1.3 or Corollary 6.1.4.

6.2 Rate of approximation of the Hausdorff dimension
by finite subsystems

Let us recall that in view of Proposition 4.2.7, for every t ≥ 0 the col-
lection ζt = {t log |φ′i|}i∈I is a Hölder family of functions. If t > θ, then
ζt is a summable Hölder family of functions. Denote the corresponding
measure mζt by mt and the pressure P(ζt) by P(t). As in the previous
section we define the operator Ft : C(X) → C(X) by the formula

Ft(g) =
∑
i∈I

|φ′i|tg ◦ φi.

Ft acts continuously on C(X). In this section we provide an effective
estimate on the perturbation of topological pressure if we form iterated
function systems consisting of bigger and bigger finite subsets of I. From
Theorem 4.2.13 we know that the limit of Hausdorff dimensions of the
limit sets of these finite systems converges to the Hausdorff dimension of
the limit set of the original system. In this section, as our main result, we
estimate (see Theorem 6.2.3) the rate of this convergence, thus making
possible numerical calculations of this Hausdorff dimension. Proceeding
in a manner similar to the proof of Theorem 6.1.2 we can demonstrate
the following generalization of that theorem.

Theorem 6.2.1 If S is a CIFS and t > θS, then

(a) There exists a unique continuous function ρt : X → [0,∞) such
that

Ftρt = eP(t)ρt and
∫
ρtdm = 1.

(b) K−t ≤ ρt ≤ Kt.
(c) The sequence {Fnt (11)}∞n=1 converges uniformly to ρt on X.
(d) ρt|J = dµt

dmt
, where µt is the S-invariant version of the measure

mt.
(e)

C(X) = C(X)0t ⊕ CIρt,
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where C(X)0t = {f ∈ C(X) : ||Fnt (f)|| �→ 0} = {f ∈ C(X) :∫
fdmt = 0}.

If instead of S we consider a system SG = {φi}i∈G for some subset G
of I, we add the subscript G to the objects Ft, P(t), mt, ρt, and C0

t

resulting respectively in FG,t, PG(t), mG,t, ρG,t, and C0
G,t. We are now

in a position to prove the following.

Theorem 6.2.2 If S = {φi}i∈I is a CIFS, then for all G ⊂ I and
t ∈ (θS , d] we have

|eP(t) − ePG(t)| ≤ K3d(2 +Kd)||Ft − FG,t||.

Proof. Consider a function ψ = rρt + u, r ∈ IR, u ∈ C0
t (X) and assume

that ||ψ|| = 1. Then

1 = ||ψ|| ≥ |
∫
ψdmt| = |r|

∫
ρtdmt = |r|.

Hence, using also Theorem 6.2.1(b), we conclude that ||u|| ≤ ||ψ||+ |r| ·
||ρt|| ≤ 1 +Kd. Thus

||rρt + u|| = 1 =
1

2 +Kd
(1 +Kd + 1) ≥ 1

2 +Kd
(||u||+ |r|). (6.16)

If we now relax the assumption ||ψ|| = 1 but still keep ψ �= 0, then it
follows from (6.16) that∥∥∥∥ ψ||ψ||

∥∥∥∥ ≥ 1
2 +Kd

(∥∥∥∥ |u
||ψ||

∥∥∥∥+
∣∣∣∣ r||ψ||

∣∣∣∣
)

and therefore ||ψ|| ≥ 1
2+Kd (||u||+ |r|), so that (6.16) remains true in this

case. If ψ = 0, then r = 0, u = 0, and (6.16) is obviously satisfied in
this case. In view of Theorem 6.2.1(e) there is a unique representation

ρG,t = rρt + u

with appropriate r ∈ IR and u ∈ C0
t (X). In view of Theorem 6.2.1(b)

we get

K−d ≤
∫
ρG,tdmt =

∫
(rρt + u)dmt = r

∫
ρtdmt = r. (6.17)

Write λt = eP(t) and λG,t = ePG(t). Applying Theorem 6.2.1(b),
Theorem 6.2.1(a), Lt-invariantness of the spaceC0

t (X), (6.16) and (6.17),
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we get

||Ft − FG,t||Kd ≥ ||(Ft − FG,t)ρG,t|| = ||rFt(ρt) + Ft(u)− λG,tρG,t||
= ||(rλtρt − rλG,tρt) + Ft(u)− λG,tu||

≥ 1
2 +Kd

(
r|λt − λG,t| · ||ρt||+ ||Ft(u)− λG,tu||

)
≥ 1

2 +Kd
K−dK−d|λt − λG,t|.

Thus |λt − λG,t| ≤ K3d(2 + Kd)||Ft − FG,t|| and the proof is
complete. �

Let

χ = sup
n≥1

inf
ω∈In

{
− 1
n
log ||φ′ω||

}
.

The main result of this section, coming mainly from [HeU] and culmin-
ating the approach begun in [GM] and continued in [MU1], establishing
the rate of approximation of the Hausdorff dimension h = HD(JS) of
the limit set JS of the system S by the Hausdorff dimensions of the limit
sets of its finite subsystems, is included in the following.

Theorem 6.2.3 If γ > θS and hG ≥ γ for some finite set G ⊂ I, then

0 ≤ h− hG ≤ χ−1K3d(2 +Kd)
∑
i∈I\G

||φ′i||γ .

Proof. Applying Proposition 2.6.13 along with Birkhoff’s ergodic the-
orem for the function f(ω) = log |φω1(π(σ(ω)))|, ω ∈ I∞, we get

dP(t)
dt

=
∫

log |φω1(π(σ(ω)))|dµ̃t ≤ −χ,

where µ̃t is the lift to the coding space I∞ of the measure ρtmt. Hence

eP (hG) − 1 = eP (hG) − eP (h) =
∫ hG

h

d

dt
eP (t)dt =

∫ hG

h

P′(t)eP (t)dt

= −
∫ h

hG

−P′(t)eP (t)dt ≥
∫ h

hG

χdt = χ(h− hG).
(6.18)
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On the other hand, using Theorem 6.2.2, we obtain

eP (hG) − 1 = eP (hG) − ePG(hG) ≤ K3d(2 +Kd)||FhG − FG,hG ||
= K3d(2 +Kd)

∑
i∈I\G

||φ′i||hG

≤ K3d(2 +Kd)
∑
i∈I\G

||φ′i||γ .

Combining this inequality and (6.18) completes the proof. �

Notice that the assumptions γ > θS and hG ≥ γ imply that h ≥ hG >
θS , and consequently the system S is strongly regular. On the other
hand, if the the system S is strongly regular, then there exist a finite
G ⊂ I with these properties.

6.3 Uniform perfectness

A compact set L ⊂ CI is called uniformly perfect if there exists a constant
0 < c < 1 such that for every x ∈ L and every radius 0 < r ≤ 1

L ∩ {w ∈ CI : cr ≤ |w − z| < r} �= ∅.
This notion was introduced by Ch. Pommerenke in [Po1]. The main
consequence of uniform perfectness of the compact set L is that all its
points are regular in the sense of Dirichlet. The concept of uniform per-
fectness has been widely used in harmonic analysis. Some applications
for studying harmonic measure on the limits sets of CIFS and selected
literature can be found in [UZd]. Let us recall that

S(∞) = limi→∞φi(X) =
⋂
F

⋃
i∈I\F

φi(X),

where the intersection is taken over all finite subsets of I. We start with
the following sufficient condition for the limit set of a CGDMS to be
uniformly perfect.

Theorem 6.3.1 Suppose that the following condition (UP) holds. S(∞)
is finite and for each index i ∈ I there exists an infinite countable set
{in}n≥1 of elements in I such that i1 = i and

sup
i∈I

sup
n≥1{
max{diam(φin(X)), diam(φin+1(X)), dist(φin+1(X), φin(X))}

min{diam(φin(X)), diam(φin+1(X))}
}
<∞.
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Then J , the closure of the limit set J , is uniformly perfect.

Proof. It follows from (4.20) and (4.23) that for every τ ∈ I∗

diam(φτ (X)) ≤ D||φ′τ || ≤ D2diam(φτ (J)). (6.19)

Let C be the maximum of 1 and the supremum appearing in the con-
dition (UP) above. It is sufficient to demonstrate that there exists a
constant 0 < c < 1 such that for each positive radius small enough and
each point z ∈ J the annulus A(z, cr, r) := {w ∈ CI : cr ≤ |w − z| < r}
intersects J . Let us consider first the set Xa(∞) ⊂ S(∞) of all those
points w ∈ S(∞) for which there exists an infinite sequence {jn}n≥1

for which the supremum appearing in condition (UP) is bounded from
above by C and

w ∈ limn→∞φjn(X) :=
⋂
k≥1

⋃
n≥k
φjn(X).

We shall show first the uniform perfectness of J at the points w of
Xa(∞). By the cone condition (4d) and the bounded distortion property
(4f), the set {n ≥ 1 : w ∈ φjn(X)} is finite. Let nw ≥ 1 be the least
element in the complement of this set. Set

Rw = dist(w, φjnw
(X))

and consider any radius 0 < r < Rw. Since w ∈ limn→∞φjn(X) and
limn→∞ diam(φjn(X)) = 0, there exists an element k ≥ nw such that
φjk (X) ⊂ B(w, r). Then j > nw. Let p be a least such index k. If
diam(φjp(J)) ≥ r/8D2C, then using the fact that φjp(J) ⊂ B(w, r), we
conclude that A(z, r/16D2C, r) ∩ φjp(J) �= ∅. But since φjp(J) ⊂ J , we
get

A(z, r/16D2C, r) ∩ J �= ∅
and we are done in this case with any constant c ≤ 1/16D2C. So suppose
that diam(φjp (J)) ≤ r/8D2C. Then by (6.19), diam(φjp(X)) ≤ r/8C.
So, by the definition of w,

dist(φjp (X), φjp−1(X)) <
r

8
and diam(φjp−1(X)) ≤ r

8
.

Since φjp−1(X) ∩ (CI \B(w, r)) �= ∅, we deduce that

dist(φjp (X), ∂B(w, r)) <
r

8
+
r

8
=
r

4
.

Since φjp(X) ⊂ B(w, r) and diam(φjp(X)) ≤ r/8C < r/4, we conclude
that φjp(X) ⊂ A(w, r − r

4 − r
4 , r) = A(w, r/2, r). Since J ∩ φjp(X) �= ∅,
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we are done in this case with any constant c ≤ 1/2. Put

R = min{Rw : w ∈ Xa(∞)} > 0 and c1 = min{1/2, 1/16D2C}.
Consider now an arbitrary point z ∈ φi(J) for some i ∈ I and 4

c1
diam(φi(X)) < r < R. Let {in}n≥1 be the sequence claimed by our
hypothesis. Suppose that

φin(X) ∩
(
CI \B

(
z,
c1
4
r)

))
�= ∅

for some n ≥ 1. Then n ≥ 2. Let q ≥ 2 be the least index n with
this property. If diam(φiq−1 (J)) ≥ c1r/32D2C, then using the fact
that φiq−1 (J) ⊂ B(z, c1r/4), we conclude that A(z, c1r/64D2C, c1r/4)∩
φiq−1 (J) �= ∅. But since φiq−1 (J) ⊂ J , we get

A(z, c1r/64D2C, c1r/4) ∩ J �= ∅
and we are done in this case with any constant c ≤ c1/64D2C. So
suppose that diam(φiq−1 (J)) ≤ c1r/32D2C. Then by (6.19), diam(φiq−1

(X)) ≤ c1r/32C. But then

dist(φiq−1 (X), φiq (X)) <
c1r

32
and diam(φiq (X)) ≤ c1r

32
.

Since φiq (X) ∩ (CI \B(z, c1r/4)) �= ∅, we deduce then that

dist(φiq−1 (X), ∂B(z, c1r/4)) <
c1r

32
+
c1r

32
=
c1
16
r.

Since φiq−1 (X) ⊂ B(z, c1r/4) and diam(φiq−1 (X)) ≤ c1r/32D2C < c1r/

16, we conclude that φiq−1 (X) ⊂ A(z, c14 r− c1
16 − c1

16 ,
c1
4 r) ⊂ A(z, c18 r, r).

Since J ∩ φiq−1 (X) �= ∅, we are done in this case with any constant
c ≤ c1/8. So, suppose in turn that φin(X) ⊂ B(z, c1r/4) for all n ≥ 1.
Let w ∈ CI be an arbitrary point of limn→∞φin(X). Then w ∈ Xa(∞)∩
B(z, c1r/4) and, as r/2 < R ≤ Rw, we conclude from what has been
already proved that A(w, c1r/2, r/2) ∩ J �= ∅. Then A(w, c1r/2, r/2) ⊂
B(z, (r/2)+(c1r/4)) ⊂ B(z, r). Take an arbitrary point x ∈ A(w, c1r/2,
r/2) ∩ J . Then |x− z| ≥ |x− w| − |zw| ≥ c1r/2 − c1r/4 = c1r/4 which
implies that A(z, c1r/4, r) ∩ J �= ∅ and we are done in this case with
the constant c2 = c1/4 = min{1/8, 1/64D2C}. Obviously, taking c2 > 0
appropriately smaller, if necessary, we have local uniform perfectness at
the point z for every r satisfying 4

c1
diam(φi(X)) < r < K−1D.

Passing to the last step of this proof, fix an arbitrary point z = π(τ) ∈ J ,
τ ∈ I∞, and a positive radius r < diam(X). Let n ≥ 1 be the least
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integer such that

φτ |n(X) ⊂ B(z,K−2D−2c2r). (6.20)

Consider the ball

B(π(σn(τ)),K−1||φ′τ |n−1
||−1r)

(note that π(σn(τ)) = φ−1
τ |n−1

(z) and that if n = 1, then φτ |n−1 is the
identity map). Since r ≤ diam(φτ |n−1(X)), using (4.20), we get

K−1||φ′τ |n−1
||−1r ≤ K−1||φ′τ |n−1

||−1diam(φτ |n−1(X))

≤ K−1||φ′τ |n−1
||−1D||φ′τ |n−1

|| = K−1D.
(6.21)

Using (6.20) and (4.23) we obtain

K−1||φ′τ |n−1
||−1r = K−1||φ′τ |n−1

||−1(K2D2c−1
2 (K−2D−2c2)r)

≥ KD2c−1
2 ||φ′τ |n−1

||−1diam(φτ |n(X))

≥ KD2c−1
2 ||φ′τ |n−1

||−1D−1||φ′τ |n || ≥ D2c−1
2 ||φ′τn

||
≥ c−1

2 diam(φτn(X)) ≥ 4
c1
diam(φτn(X)).

This inequality and (6.21) enable us to apply the previous case, and
as a consequence, we obtain an annulus A(π(σn(τ)), c2K−1||φ′τ |n−1

||−1r,

K−1||φ′τ |n−1
||−1r) having a non-empty intersection with J . Hence

φτ |n−1(A(π(σ
n(τ)), c2K−1||φ′τ |n−1

||−1r,K−1||φ′τ |n−1
||−1r)) ∩ J �= ∅.

AssumingK to be so large thatK−1D < dist(X, ∂V ), using the bounded
distortion property, the mean value inequality, and (4.21), we get

φτ |n−1(A(π(σ
n(τ)), c2K−1||φ′τ |n−1

||−1r,K−1||φ′τ |n−1
||−1r))

⊂ A(z, c2K−2r, r).

Hence A(z, c2K−2r, r) ∩ J �= ∅ and the proof is complete. �

As an immediate consequence of this theorem and Example 5.1.4 we get
the following.

Corollary 6.3.2 If I = {an}∞n=1 ⊂ IN is represented as a non-decreasing
sequence, then the closure of the set of numbers in [0, 1] whose continued
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fraction expansion entries are all contained in I, is uniformly perfect if
and only if

lim sup
n→∞

(an+1 − an) <∞.

As the following theorem shows, the limit sets of finite CIFS are all
uniformly perfect. The idea of the proof is however completely different.

Theorem 6.3.3 The limit set of a finite CIFS is uniformly perfect.

Proof. In view of Theorem 4.2.11 the system S is regular. Let m be
the corresponding h-conformal measure. Fix x ∈ JS and 0 < r ≤ 1.
Applying Theorem 4.2.11 we then get

m(A(x, (2C2)−1/hr, r)) = m(B(x, r)) −m(B(x, (2C2)−1/hr))

≥ C−1rh − C((2C2)−1/hr)h = C−1rh − 1
2
C−1rh

=
1
2
C−1rh > 0.

(6.22)

In particular A(x, (2C2)−1/hr, r)∩JS �= ∅ and the proof is complete. �

6.4 Geometric rigidity

In this section, following [MMU] we explore the structure of limit sets
J of infinite conformal iterated function systems whose closure is a con-
tinuum (compact connected set). Under a natural easily verifiable tech-
nical condition (always satisfied if the system is finite), we demonstrate
the following dichotomy. Either the Hausdorff dimension of J exceeds 1
or else J is a proper compact segment of either a geometric circle or a
straight line if d ≥ 3 or an analytic interval if d = 2 (cf. Theorem 6.4.1).
From the viewpoint of conformal dynamics, this result can be thought
of as a far going generalization of results originated in [Su1] and [B2],
which are formulated in the plane case. The proofs contained there use
the Riemann mapping theorem and can be carried out only in the plane.
The proof presented in our paper is different and holds in any dimen-
sion. The reader is also encouraged to notice an analogy between our
result and a series of other papers (see e.g. ([B2], [FU], [MU2], [Ma],
[Pr], [Ru], [Su1], [U1], [UV], [Z1], [Z2]) which are aimed toward estab-
lishing a similar dichotomy. However, to our knowledge, all these results
like those in [B2] and [Su1], were formulated in the plane and used the
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Riemann mapping theorem, except those in [MU2]. The current result
is however much stronger than that in [MU2] and in particular with our
present approach the main result of [MU2] can be strengthened as de-
scribed at the end of this section. Another corollary of our result is the
following: if a continuum C in IRd is the self-conformal set generated
by finitely many conformal mappings satisfying the open set condition,
the Hausdorff 1-measure of C is finite and one of the mappings is a sim-
ilarity, then the continuum is a line-segment. In particular, this holds
if all the maps are similarities, a result obtained early on by Mattila
[Ma3].

The main result of this section is the following.

Theorem 6.4.1 If d ≥ 3, S = {φi}i∈I is a CIFS, J is a continuum
(compact connected set) and dimH(S(∞)) < dimH(J), then either

(a) dimH(J) > 1 or
(b) J is a proper compact segment of either a geometric circle or a

straight line.

In addition, if any one of the maps φi is a similarity mapping, then J
is a line segment.

We note that the technical condition in Theorem 6.4.1 is necessary. A
modification of Example 5.2 of [MU1] shows that the dichotomy of The-
orem 6.4.1 in general fails if dimH(S(∞)) ≥ dimH(J). Here is such an
example. Take any sequence of positive reals {ri : i ≥ 1} (for example
of the form bi, 0 < b < 1) such that the equation

∑
i≥1 r

t
i = 1 has a

(unique) solution and this solution is less than or equal to 1. Consider
a family {φi : {z ∈ IR3 : ||z|| ≤ 1} → {z ∈ IR3 : ||z|| ≤ 1} : i ≥
1} of similarity maps satisfying the open set condition and such that
||φ′i|| = ri and S(∞) = {z ∈ IR3 : ||z|| = 1}. Then HD(JS) ≤ 1 ≤
HD(S(∞)) and the closure JS is connected. The set JS is obviously not
an arc.
We would also like to remark that in the case d = 2, for every i ∈ I, φii

is a holomorphic map bi-holomorphically conjugate with the linear map
ψ(z) = xii+φ′(xii)(z−xii) on some neighborhoodW of xii. Proceeding
then similarly as in the proof of Theorem 6.4.1 we could demonstrate
the same statement with the segment of the line or the circle replaced
by an analytic arc.

Since in the finite case the set S(∞) is empty, we get immediately from
Theorem 6.4.1 the following.
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Corollary 6.4.2 If d ≥ 3, S = {φi}i∈I is a finite CIFS and J is a
continuum, then either

(a) dimH(J) > 1 or
(b) J is a proper compact segment of either a geometric circle or a

straight line.

In addition, if any one of the maps φi is a similarity mapping, then J
is a line segment.

The proof of Theorem 6.4.1 will consist of several steps. First of all we
assume from now on throughout the entire section that the assumptions
of Theorem 6.4.1 are satisfied and dimH(J) = 1. Our goal is to show
that then item (b) is satisfied. Since dimH(S(∞)) < dimH(J) = 1 and
J is a continuum, using Lemma 1.0.1, we conclude that H1(J) > 0. It
therefore follows from Theorem 4.5.11 that the system S is regular. Let
m be the corresponding 1-dimensional measure. By Theorem 4.5.1 and
since dimH(S(∞)) < dimH(J) = 1 the 1-dimensional Hausdorff measure
H1 on J is absolutely continuous with respect to m and in consequence
H1|J is a multiple ofm. So, J is a continuum whose H1 measure is finite.
Therefore, the following fact follows from [EH] and [Wh].

Lemma 6.4.3 J is a locally arcwise connected continuum.

Given x ∈ IRd, θ ∈ IPIRd, the (d− 1)-dimensional projective space, and
γ > 0, we put

Con(x, θ, γ) = Con(x, η, γ) ∪ Con(x,−η, γ),
where η ∈ IRd is a representative of θ ∈ IPIRd. We recall that a set Y
has a tangent in the direction θ ∈ IPIRd at a point x ∈ Y if for every
γ > 0

lim
r→0

H1

(
Y ∩ (B(x, r) \Con(x, θ, γ)))

r
= 0.

Since we will consider only tangents of 1-sets (the set J above), this
definition coincides with the definition given on p. 31 of [Fa1]. We
say that a set Y has a strong tangent in the direction θ ∈ IPIRd at a
point x provided for each 0 < β ≤ 1 there is some r > 0 such that
Y ∩B(x, r) ⊂ Con(x, θ, β). We shall prove the following.

Theorem 6.4.4 If Y is locally arcwise connected at a point x and Y
has a tangent θ at x, then Y has strong tangent θ at x.
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Proof. Suppose there is some 0 < β < 1 and points xn in Y such
that for each n, |xn − a− < xn − a, θ > θ| > β|xn − x|. For each n,
let αn : [0, 1] → Y be an arc from x to xn with diam(αn) → 0. For
each n, note that since Y has a tangent θ ∈ IPIRd at x, there is some t,
0 < t < 1 such that αn(t) ∈ Con(x, θ, β/2). Let tn be the largest number
such that αn(tn) ∈ Con(x, θ, β/2) and let sn be the first number larger
than tn such that αn(sn) ∈ ∂Con(x, θ, β). Consider yn, a point of the
arc αn from αn(tn) to αn(sn) at maximum distance from x, and take
zn to be a point of this same subarc at minimum distance from x. If
‖zn−a‖ ≤ ‖yn−a‖/2, then considering the projection of this subarc on
the line through a and yn,

H1(X ∩B(x, ‖yn − x‖))
Con(x, θ, β/2)

≥ ‖yn − x‖/2.

If ‖zn−x‖ > ‖yn−x‖/2, then, considering the projection of this subarc
on the sphere with center a and radius ‖yn − a‖/2, we get

H1(X ∩B(x, ‖yn − x‖))
Con(x, θ, β/2)

≥ (π/2)(β/2)‖yn − a‖.

Thus, Y does not have a tangent at x. �

We call a point τ ∈ I∞ transitive if ω(τ) = I∞, where ω(τ) is the ω-limit
set of τ under the shift transformation σ : I∞ → I∞. We denote the set
of these points by I∞t and put

Jt = π(I∞t ).

We call the Jt the set of transitive points of J and notice that for every
τ ∈ I∞t , the set {π(σnτ) : n ≥ 0} is dense in J (or J if this is the space
under consideration).

Lemma 6.4.5 If J has a strong tangent at a point x = π(τ), τ ∈ I∞,
then J has a strong tangent at every point of π(ω(τ)).

Proof. Suppose on the contrary that J does not have a strong tangent
at some point y ∈ π(ω(τ)). Let θ ∈ IPIRd be the tangent direction of J
at x and let {nk}∞k=1 be an increasing sequence of positive integers such
that limk→∞ π(σnkτ) = y. Passing to a subsequence, we may assume
that

lim
k→∞

(
φ−1
ω|nk

)′
(x)

|
(
φ−1
ω|nk

)′
(x)|
θ = ξ
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for some ξ ∈ IPIRd. Since J does not have a strong tangent at y, there
exists 0 < β ≤ 1 such that for every r > 0

J ∩B(y, r) \ J ∩Con(y, ξ, β) �= ∅.
Then

J ∩B(π(σnkτ), r) \ J ∩ Con(π(σnkτ), ξk, β/2) �= ∅ (6.23)

for all k large enough where

ξk =

(
φ−1
ω|nk

)′
(x)

|
(
φ−1
ω|nk

)′
(x)|
θ.

But in view of Proposition 4.2.3, for all r > 0 small enough we have

φω|nk

(
B(π(σnkτ), r)

)\Con(π(τ), ξk , β/2) ⊂
⊂B(

x, r||φ′ω|nk
||)\Con

(
x,
φ′ω|nk

(π(σnkτ))

|φ′ω|nk
(π(σnkτ))| ξk,

β

4

)

= B
(
x, r||φ′ω|nk

||) \ Con(x, θ, β/4).
Since in view of (6.23), J ∩ φω|nk

(
B(π(σnkτ), r)

) �= ∅, we conclude that
for every k large enough, J ∩

(
B

(
x, r||φ′ω|nk

||) \ Con(x, θ, β/4)) �= ∅.
Since limk→∞ ||φ′ω|nk

|| = 0, this implies that θ is not the strong density

direction of J at x. This contradiction finishes the proof. �

Corollary 6.4.6 The continuum J has a strong tangent at every point.

Proof. Since H1(J) < ∞, Corollary 3.15 from [Fa1] shows that J has a
tangent at H1-a.e. point in J , and therefore at a set of points of positive
m measure. Since m(Jt) = 1, there thus exists at least one transitive
point x in J having a tangent of J . By Theorem 6.4.4 and Lemma 6.4.3
J has a strong tangent at x, and it then follows from Lemma 6.4.5 that
J has a strong tangent at every point. �

Now, the following lemma finishes the proof of Theorem 6.4.1.

Lemma 6.4.7 Suppose that φ : IRd → IRd, d ≥ 3, is a conformal
diffeomorphism that has an attracting fixed point a (φ(a) = a, |φ′(a)| <
1). Suppose that a compact connected set M has a strong tangent at a,
that φ(M) ⊂ M and that limn→∞ φn(x) = a for all x ∈ M . Then M
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is a segment of a φ-invariant line or circle. If φ is affine (φ(∞) = ∞),
then the former possibility holds.

Proof. Since a is an attracting fixed point of φ, there exists a radius
r > 0 so small that φ−1

(
R
d \ B(a, r)) ⊂ Rd \ B(a, r), where Rd is the

Alexandrov compactification of IRd done by adding the point at infinity.
Since R

d \B(a, r) is a topological closed ball, in view of Brouwer’s fixed
point theorem there exists a fixed point b of φ−1 in R

d \B(a, r). Hence
b is also a fixed point of φ and b �= a. Then the map

ψ = ib,1 ◦ φ ◦ ib,1
(ib,1 equals identity if b = ∞) fixes ∞, which means that this map is
affine, and w = ib,1(a) is an attracting fixed point of ψ. In addition
ψ(M̃) ⊂ M̃ , where M̃ = ib,1(M), w ∈ M̃ , and M̃ has a strong tangent
at w. Let l be the line through w determined by the strongly tangent
direction of M̃ at w. Since ψ(w) = w, since ψ(l) is a straight line through
w and since ψ(M̃) ⊂ M̃ , we conclude that ψ(l) = l. Suppose now that
M̃ is not contained in l. Consider x ∈ M̃ \ l. Then for every n ≥ 0

ψn(x) ∈ ψ(M̃) \ ψ(l) ⊂ M̃ \ l

and since the map ψ is conformal and affine

∠(ψn(x)− w, l) = ∠(ψn(x− w), ψn(l)) = ∠(x− w, l).

Since limn→∞ ψn(x) = w, we therefore conclude that l is not a strongly
tangent line of M̃ at w. This contradiction shows that M̃ ⊂ l. Since in
addition M̃ is a continuum, it is a segment of l. �

And indeed to conclude the proof of Theorem 6.4.1 it suffices to pick an
arbitrary index i ∈ I (affine if exists) and to put φ = φi, M = J and
a = xi, the only attracting fixed point of φi belonging to J . �

6.5 Refined geometric rigidity

Throughout the section we assume that d ≥ 2. By TD we will denote
the topological dimension (we will only deal with subsets of IRd so all
Hausdorff and topological dimensions are finite). The following is the
main result of this section. It refines the main result of the previous
section, cf. [MyU].
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Theorem 6.5.1 If d ≥ 3, S = {φi}i∈I is a CIFS and HD(S(∞)) <
HD(J), then either

(a) HD(J) > TD(J) or
(b) J is a proper compact subset of either a geometric sphere of di-

mension TD(J) or a TD(J)-dimensional affine hyperspace, both
contained in IRd.

In addition, if any one of the maps φi is a similarity map, then the latter
case holds.

Since in the finite case the set S(∞) is empty, we get immediately the
following.

Corollary 6.5.2 If d ≥ 3, S = {φi}i∈I is a finite CIFS, then either

(a) HD(J) > TD(J) or
(b) J is a proper compact subset of either a geometric sphere of di-

mension TD(J) or a TD(J)-dimensional affine hyperspace, both
contained in IRd.

In addition, if any one of the maps φi is a similarity map, then the latter
case holds.

Remark 6.5.3 Put k = TD(J). Since a compact subset of a k-dimen-
sional sphere or hyperspace G has topological dimension k if and only
if its interior in G is not empty, we see that in the second alternative
of Theorem 6.5.1 and Corollary 6.5.2, J contains an open ball in the
appropriate sphere or hyperspace and, for dynamical reasons, it turns
out that there is an open subset Ω of that sphere or hyperspace such that
J = Ω.

We first discuss some concepts and results from rectifialibity theory. A
beautiful exposition of this can be found in [Ma1]. A setQ ⊂ IRd is called
k-rectifiable if Hk(Q) > 0 and there exist Lipschitz maps gi : IRk → IRd,
i = 1, 2, ..., such that

Hk
(
Q \

∞⋃
i=1

gi(IRk)

)
= 0.

A set T ⊂ IRd is called purely k-unrectifiable if and only if Hk(Q∩T ) = 0
for every k-rectifiable set Q.
It follows from Theorem 15.19 in [Ma1] that for Hk-a.e. point z in a

k-rectifiable set Q ⊂ IRd there is a unique approximate tangent k-plane
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for Q at z. This tangent plane will be denoted in the sequel by TzQ as a
subset of G(d, k). We recall that G(d, k) is the Grassmannian manifold
of all k-dimensional linear subspaces of IRd and that the existence of a
tangent k-plane TzQ for Q at z implies that, for every 0 < s < 1,

lim
r→0

1
rk

Hk (Q ∩B(z, r) \ Z(z, TzQ, s)) = 0,

where

Z(z, V, s) = {x ∈ IRd ; d(x − z, V ) < s|x− z|}.
The space G(d, k) has a natural measure γd,k (see Section 3.9 in [Ma1]
for its definition and basic properties). Given V ∈ G(d, k) we denote by
PV : IRd → V the orthogonal projection from IRd onto V .

The following lemma is crucial since it gives rectifiability of the limit set
provided the topological and Hausdorff dimension coincide.

Lemma 6.5.4 If S = {φi}i∈I is a CIFS and HTD(J)(JS) = HTD(J)(J) >
0, HD(J) = TD(J), then the system S is regular, m = Hk

Hk(J)
|J is the

k-conformal measure on J and the closure JS is TD(JS)-rectifiable.

Proof. Put k = TD(J). Since Hk(J) > 0 and since HD(J) = k, we
conclude from Theorem 4.5.11 that the system S is regular and, using
Theorem 4.5.1, we deduce that Hk(J) < ∞ and m = Hk

Hk(J)
|J is the

k-conformal measure on J . It follows from Federer’s theorem on p. 545
in [Fe] that the integralgeometric measure Ik1 (J) > 0. Since (see [Ma1],
p. 86)

Ik1 (J) =
∫
G(d,k)

∫
V

H0(J ∩ P−1
V (a))dHk(a)dγd,k(V ),

we therefore conclude that there exists a Borel set G ⊂ G(d, k) with
γd,k(G) > 0 such that H0(J ∩ P−1

V (a)) > 0 for every V ∈ G and all a
in some set WV ⊂ V with Hk(WV ) > 0. In particular PV (J) ⊃ WV

and therefore Hk(PV (J)) > 0 for all V ∈ G. Hence, it follows from
Theorem 18.1(2) on p. 250 in [Ma1] that J is not purely k-unrectifiable.
Therefore, combining Theorem 17.6 (notice that although this is not
indicated in Mattilas’s book, we need to know that Hk(J) > 0 for this
theorem to make actually sense), Theorem 6.2(1) in [Ma1] and the fact
that Hk(J) = Hk(J) > 0, we conclude that Θk(J, x) = 1 for all x in
some set F ⊂ J with Hk(F ) > 0, where the density functions Θk as
well as Θk

∗ and Θ∗k were defined on p. 89 in [Ma1]. Fix now x ∈ J . It
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follows from the bounded distortion property (4f) that for all i ∈ I and
all r > 0 small enough

Hk(J ∩B(φi(x), |φ′i(x)|r)) ≥ Hk(φi(J ∩B(x,K−1
r r)))

≥ K−k
r |φ′i(x)|hHk(J ∩B(x,K−1

r r)),

where Kr is such that limr→0Kr = 1. Hence

Hk(J ∩B(φi(x), |φ′i(x)|r))
(2|φ′i(x)|r)k

≥ K
−k
r |φ′i(x)|k

(2|φ′i(x)|r)k
Hk(J ∩B(x,K−1

r r))

= K−2k
r

Hk(J ∩B(x,K−1
r r))

(2K−1
r r)k

.

and letting r ↘ 0 we conclude that

Θk
∗(J, φi(x)) ≥ Θk

∗(J, x). (6.24)

Let m̃ be the lift of the conformal measure m to the coding space I∞

and let µ̃ be its shift-invariant version produced in Theorem 2.2.4. Since
by this theorem the dynamical system (σ, µ̃) is ergodic, it therefore
follows from Birkhoff’s ergodic theorem and (6.24) that the function
ω �→ Θk∗(J, π(ω)) is constant µ̃-a.e. Since µ̃(π−1(F )) > 0, we therefore
conclude that Θk∗(J, π(ω)) = 1 for µ̃-a.e. ω ∈ I∞. Thus Θk∗(J, x) = 1
for Hk-a.e. x ∈ J . Combining this with Theorem 6.2(1) in [Ma1] we see
that Θk(J, x) exists and is equal to 1 for Hk-a.e. x ∈ J . Invoking now
Theorem 17.6(1) in [Ma1] finishes the proof. �

We now pass directly to the proof of Theorem 6.5.1. Put k = TD(JS)
and suppose that HD(J) ≤ k. Since HD(S(∞)) < HD(J), using Propos-
ition 1.0.1, we conclude that HD(J) = HD(J) ≤ k. Hence, HD(J) = k
and Hk(J) = Hk(J) > 0. Thus the assumptions of Lemma 6.5.4 are sat-
isfied. In view of this lemma the set J is k-rectifiable. By Theorem 15.19
in [Ma1] this equivalently means that for Hk-a.e. z ∈ J there is a unique
approximate tangent k-plane TzJ for J at z.
We fix now such a point, say z0 = π(ω) ∈ J , ω ∈ I∞, and make the

following renormalization. Set λn = |φ′ω|n(π(σn(ω)))|−1 and define then

βn(z) = λn(z − z0).
It follows from the bounded distortion property (4f) that each map-
ping βn ◦ φω|n : X → IRd is locally Lipschitz continuous with Lipschitz
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constant K and from (4.20) that βn ◦ φω|n(X) ⊂ B(0, DK). There-
fore, the Ascoli-Arzelà theorem applies and there exists an unbounded
increasing sequence of positive integers {nj}∞j=1 such that the sequence
ψj : X → IRd converges uniformly to a continuous function Ψ : X → IRd,
where ψj = βnj ◦ φω|nj

. The limit function Ψ : X → X is conformal.
We shall prove the following.

Claim 6.5.5 Ψ(J) ⊂ Tz0J .

Proof. Suppose on the contrary that the claim does not hold. Then
there exists an open bounded set Ω ⊂ Ψ(J) such that

η = dist(Ω, IRk) > 0 . (6.25)

Since Ω is an open subset of J , we get Hk(Ω) > 0. Put U = Ψ−1(Ω)
and Uj = fj(U). Then

0 < Hk(Ω) =
∫
U

|Ψ′|kdHk = lim
j→∞

∫
U

|ψ′
j |kdHk lim

j→∞
Hk(ψj(U))

= lim
j→∞

Hk(βnj (Uj)).

Hence, there exists τ > 0 and j0 ≥ 1 such that

0 < τ ≤ Hk(βnj (Uj)) = λ
k
nj
Hk(Uj) (6.26)

for all j ≥ j0. Due to (6.25) and the boundedness of Ω we can choose
0 < s < 1 such that Z(0, IRk, 2s) ∩ Ω = ∅. Consider the cones Z =
Z(0, Tz0J, s) and Zj = Z(z0, Tz0J, λ−1

nj
s) = β−1

nj
(Z). Fix also a ball B =

B(0, R) such that Ω ⊂ B(0, R/2) and set Bj = β−1
nj

(B) = B(z0, Rλ−1
nj

).
Since Tz0J is an approximate tangent k-plane of J at z0, we have

lim
j→∞

λknj
Hk(J ∩Bj \ Zj) = lim

j→∞

(
Rλ−1

nj

)−k
Hk(J ∩Bj \ Zj) = 0. (6.27)

But, if j is sufficiently large, then βnj (Uj) = Ψj ◦Ψ−1(Ω) ⊂ B \ Z and
therefore Uj ⊂ J ∩Bj \ Zj . It then follows from (6.26) that

λknj
Hk(J ∩Bj \ Zj) ≥ λknj

Hk(Uj) ≥ τ > 0

and this contradicts (6.27). We thus proved the claim and therefore the
“smooth or fractal” dichotomy announced in Theorem 6.5.1.
We are left to show that if one of the maps φi is a similarity map

(λiAi + ai, 0 < λi < 1), then J is contained in a k-dimensional hy-
perspace of IRd. And indeed, suppose on the contrary that J ⊂ Q,



170 Conformal Iterated Function Systems

a geometric sphere in IRd. Since φi(Q) = λiAi(Q) + ai is a geomet-
ric sphere of dimension k and the sphere Q ∩ φi(Q) contains the k-
dimensional set J , this intersection is a k-dimensional sphere, and there-
fore equal to both Q and φi(Q). This contradicts the fact that φi : Q→
Q is a strict contraction with a Lipschitz constant equal to λi. �



7

Dynamical Rigidity of CIFSs

In this chapter we deal with dynamical rigidity stemming from the work
of Sullivan (see [Su3]) on conformal expanding repellers in the complex
plane. We ask the fundamental question when two topologically con-
jugate infinite iterated function systems are conjugate in a smoother
fashion. The answer is that such conjugacy extends to a conformal con-
jugacy on some neighborhoods of limit sets if and only if it is Lipschitz
continuous. This turns out to equivalently mean that this conjugacy
exchanges measure classes of appropriate conformal measures or that
the multipliers of corresponding fixed points of all compositions of our
generaters coincide.

7.1 General results

In this section we present the general rigidity results. We make no
assumption about the space X and the dimension d.

We call two iterated function systems F = {fi : X → X, i ∈ I} and
G = {gi : Y → Y, i ∈ I} topologically conjugate if and only if there
exists a homeomorphism h : JF → JG such that

h ◦ fi = gi ◦ h

for all i ∈ I. Then by induction we easily get that h ◦ fω = gω ◦ h for
every finite word ω. The first result is the following.

Theorem 7.1.1 Suppose that F = {fi : X → X}i∈I and G = {gi :
Y → Y }i∈I are two topologically conjugate conformal iterated function
systems. Then the following four conditions are equivalent.

171
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(1) ∃C ≥ 1 ∀ω ∈ I∗

C−1 ≤ diam(gω(Y ))
diam(fω(X))

≤ C.

(2) |g′ω(yω)| = |f ′ω(xω)| for all ω ∈ I∗, where xω and yω are the only
fixed points of fω : X → X and gω : Y → Y respectively.

(3) ∃E ≥ 1 ∀ω ∈ I∗

E−1 ≤ ||g′ω||
||f ′ω||

≤ E.

(4) For every finite subset T of I, HD(JG,T ) = HD(JF,T ) and the
conformal measures mG,T and mF,T ◦ h−1 are equivalent.

Suppose additionally that both systems F and G are regular. Then the
following condition is also equivalent to the four conditions above.

(5) HD(JG) = HD(JF ) and the conformal measuresmG andmF ◦h−1

are equivalent.

Proof. Let us first demonstrate that conditions (2) and (3) are equi-
valent. Indeed, suppose that (2) is satisfied and let KF and KG denote
the distortion constants of the systems F and G respectively. Then for
all ω ∈ I∗, ||g′ω|| ≤ KG|g′ω(yω)| = KG|f ′ω(xω)| ≤ KG||f ′ω|| and similarly
||f ′ω|| ≤ KF ||g′ω||. So suppose that (3) holds and (2) fails, that is that
there exists ω ∈ I∗ such that |g′ω(yω)| �= |f ′ω(xω)|. Without looss of
generality we may assume that |g′ω(yω)| < |f ′ω(xω)|. For every n ≥ 1 let
ωn be the concatenation of n words ω. Then gωn(yω) = gnω(yω) = yω
and similarly fωn(xω) = xω . So, xωn = xω = πF (ω∞) and yωn = yω =
πG(ω∞). Moreover |g′ωn(yω)| = |g′ω(yω)|n and |f ′ωn(xω)| = |f ′ω(xω)|n.
Hence

lim
n→∞

|g′ωn(yω)|
|f ′ωn(xω)| = 0.

On the other hand, by (3) and the bounded distortion property

|g′ωn(yω)|
|f ′ωn(xω)| ≥

K−1
G ||g′ωn ||
||f ′ωn || ≥ E−1K−1

G

for all n ≥ 1. This contradiction finishes the proof of equivalence of con-
ditions (2) and (3). Since the equivalence of (1) and (3) follows immedi-
ately from the bounded distortion property, the proof of the equivalence
of conditions (1)–(3) is finished. We shall now prove that (3) ⇒ (5).
Indeed, it follows from (3) that E−1ψG,n(t) ≤ ψF,n(t) ≤ EψG,n(t) for
all t ≥ 0 and all n ≥ 1. Hence PG(t) = PF (t) and therefore by The-
orem 4.2.13, HD(JG) = HD(JF ). Denote this common value by h.
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Although we keep the same symbol for the homeomorphism establishing
conjugacy between the systems F and G, it will never cause misunder-
standings.
Suppose now that both systems are regular (in fact assuming (3) regu-
larity of one of these systems implies regularity of the other). Then for
every ω ∈ I∗

(KFE)−h ≤ K−h
F ||f ′ω||h
||g′ω||h

≤ mF (fω(JF ))
mG(gω(JG))

≤ ||f ′ω||h
K−h
G ||g′ω||h

≤ (EKG)h.

So, the measures mG and mF ◦ h−1 are equivalent, and even more

(KFE)−h ≤ dmF ◦ h−1

dmG
≤ (EKG)h.

Let us show now that (5)⇒(3). Indeed, if (5) is satisfied then the
measure µF ◦ h−1 is equivalent to µG. Since additionally µF ◦ h−1

and µG are both ergodic, they are equal. Hence, using the equality
HD(JF ) = HD(JG) := h, we get

||g′ω||h 

∫

|g′ω|h dmG = mG(gω(JG)) 
 µG(gω(JG))
= µF ◦ h−1(gω(JG)) = µF (fω(JF )) 
 mF (fω(JF ))

=
∫

|f ′ω|h dmF 
 ||f ′ω||h

and raising the first and the last term of this sequence of comparabilities
to the power 1/h, we finish the proof of the implication (5)⇒(3).
The equivalence of (4) and conditions (1)–(3) is now a relatively simple

corollary. Indeed, to prove that (3) implies (4) fix a finite subset T of I.
By (3) E−1 ≤ ||f ′ω||/||g′ω|| ≤ E for all ω ∈ T ∗, and as every finite system
is regular, the equivalence of measures mG,T and mF,T ◦ h−1 follows
from the equivalence of conditions (3) and (5) applied to the systems
{fi : i ∈ T } and {gi : i ∈ T }. If in turn (4) holds and ω ∈ I∗, then
ω ∈ T ∗, where T is the (finite) set of letters making up the word ω,
and the measures mG,T and mF,T ◦ h−1 are equivalent. Hence, by the
equivalence of (2) and (5) applied to the systems {fi}i∈T and {gi}i∈T
we conclude that |g′ω(yω)| = |f ′ω(xω)|. Thus (2) follows and the proof of
Theorem 7.1.1 is finished. �

We say that a CIFS {φi : X → X : i ∈ I} is of bounded geometry if and
only if there exists C ≥ 1 such that for all i, j ∈ I, i �= j

max{diam(φi(X)), diam(φj(X))} ≤ Cdist(φi(X), φj(X)
)
.
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The next theorem provides a necessary and sufficient condition for two
systems of bounded geometry to be bi-Lipschitz equivalent.

Theorem 7.1.2 If both systems F = {fi : X → X}i∈I and G = {gi :
Y → Y }i∈I are of bounded geometry, then the topological conjugacy
h : JF → JG is bi-Lipschitz continuous if and only if the following two
conditions are satisfied.

Q−1 ≤ diam(fω(X))
diam(gω(Y ))

≤ Q (7.1)

for some Q ≥ 1 and all ω ∈ I∗.

D−1 ≤ dist
(
gi(Y ), gj(Y )

)
dist

(
fi(X), fj(X)

) ≤ D (7.2)

for some D ≥ 1 and all i, j ∈ IN , i �= j.
Proof. First notice that (7.1) and (7.2) remain true, with modified
constants Q and D if necessary, if X is replaced by JF and Y is replaced
by JG. Suppose now that x ∈ fi(JF ) and y ∈ fj(JF ) with i �= j. Then
|h(y)− h(x)| ≤ diam(gi(JG)) + dist(gi(JG), gj(JG)) + diam(gj(JG))

≤ Qdiam(fi(JF )) +Ddist(fi(JF ), fj(JF ))

+Qdiam(fj(JF ))

≤ 2QCdist(fi(JF ), fj(JF )) +Ddist(fi(JF ), fj(JF ))

≤ (2QC +D)dist(fi(JF ), fj(JF ))

≤ (2QC +D)|y − x|.
Suppose in turn that x �= y both belong to the same element fk(JF ).
Then there exist ω ∈ I∗ (|ω| ≥ 1) and i �= j ∈ IN such that x, y ∈ fω(JF ),
x ∈ fωi(JF ) and y ∈ fωj(JF ). From what has been proved so far we
know that |g−1

ω (h(y))−g−1
ω (h(x))| ≤ (2QC+D)|f−1

ω (y)−f−1
ω (x)|. Since

|y−x| 
 ||f ′ω|| · |f−1
ω (y)−f−1

ω (x)| and |h(y)−h(x)| 
 ||g′ω|| · |g−1
ω (h(y))−

g−1
ω (h(x))|, we get

|h(y)− h(x)| � ||g′ω||
||f ′ω||

|y − x| 
 |y − x|,

where the comparability sign we can write because of (7.1) and equival-
ence of conditions (1) and (3) of Theorem 7.1.1. In the same way we
show that h−1 is Lipschitz continuous which completes the proof of the
first part of our theorem.
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So suppose now that h is bi-Lipschitz continuous. We shall show that
conditions (7.1) and (7.2) are satisfied. Indeed, to prove (7.1) suppose
that a and b in JF are taken so that |h(a) − h(b)| ≥ 1

2diam(gω(JG)).
Then

diam(gω(JG)) ≤ 2|h(a)− h(b)| ≤ 2L|a− b| ≤ 2Ldiam(fω(JF )),

where L is a Lipschitz constant of h and h−1. In the same way it can be
shown that diam(fω(JF )) ≤ 2Ldiam(gω(JG)) which completes the proof
of property (7.1). In order to prove the right-hand side of property (7.2)
we proceed as follows. Fix i, j ∈ I, i �= j and a �= b ∈ JF . Then

dist(gi(Y ), gj(Y ))

≤ dist(gi(JG), gj(JG)) ≤ |gi(h(a))− gj(h(b))| ≤ L|fi(a)− fj(b)|
≤ L(

diam(fi(X)) + dist(fi(X), fj(X)) + diam(fj(X))
)

≤ L(2C + 1)dist(fi(X), fj(X)),

where the last inequality follows from boundedness of geometry of the
system {fi}i∈I . �

Remark 7.1.3 Suppose now that I = IN and that the maps i �→ φi(X)
are monotone, that is suppose that for all i and j, i < j implies φi(X) <
φj(X). We claim that then the bounded geometry of the system is equi-
valent with the weaker condition

max{diam(φi(X)), diam(φi+1(X))} ≤ Cdist(φi(X), φi+1(X)).

Indeed, if i < j, then

max{diam(φi(X)), diam(φj(X))}
≤ max

i≤k≤j−1
{max{diam(φk(X)), diam(φk+1(X))}}

≤ max
i≤k≤j−1

{Cdist(φk(X), φk+1(X))}

≤ Cdist(φi(X), φj(X)),

where in writing the last inequality we used the monotonicity of the map
i �→ φi(X). The opposite implication is obvious.

Remark 7.1.4 If I = IN and both maps i �→ fi(X) and i �→ gi(X) are
monotone, then condition (7.2) from Theorem 7.1.2 can be replaced by
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the following.

C−1 ≤ dist(gk(Y ), gk+1(Y ))
dist(fk(X), fk+1(X))

≤ C (7.3)

for some constant C ≥ 1 and all k ∈ IN .

Indeed, assuming (7.3) this follows from the following computation.

dist(gi(Y ), gj(Y )) =
j−1∑
k=i

dist(gk(Y ), gk+1(Y )) +
j−1∑

k=i+1

diam(gk(X))

≤
j−1∑
k=i

Cdist(fk(X), fk+1(X)) +Q
j−1∑

k=i+1

diam(fk(X))

≤ max{C,Q}
(
j−1∑
k=i

dist(fk(X), fk+1(X))

+
j−1∑

k=i+1

diam(fk(X))

)
= max{C,Q}dist(fi(X), fj(X)).

7.2 One-dimensional systems

We call a CIFS one-dimensional if d = 1. Our presentation of conjugacy
of such systems follows [HU1]. We start with an adaptation of the
concept of scaling function introduced by D. Sullivan (see [Su2]) in the
context of hyperbolic cookie-cutter Cantor sets. In order to define our
scaling functions we will need the following basic lemma.

Lemma 7.2.1 If {φn : X → X : n ≥ 1} is a one-dimensional CIFS,
then for every closed subinterval K of X and ω ∈ IN∞ the following
limit exists

lim
n→∞

|φωnωn−1...ω0(K)|
|φωnωn−1...ω0(X)| := S(ω,K)

and the convergence is uniform with respect to K,n and ω.

Proof. We shall show that the above sequence satisfies an appropriate
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Cauchy condition. Fix k < n. We then have

|φωn...ωk...ω0(K)|
|φωn...ωk...ω0(X)|/

|φωk...ω0(K)|
|φωk...ω0(X)|

=
|φωn...ωk+1(φωk...ω0(K))|

|φωk...ω0(K)| /
|φωn...ωk+1(φωk...ω0(X))|

|φωk...ω0(X)|

=
|φ′ωn...ωk+1

(xn)|
|φ′ωn...ωk+1

(yn)|

(7.4)

for some xn ∈ φωk...ω0(K) and yn ∈ φωk...ω0(X), where the last equality
sign follows from the mean value theorem. Denote now |φωj ...ω0(K)|/
|φωj ...ω0(X)| by aj . In view of (7.4) and (4.18) we get

| log an−log ak| ≤ L

1− sα |xn−yn|
α ≤ L

1− sα |φωk...ω0(X)|α ≤ L

1− sα s
kα.

Thus the sequence {log an}∞n=1 is a Cauchy sequence, and consequently
{an}∞n=1 itself is also a Cauchy sequence. �

Let ĨN
∞

denote the set of infinite sequences of the form . . . ωnωn−1 . . . ω1

ω0 and let ĨN
∗
denote the set of all finite words of the form ωnωn−1 . . . ω1

ω0. Lemma 7.2.1 allows us to introduce the scaling function (comp. also
[Su2], [PT] and [U4]). We shall now explore this notion in greater detail.
The weaker scaling function Sw is defined on the space ĨN

∞ × IN , takes
values in (0, 1), and is given by the formula

Sw({ωn}∞n=0, i) = lim
n→∞

|φωnωn−1...ω0(φi(X))|
|φωnωn−1...ω0(X)| ,

where the limit exists due to Lemma 7.2.1.

The stronger scaling function Ss is defined similarly but on the larger
space ĨN×(IN ∪C), where C denotes the set of all connected components
of X \ ⋃∞

i=1 φi(X). Frequently, given ω ∈ IN∗ we will consider the
function Ss(ω) : (IN ∪ C) → (′,∞) given by the formula Ss(ω)(Z) =
Ss(ω,Z), and similarly we define the function Sw(ω). The following
theorem is an immediate consequence of Lemma 7.2.1.

Theorem 7.2.2 Both scaling functions Sw : ĨN
∞ × IN and Ss : ĨN ×

(IN ∪ C) are continuous.
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We now go on to consider two systems F = {fi : i ∈ IN} and G =
{gi : i ∈ IN}. Our first theorem about them concerns the relations
between possibilities of smooth extensuion of the topological conjugacy
h : JF → JG and the corresponding scaling functions.

Theorem 7.2.3 If the topological conjugacy h : JF → JG extends
in a diffeomorphic fashion onto X, then JF and JG have the same
strong scaling functions. Conversely, if two topologically conjugate one-
dimensional IFSs F and G have the same weak scaling functions and
condition (b) of Theorem 7.1.2 is satisfied, then the topological conjugacy
is Lipschitz continuous.

Proof. Let us first prove the first part of this theorem. Indeed, let us
keep the same notation h for its diffeomorphic extension to X and let
D be an arbitrary closed subinterval of X . For ω ∈ ĨN∞

we can write

S(ω,D)
S(ω, h(D))

= lim
n→∞

|fωn...ω0(D)|
|fωn...ω0(X)|

|gωn...ω0(h(D))|
|gωn...ω0(Y )|

= lim
n→∞

|fωn...ω0(D)|
|gωn...ω0(h(D))|

/
|fωn...ω0(X)|
|gωn...ω0(Y )|

.

Now, by the mean value theorem there exist an and bn respectively in
fωn...ω0(D) and in fωn...ω0(X) such that

S(ω,D)
S(ω, h(D))

= lim
n→∞

|fωn...ω0(D)|
|h(fωn...ω0(D))|

/
|fωn...ω0(X)|

|h(fωn...ω0(X))| = lim
n→∞

h′(bn)
h′(an)

.

Since h′ is uniformly continuous with no zeros and since |bn − an| → 0
the last limit is equal to 1 which finishes the proof of the first part of
our theorem.
In order to prove the second part of this theorem it suffices to show

that condition (7.1) of Theorem 7.1.2 is satisfied. So, let τ = τ0 . . . τq−1

be an arbitrary word. Our aim is to show that |(gτ )′(h(xτ ))| = |(fτ )′(xτ )|,
where xτ is the only fixed point of the map fτ : X → X . First notice
that for every n

|gτn+1τ0(Y )|
|gτnτ0(Y )|
=

|gτn+1τ0(Y )|
|gτn+1(Y )| · |gτn+1(Y )|

|gτnτ0...τq−2(Y )|
· |gτnτ0...τq−2(Y )|
|gτnτ0...τq−3(Y )|

· . . . · |gτnτ0τ1(Y )|
|gτnτ0(Y )|

.
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Hence

lim
n→∞

|gτn+1τ0(Y )|
|gτnτ0(Y )|

= Swτ∞(τ0)Swτ∞τ0...τq−2
(τq−1)Swτ∞τ0...τq−3

(τq−2) . . . Swτ∞τ0(τ1)
(7.5)

and similarly

lim
n→∞

|fτn+1τ0(X)|
|fτnτ0(X)|

= Swτ∞(τ0)Swτ∞τ0...τq−2
(τq−1)Swτ∞τ0...τq−3

(τq−2) . . . Swτ∞τ0(τ1).
(7.6)

Since gτn+1τ0(Y ) = gτ (gτnτ0(Y ) and since fτn+1τ0(X) = fτ (fτnτ0(X)),
it follows from the mean value theorem that there exists xn ∈ fτnτ0(X)
and yn ∈ gτnτ0(Y ) such that |gτn+1τ0(Y )| = |g′τ (yn)| · |gτnτ0(Y )| and
|fτn+1τ0(X)| = |f ′τ (yn)| · |fτnτ0(X)|. Thus in view of our assumptions
and (7.5) and (7.6) we get

lim
n→∞

|g′τ (yn)|
|f ′τ (xn)|

= lim
n→∞

|gτn+1τ0(Y )|
|gτnτ0(Y )|

/
fτn+1τ0(X)|
|fτnτ0(X)| = 1.

Now, a straightforward computation shows that yn → yτ and xn →
xτ , where yτ and xτ are fixed points of gτ and fτ respectively. Hence
|g′τ (yτ )| = |f ′τ (xτ )| and the equivalence of this condition with condition
(1) of Theorem 7.1.1 finishes the proof. �

We end this section with the rigidity result concerning real-analytic non-
essentially affine one-dimensional systems. We recall from the previous
chapter that a one-dimensional system S = {φi : X → X}i∈I is said
to be real-analytic if and only if there exists a topological disk D such
that all the maps φi extend in a conformal (so 1-to-1) fashion to D.
Suppose that S is regular. Let m be the conformal measure associated
to the system S and let µ be the only probability S-invariant measure
equivalent with m. We call the system S essentially affine (cf. [Su3]
and [HU1]) if and only if all the Jacobians Dφi = dµ◦φi

dµ , i ∈ I are
constant. More detailed discussion concerning the concept of essential
affinity will be provided in the two following sections. We shall now prove
the theorem, which is in a sense much stronger than both Theorem 7.1.1
and Theorem 7.1.2.

Theorem 7.2.4 If both systems {fi : X → X}i∈I and {gi : Y → Y }i∈I
are regular and real-analytic and neither is essentially affine, then the
following conditions are equivalent.
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(a) The conjugacy between the systems {fi : X → X}i∈I and {gi :
Y → Y }i∈I is real-analytic.

(b) The conjugacy between the systems {fi : X → X}i∈I and {gi :
Y → Y }i∈I is Lipschitz continuous.

(c) |g′ω(yω)| = |f ′ω(xω)| for all ω ∈ IN∗, where xω and yω are the only
fixed points of fω : X → X and gω : Y → Y respectively.

(d) ∃S ≥ 1 ∀ω ∈ IN∗

S−1 ≤ diam(gω(Y ))
diam(fω(X))

≤ S.

(e) ∃E ≥ 1 ∀ω ∈ IN∗

E−1 ≤ ||g′ω||
||f ′ω||

≤ E.

(f) HD(JG) = HD(JF ) and the measures mG and mF ◦ h−1 are
equivalent.

(g) The measures mG and mF ◦ h−1 are equivalent.

Proof. The implication (a)⇒(b) is obvious.That (b)⇒(c) results from
the fact that (b) implies condition (1) of Theorem 7.1.1, which in view
of that theorem is equivalent with condition (2) of Theorem 7.1.1, which
finally is the same as condition (c) of Theorem 7.2.4. The implications
(c)⇒(d)⇒(e)⇒(f) have been proved in Theorem 7.1.1. The implication
(f)⇒(g) is again obvious. We are left to prove that (g)⇒(a). And indeed,
if (g) holds, then µF = µG ◦ h meaning that Jh = dµG◦h

dµF
= 1. Since

h ◦ fω = gω ◦ h, the chain rule implies that Jh ◦ fω · Jfω = Jgω ◦ h · Jh
and consequently

Jfω = Jgω ◦ h.
Since the system G is not essentially affine, there exists a contraction
gi ∈ S such that the JacobianDgi =

dµ◦gi

dµ is not constant and which, due
to Corollary 6.1.5, is real-analytic. This implies thatDgi has only finitely
many extremal points, since otherwise the equation D′

gi
= 0 would have

an accumulation point in Y which in turn would imply that Dgi would
be constant on Y , contrary to the definition of gi. Hence D−1

gi
◦Dfi is

well defined and 1-to-1 on an open set V ⊂ X , and h = D−1
gi

◦Dfi on
V ∩ FF . Consider now ω ∈ IN∗ such that fω(X) ⊂ V . Then the map
g−1
ω ◦ (D−1

gi
◦Dfi) ◦ fω : X → X extends h and, due to Corollary 6.1.5

again, is real-analytic.
We shall now explore the case when d ≥ 2. Because of the different
techniques used we treat the cases d = 2 and d ≥ 3 separately. Although



7.3 Two-dimensional systems 181

the exposition of the case d ≥ 3 is more elegant and clear, we decided
to present the case d = 2 first since it is applied in the case d ≥ 3. Our
exposition follows [MPU] in the case when d = 2 and [U5] if d ≥ 3.

7.3 Two-dimensional systems

At the very beginning of this section we would like to make use of the fol-
lowing two results concerning holomorphic univalent maps of the plane.

Theorem 7.3.1 (see Ex. 5 on p. 224 in [Ne]) A necessary and sufficient
condition for a holomorphic univalent function φ : ID → CI with φ′(z) = 1
to map the unit disk ID onto a convex domain is that

Re
{
1 +

zφ′′(z)
φ′(z)

}
≥ 0

for all z ∈ ID.

and

Theorem 7.3.2 (see Theorem 1.5 on p. 3 in [CG]) If φ : ID → CI is a
holomorphic univalent function, then∣∣∣∣zφ′′(z)φ′(z)

− 2|z|2
1− |z|2

∣∣∣∣ ≤ 4|z|
1− |z|2

for all z ∈ ID.

An easy argument combining the above two results leads to the following
remarkable convexity result.

Theorem 7.3.3 If φ : B(w,R) → CI is a holomorphic univalent function,
then the image φ(B(w,R/8)) is convex.

Generalizing the concept of one-dimensional systems from the previous
section we now call the system S = {φi}i∈I one-dimensional if there
exists a set D : J ⊂ D ⊂ V composed of finitely many real-analytic
curves with pairwise disjoint closures such that φi(D) ⊂ D for all i ∈
I (see [MPU]). We prove the following result about one-dimensional
systems.

Lemma 7.3.4 If a non-empty open subset of J is contained in a one-
dimensional real-analytic curve, then the system S is 1-dimensional.
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Proof. Since J is compact it suffices to show that each point in J has a
neighborhood contained in a real-analytic curve. The assumptions of the
lemma state that there exists a point x ∈ J , an open ball B(x) centered
at x and M , a real-analytic curve, open-ended, containing J ∩ B(x).
Fix now an arbitrary point z ∈ J . Since x ∈ J there exists ω ∈ I∗

such that φω(z) ∈ J ∩ B(x); moreover φω(V ) ⊂ B(x). Then the set
φω(V ) ∩M contains φω(V ) ∩ J , an open neighborhood of φω(z) in J ,
and consists of countably many real-analytic curves. Let Γ be one of
them, the connected component of φω(V ) ∩ M containing φω(z). It
contains an open neighborhood of φω(z) in J . Then φ−1(Γ) contains an
open neighborhood of z in J . �

We now provide the following definition of essential affinity, generalizing
that from the previous section.

Definition 7.3.5 We say that the system S is essentially affine if S is
conjugate by a conformal homeomorphism with a system consisting only
of conformal affine contractions (i.e. of the form az + b).

The first aim of this section is to establish in the following theorem
several conditions equivalent with essential affinity.

Theorem 7.3.6 Suppose that the system S = {φi}i∈I is regular and
denote the corresponding conformal measure by m. Then the following
conditions are equivalent.

(a) For each i ∈ I the extended Jacobian D̃φi : U → IR is constant,
where U is the neighborhood of X produced in Corollary 6.1.5.

(b) There exist a continuous function u : X → IR and constants
ci ∈ IR, i ∈ I, such that

log |φ′i| = u− u ◦ φi + ci
for all i ∈ I.

(c) There exist a continuous function u : J → IR and constants
ci ∈ IR, i ∈ I, such that

log |φ′i| = u− u ◦ φi + ci
for all i ∈ I.

(d1) The conformal structure on J admits a Euclidean isometric re-
finement so that all maps φi, i ∈ I, become affine conformal;
more precisely there exists an atlas {ψt : Ut → CI} with open
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disks Ut, consisting of conformal injections such that
⋃
t Ut ⊃ J ,

all Ut ∩ Us and Ut ∩ φi(Us) are connected and the compositions
ψt ◦ ψ−1

s and ψt ◦ φi ◦ ψ−1
s , respectively on ψs(Ut ∩ Us) and

ψs ◦φ−1
i (Ut∩φi(Us)), are conformal affine with |(ψt ◦ψ−1

s )′| ≡ 1.
(d2) As (d1) but no assumptions on |(ψt ◦ψ−1

s )′| (i.e. the atlas is only
conformal affine).

(d3) The system S is essentially affine.
(eh) There exist a cover {Bλ}λ∈Λ of J consisting of open disks and a

family of harmonic functions γλ : Bλ → IR, λ ∈ Λ, such that for
all λ, λ′ ∈ Λ and all i ∈ I

γλ − γλ′ = const (7.7)

on Bλ ∩Bλ′ and

argλφ
′
i − γλ + γλ′ ◦ φi = const (7.8)

on φ−1
i (B′

λ ∩ φi(Bλ)), where argλφ
′
i : Bλ → IR is a continuous

branch of argument of φ′i defined on the simply connected set Bλ.
All the sets Bλ ∩Bλ′ and φ−1

i (B′
λ ∩ φi(Bλ)) are connected.

(er) As (eh) but harmonic replaced by real-analytic.
(ec) As (eh) but harmonic replaced by continuous.
(f) ∇D̃φi(z) = 0 for all z ∈ J and all i ∈ I if S is one-dimensional.

If S is not one-dimensional then

det(∇D̃φi ◦ φω(z),∇D̃φi(z)) = 0

for all z ∈ J and all i ∈ I, ω ∈ I∗ .

Proof. We shall prove the following implications: (a)⇒(b)⇒(c)⇒(d1)
⇒(d2)⇒(a), (d3)⇒(d2)⇒(eh)⇒(er)⇒(ec)⇒(d2)⇒(d3), (a)⇒(f)
and (f)⇒(er). Since the implication (d2)⇒ (d3) is rather easy and the
opposite is obvious, we could simplify our considerations proving that
(d3) implies (eh) instead of proving that (d3) implies (d2). We chose
however this approach since it can be easily adapted to the case of con-
formal expanding repellers (see [PU1], cf. [Su3]). In the next section
(d ≥ 3), we follow the other one.

• (a)⇒(b). Since for every i ∈ I, D̃φi = (ρ ◦ φi) · |φ′i|δ · ρ−1, we have

log(|D̃φi |) = log(|ρ| ◦ φi) + δ log |φ′i| − log |ρ|.
Thus to finish the proof of the implication (a)⇒(b) it suffices to set
ci = 1

δ log(D̃φi) and u =
1
δ log |ρ|.
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• The implication (b)⇒(c) is obvious.

(c)⇒(d1). Fix an element v ∈ J and an element τ ∈ I∞. Given n ≥ 1
and a word ω ∈ In we denote by ω the flipped word ωnωn−1 . . . ω1. Our
first aim is to show that the series∑

n≥1

(
log |φ′τn

(φτ |n−1
(z))| − log |φ′τn

(φτ |n−1
(v))|

)
(7.9)

converges absolutely uniformly on V , where for n = 1 we set φτ |n−1
=

IdV . Indeed, it follows from the bounded distortion property (4f) and
(4e) that∣∣∣log |φ′τn

(φ
τ |n−1

(z))| − log |φ′τn
(φ

τ |n−1
(v))|

∣∣∣ ≤ KL ∣∣∣φτ |n−1
(z)− φ

τ |n−1
(v)

∣∣∣
≤ KLs(n−1)|z − v|
≤ KLdiam(V )s(n−1).

(7.10)
Since ∑

n≥1

KLdiamα(V )s(n−1)α ≤ KLdiamα(V )
1− s <∞,

the proof of the absolute uniform convergence of the series defined by
(7.9) is complete. We now can define the function uv : V → IR by setting

uv(z) = u(v)+
∑
n≥1

(
log |φ′τn

(φτ |n−1
(z))| − log |φ′τn

(φτ |n−1
(v))|

)
. (7.11)

The function uv : V → IR, as the sum of an absolutely convergent series
of harmonic functions, is harmonic. Iterating the formula appearing in
Theorem 3.1(c), we obtain for every n ≥ 1 and every z ∈ J

u(z)− u(v) =
n∑

k=1

(
log |φ′τk

(φτ |k−1
(z))| − log |φ′τk

(φτ |k−1
(v))|

)
+ u(φτ |n(z))− u(φτ |n(v)).

Since, by the bounded distortion property, |φτ |n(z)− φτ |n(v)| ≤ sn and
since the function u : J → IR as continuous on a compact set is uniformly
continuous, it follows from the last display that uv(z) = u(z) for all
z ∈ J , i.e. uv is a harmonic extension of u on V . From now on we will
drop the subscript v and write simply u : V → IR. Since all the functions
log |φ′i| and u− u ◦ φi + ci, i ∈ I, are harmonic on V , each set

Zi = {z ∈ V : log |φ′i(z)| = u(z)− u ◦ φi(z) + ci},
i ∈ I, is either equal to V or is a real-analytic set.
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Suppose first that Zi = V for all i ∈ I. For every w ∈ J consider
a ball B(w) ⊂ V centered at w. Let lw : B(w) → IR be a harmonic
conjugate function to the harmonic function u : B(w) → IR so that
u + ilw : B(w) → CI is holomorphic. Write Gw = exp(u + ilw) and
denote by ψw : B(w) → CI a primitive function of Gw. Since ψ′

w(w) =
Gw(w) �= 0, there exists a disk Uw ⊂ B(w) centered at w and such that
ψw|Uw is injective. Using Theorem 7.3.3 we may assume that in addition
all the sets Uw are so small that all the images φi(Uw), i ∈ I, w ∈ J ,
are convex. We claim that the family {ψw : Uw → CI}w∈J forms an atlas
demanded in (d1). Indeed, fix w, v ∈ J and consider an arbitrary point
z ∈ Uw ∩ Uv. Then

(ψw ◦ ψ−1
v )′(ψv(z)) = ψ′

w(z) · (ψ′
v(z))

−1 = Gw(z) ·G−1
v (z)

= exp
(
i(lw(z)− lv(z))

)
and therefore (ψw ◦ ψ−1

v )′ is constant with absolute value 1 on ψv(Uv ∩
Uw), since hw and hv differ by an additive constant on the connected
set Uw ∩ Uv as harmonic conjugates to the same harmonic function u.
To discuss

(
ψv ◦ φi ◦ ψ−1

w

)′ fix again arbitrary w, v ∈ J and for every
i ∈ I consider the intersection Uv ∩ φi(Uw). As the intersection of two
convex sets, this set is convex, and consequently connected. Take now
an arbitrary point z ∈ φ−1

i (Uv ∩ φi(Uw)). Since Zi = V , we therefore
have

|(ψv ◦ φi ◦ ψ−1
w

)′(ψw(z))|
= |ψ′

φi(w)(φi(z)) · φ′i(z) · (ψ′
w(z))

−1| = |Gv(φi(z)) · φ′i(z) ·G−1
w (z)

= | exp(
u(φi(z) + ilv(φi(z))− u(z)− ilw(z)| · |φ′i(z)|

)
= exp(u(φi(z)− u(z))|φ′i(z)|
= eci .

Hence the function
(
ψv ◦φi ◦ψ−1

w

)′, as holomorphic and having constant
absolute value, is constant on the connected set ψw ◦ φ−1

i (Uv ∩ φi(Uw)).

Suppose in turn that Zi �= V for some i ∈ I. Since equation (c) of
Theorem 3.1 is satisfied on compact J , then J ⊂ Zi. Since J is infinite
its non-empty open part is contained in a real analytic curve, so the
system is one-dimensional. Hence by Lemma 2.1 there are finitely many
real-analytic pairwise disjoint curves whose union M contains J . Since
φi(J) ⊂ J for all i ∈ I, decreasing M if necessary, we may assume that
φi(M) ⊂M for all i ∈ I.
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Change coordinates holomorphically on a neighborhood of M so that
M ⊂ IR. (This uses the consequence of our assumptions that there is
no closed curve among the components of M ; with relaxed assumptions
allowing the existence of such a curve we would change it to the unit
circle and then use charts being branches of z �→ log(iz).) Since the
function u : M → IR is real-analytic, it uniquely extends to a complex-
analytic function ũ on an open neighborhood ofM in V . Now we proceed
similarly as in the previous case; we define ψw, w ∈ J , to be a primitive
of eũ on a sufficiently small neighborhood of w ∈ V and we check that
(ψ−w◦ψ−1

v )′ = 1 on ψv(Uv∩Uw). Now note that ũ−ũ◦φi+ci = ˜log |φ′i|,
where the latter expression is a holomorphic extension of log |φ′i|, which
extends the equality (c). Note that ˜log |φ′i| = log±φ′i, where ± depends
on whether φ′i is positive or negative. We use the fact it is real. The
equality extends the equality on J because the functions on both sides
are holomorphic. We conclude with

|(ψφi(w) ◦ φi ◦ ψ−1
w

)′(ψw(z))| = eci

for all z ∈ φ−1
i (Uv ∩ φi(Uw)). Hence

(
ψφi(w) ◦ φi ◦ ψ−1

w

)′ is constant on
the connected set ψw ◦ φ−1

i (Uv ∩ φ(
iUw)). The proof of the implication

(c)⇒(d1) is complete.

Remark. As an intermediate step in the proof of the implication (c)⇒(d1)
we proved (bh) (compare later (eh)), namely the property (b) with u
harmonic on a neighborhood of J , here V , provided the system S is not
one-dimensional (Zi = V for all i). For S one-dimensional we can also
prove (bh) but indirectly, via (d1). Indeed assuming (d1) and M in IR
we set the harmonic extension u = log |ψ′

v| independent of v.

• The implications (d1)⇒(d2) and (d3)⇒(d2) are obvious.

• (d2)⇒(a). Let {ψλ : Uλ → CI }λ∈Λ be a finite conformal affine atlas for
the system S. Fix β ∈ Λ, take a number n0 ≥ 1 so large that diam(V )sn0

is less than a Lebesgue number of the cover {Uλ}λ∈Λ of J , consider any
number n ≥ n0 and for every ω ∈ In choose one element λ(ω) ∈ Λ such
that φω(V ) ⊂ Uλ(ω). Next, given n ≥ n0 and ω ∈ In consider the map(

ψλ(ω) ◦ φω ◦ ψ−1
β )′ ◦ ψβ

defined on Uβ. Since our atlas is affine, this function is constant on every
sufficiently small neighborhood of every point in J ∩ Uβ and therefore,
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as real-analytic, it is constant on Uβ . Denote its value there by cβ,ω.
Since for every z ∈ Uβ∑

|ω|=n
cδβ,ω|ψ′

β(z)|δ · |ψ′
λ(ω)(φω(z))|−δ =

∑
|ω|=n

|φ′ω(z)|δ = Ln(11), (7.12)

since by Theorem 1.3

lim
n→∞Ln(11)(z) = ρ(z) (7.13)

and since the product |ψ′
β(z)|δ · |ψ′

λ(ω)(φω(z))|−δ is uniformly bounded
away from zero and infinity, we conclude that there exists a constant
M ≥ 1 such that for all z ∈ Uβ and all n ≥ 1

M−1 ≤
∑
|ω|=n

cδβ,ω ≤M. (7.14)

Fix now an ε > 0 and n1 ≥ n0 so large that for all n ≥ n1 and all ω ∈ In

sup{|ψ′
λ(ω) ◦ φω|−δ} − inf{|ψ′

λ(ω) ◦ φω|−δ} < ε/M.
Then, using (7.12), we conclude that for all n ≥ n1 and all z1, z2 ∈ Uβ∣∣∣∣∣∣

∑
|ω|=n

(
cδβ,ω|ψ′

λ(ω)(φω(z2))|−δ − cδβ,ω|ψ′
λ(ω)(φω(z1))|−δ

)∣∣∣∣∣∣ ≤ ε
and therefore

lim
n→∞

∣∣∣∣∣∣
∑
|ω|=n

(
cδβ,ωψ

′
λ(ω)(φω(z2))|−δ − cδβ,ωψ′

λ(ω)(φω(z1))|−δ
)∣∣∣∣∣∣ = 0.

Combining this, (7.12) and (7.13) we conclude that there exists a con-
stant cβ ≥ 0 such that for all z ∈ Uβ

lim
n→∞

∑
|ω|=n

cδβ,ω|ψ′
λ(ω)(φω(z))|−δ = cβ.

Combining in turn this, (7.12) and (7.13) we conclude that for all z ∈ Uβ
ρ(z) = cβ|ψ′

β(z)|δ. (7.15)

Fix now i ∈ I, w ∈ Uβ ∩ J , and choose λ ∈ Λ such that φi(w) ∈ Uλ and
a connected neighborhood Vw ⊂ Uβ of w such that φi(Vw) ⊂ Uλ. Then
for every z ∈ Vw
D̃φi(z) = ρ ◦ φi(z)|φ′i(z)|δρ(z)−1 = cλ|ψ′

λ(φi(z))|δ · |φ′i(z)|δ · c−1
β |ψ′

β(z)|−δ

= cλc−1
β

(|ψ′
λ(φi(z))| · |φ′i(z)| · |ψ′

β(z)|−1
)δ
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and therefore, since our system S is affine, D̃φi is constant on Vw . Since,
by Theorem 2.2, D̃φi is real-analytic on U , we thus conclude that D̃φi

is constant on U . The proof of the implication (d2)⇒(a) is finished.

• (d2)⇒(eh). We can assume the sets Ut appearing in condition (d2)
are open balls. Since J is compact, we may choose from the family {Ut}
a finite subcover {Bλ}λ∈Λ of J . Define then for every λ ∈ Λ the map
γλ : Bλ → IR to be a continuous branch of argψ′

λ and additionally for
every i ∈ I, argλφ′i : Bλ → IR to be a continuous branch of argument
of φ′i. These branches exist since Bλ is simply connected and ψ′

λ and
φ′i nowhere vanish. Of course all the maps γλ, λ ∈ Λ, are harmonic.
Consider now two indices λ, λ′ ∈ Λ such that Bλ ∩ Bλ′ �= ∅. Since
our atlas is affine, ψλ(z) = ψλ ◦ ψ−1

λ′ (ψλ′ (z)) = a(ψλ′(z)) + b for all
z ∈ Bλ ∩ Bλ′ and some a, b ∈ CI. We conclude that γλ − γλ′ is on
Bλ ∩ Bλ′ equal to arg(a) up to an integer multiple of 2π. This means
that (7.7) is satisfied. Since all the contractions {φi}i∈I are affine in the
atlas ψλ : Bλ → CI, we conclude that given λ, λ′ ∈ Λ, i ∈ I there exist
constants d, c ∈ CI such that for every z ∈ φ−1

i (Bλ′ ∩ φi(Bλ))

ψλ′ ◦ φi(z) = ψλ′ ◦ φi ◦ ψ−1
λ (ψλ(z)) = dψλ(z) + c.

We conclude that argλφ
′
i−γλ+γλ′ ◦φi is equal to arg(d) up to an integer

multiple of 2π on the connected set φ−1
i (Bλ′ ∩ φi(Bλ)). This means

that (7.8) is satisfied. Thus the proof of the implication (d2)⇒(eh) is
complete.

• The implications (eh)⇒(er)⇒(ec) are obvious.

• (ec)⇒(d2). The general idea is here the same as in the proof of the
implication (c) ⇒ (d1). Surprisingly, we do not get directly (c)⇒(d1).
For this we need to go via (d2)⇒(a)⇒(d1).
Let 4δ > 0 be a Lebesgue number of the cover {Bλ}λ∈Λ of J . By

compactness of J there exists a finite set T and points vt ∈ J , t ∈ T ,
such that the family {B(vt, δ)}t∈T is a cover of J . Since 4δ is a Lebesgue
number of the cover {Bλ}λ∈Λ, for every t ∈ T there exists at least one
element λ(t) ∈ Λ such that B(vt, 2δ) ⊂ Bλ(t). Fix now t0 ∈ T , τ ∈ I∞,
that is similarly as in the implication (c)⇒(d1). Then for each integer
n ≥ 1 choose tn ∈ T such that φτ |n(vt0) ∈ B(vtn , δ). Since φτ |n on
B(vt0 , δ) shrinks distances by a factor at least s < 1 for n ≥ 1, we get
φτ |n(B(vt0 , δ)) ⊂ B(vtn , (1+ s)δ). Now, for every i ∈ I and every λ ∈ Λ
let argλφ′i : Bλ → IR be a continuous branch of argument of φ′i. It
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follows from (4.5) that

|argλ(t)φ′i(y)− argλ(t)φ
′
i(x)| ≤ L|y − x|

for all t ∈ T , all i ∈ I and all x, y ∈ B(vt, δ), where L = 6/d. Hence for
all z ∈ B(vt0 , δ)∑

n≥1

|argλ(tn−1)φ
′
τn
(φτ |n−1

(z))− argλ(tn−1)φ
′
τn
(φτ |n−1

(vt0))|

≤
∑
n≥1

Lsα(n−1)|z − vt0 |α

≤ Ldiamα(V )
1

1− sα <∞.

(7.16)

Iterating formula (7.8) we obtain for every n ≥ 1 and every z ∈ B(vt0 , δ)
γλ(t0)(z)− γλ(t0)(vt0)

=
n∑

k=1

argλ(tk−1)(φ
′
τk
(φ

τ |k−1
(z))− argλ(tk−1)φ

′
τk
(φ

τ |k−1
(vt0))

+ γλ(tn)(φτ |n(z))− γλ(tn)(φτ |n(vt0)).

Since for all t ∈ T , B(vt, (1 + s)δ) ⊂ B(vt, 2δ) ⊂ Bλ(t), all the functions
γλ(t)|B(vt,(1+s)δ) are uniformly continuous. Therefore, since the set T
is finite, since φτ |n(z), φτ |n(vt0) ∈ B(vtn , (1 + s)δ) and since |φτ |n(z) −
φτ |n(vt0)| ≤ δsn, applying (7.16) we conclude that for all z ∈ B(vt0 , δ)

γλ(t0)(z)

= γλ(t0)(vt0) +
∞∑
k=1

argλ(tk)(φ
′
τk
(φτ |k−1

(z))

− argλ(tk)φ
′
τk
(φτ |k−1

(vt0)).

Thus the function γλ(t0)|B(vt0 ,δ)
as the sum of an absolutely uniformly

convergent series of harmonic functions is harmonic. So, all the functions
γλ(t) : B(vt, δ) → IR, t ∈ T , are harmonic.

Remark that in the case when S is not 1-dimensional the equation (ec)
assumed only on J (analogously to (c)) would be sufficient for γλ exten-
ded by the formula above to satisfy (ec) on V ; in particular (eh) would
be proved.
However, if S is one-dimensional the existence of γλ satisfying (ec) on

J is always true. Just take for γ an argument of the direction tangent
to M , the union of a finite family of real-analytic curves containing J .
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Now, for every t ∈ T by lt : B(vt, δ) → IR denote the harmonic
conjugate to γλ(t). Thus the function Gt = exp(lt + iγλ(t)) : B(vt, δ) →
CI is holomorphic. Denote by ψt : B(vt, δ) → CI a primitive of Gt.
Fix w ∈ J and choose t ∈ T such that w ∈ B(vt, δ). Since ψ′

t(w) =
exp(lt(w) + iγλ(t)(w)) �= 0, there exists a disk Uw ⊂ B(vt, δ) such that
ψt|Uw is injective. Applying Theorem 7.3.3 as before, we may assume
the disks Uw to be so small that all the sets φi(Uw) are convex. We
claim that the family {ψw : Uw → CI}w∈J forms an affine atlas for the
iterated function system S. Indeed, fix w, v ∈ J and consider t, t′ ∈ T
such that Uw ⊂ B(vt, δ) ⊂ Bλ(t) and Uv ⊂ B(vt′ , δ) ⊂ Bλ(t′). Then for
every z ∈ Uw ∩ Uv we get

(ψw ◦ ψ−1
v )′(ψv(z)) = ψ′

w(z)(ψ
′
v(z))

−1 = Gλ(t)(z)G
−1
λ(t′)(z)

= exp
(
lt(z) + iγλ(t)(z)− lt′(z)− iγλ(t′)(z)

)
= exp

(
i(γλ(t)(z)− γλ(t′)(z)

)
exp

(
lt(z)− lt′(z)

)
.

Since by (7.7) γλ(t) − γλ(t′) is constant on z ∈ Uw ∩ Uv ⊂ Uλ(t) ∩ Uλ(t′)

and since lt and lt′ differ on Uλ(t) ∩ Uλ(t′) by an additive constant as
harmonic conjugates to harmonic functions γλ(t) and γλ(t′) respectively,
we conclude that (ψw ◦ ψ−1

v )′ is constant on ψv(Uw ∩ Uv).
Now fix w, v ∈ J , i ∈ I, and write C = φ−1

i (φi(Uw) ∩ Uv)). Since
φi(Uw) ∩ Uv)) is a convex set and therefore connected, its continu-
ous image C is also connected. Then there are t, t′ ∈ T such that
Uw ⊂ B(vt, δ) ⊂ Bλ(t), Uv ⊂ B(vt′ , δ) ⊂ Bλ(t′) and C is contained in
a connected component of Bλ(t) ∩ φ−1

i (Bλ′(t)). Using the chain rule we
then get for all z ∈ C
(ψv ◦ φi ◦ ψ−1

w )′(ψv(z)) = ψ′
v(φi(z))φ

′
i(z)(ψ

′
w(z))

−1

= Gt′(φi(z))φ′i(z)G
−1
t (z)

= exp
(
i(γλ(t′)(φi(z))) + lt′(φi(z)) + log |φ′i(z)|

+ iargλ(t)φ
′
i(z)− iγλ(t)(z)− lt(z)

)
= exp

(
lt′(φi(z)) + log |φ′i(z)| − lt(z)

)
× exp

(
i(argλ(t)φ

′
i(z)− γλ(t)(z) + γλ(t′)(φi(z))

)
.

Hence, using (7.8) we conclude that the derivative (ψv ◦φi ◦ψ−1
w )′ has a

constant argument on ψv(C) and consequently (ψv◦φi◦ψ−1
w )′ is constant

on ψv(C). The proof of the implication (ec)⇒(d2) is complete.

• The implication (a)⇒(f) is obvious.



7.3 Two-dimensional systems 191

• (f)⇒(er). Suppose first that the system S is 1-dimensional. Then the
condition ∇D̃φi ≡ 0 on J is similar (formally weaker) to D̃φi constant
in (a). We prove (er) similarly, via (c)⇒(d1)⇒(eh).
Assume now that S is not one-dimensional. Suppose that ∇D̃φi = 0

on J for all i ∈ I. Since S is not one-dimensional, it implies that
∇Dφi = 0 on U for all i ∈ I. Thus D̃φi = 0 is constant on U for all
i ∈ I, since U is connected. So, item (a) is proved in this case and
therefore, in view of what we have already proved, so is (er).
So, we may assume that there exists j ∈ I and w ∈ J such that

∇Dφj (w) �= 0. By continuity of the function ∇D̃φj there thus exists a
neighborhood W ⊂ V of w ∈ CI on which ∇D̃φj nowhere vanishes. Let
us consider on W the line field l orthogonal to ∇D̃φj . By the definition
of the limit set J , for every z ∈ J there exists τ ∈ I∗ such that φτ (z) ∈
J ∩W . Then define

l(z) = (φ−1
τ )′φτ (z)(l(φτ (z))), (7.17)

where, temporarily changing notation, (φ−1
τ )′φτ (z) denotes the derivative

of the map φ−1
τ evaluated at the point φτ (z) and the display above

expresses its action on a line element. We want to show first that in
this manner we define a line field on J . So, we need to show that if
φτ (z), φη(z) ∈ J ∩W , then

(φ−1
τ )′φτ (z)(l(φτ (z))) = (φ−1

η )′φη(z)(l(φη(z))). (7.18)

Suppose on the contrary that (7.18) fails with some z, τ, η as required
above. Then there exists a point x ∈W ∩J and γ ∈ I∗ (in fact for every
x ∈W there exists γ) such that φγ(x) is so close to z that

(φ−1
τ )′φτ (φγ(x))(l(φτ (φγ(x)))) �= (φ−1

η )′φη(φγ(x))(l(φη(φγ(x)))).

Hence

(φ−1
τγ )

′
φτγ(x)l(φτγ(x)) �= (φ−1

ηγ )
′
φηγ (x)l(φηγ(x)).

So, either

(φ−1
τγ )

′
φτγ(x)l(φτγ(x)) �= l(x)

or

(φ−1
ηγ )

′
φηγ (x)l(φηγ(x)) �= l(x).

Suppose for example the first incompatibility of l’s holds. Then

det(∇D̃φj ◦ φτγ(x),∇D̃φj (x)) �= 0
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contrary to our assumption. Thus the line field l is well defined on J
and it immediately follows from the method this field is constructed
that it is invariant with respect to all the contractions φi, i ∈ I. Notice
that formula (7.17) defines an invariant line field on V . We can use any
τ ∈ I∗ such that φτ (V ) ⊂ W . The resulting l does not depend on τ
because for any other such η (7.18) holds for z ∈ J , so it holds on the
whole of V . Otherwise the system would be one-dimensional because l is
real-analytic so the equation holds on a real-analytic set. The argument
arg l is of course defined up to integer multiplicity of π. Using again
Theorem 7.3.3, one can find {Bλ}, a finite cover of J by disks contained
in V , small enough that all the images φi(Bλ), i ∈ I, are convex. Then
all the intersections Bλ ∩ Bλ′ and Bλ ∩ φi(Bλ′) are connected. Define
γλ as an arbitrary branch of arg l on Bλ. Then (7.7) and (7.8) follow
from the invariance of l under S, with constants c(λ, λ′) and c(λ, λ′, i)
that are multiples of π. Thus (er) is proved.

• (d2)⇒(d3). Let {ψt : Ut → CI }t∈T be the atlas produced by (d2).
Fix x ∈ JS , choose s ∈ T such that x ∈ Us and then ρ ∈ I∗ such that
x ∈ φρ(J) ⊂ φρ(W ) ⊂ Us. Consider now the iterated function system

Sρ = {ψs ◦ φρ ◦ φi ◦ φ−1
ρ ◦ ψ−1

s }i∈I ,
where the role of X is played by ψs(φρ(X)) and the role of W is played
by ψs(φρ(W )). It follows from (d2) that each map ψs◦φρ◦φi◦φ−1

ρ ◦ψ−1
s ,

i ∈ I, is affine on each sufficiently small neighborhood of each point of
ψs(φρ(J)). Hence, as holomorphic, this map must be affine on the whole
connected domain ψs(φρ(W )). �

Let us prove now a technical fact about 1-dimensional systems.

Proposition 7.3.7 Suppose that F = {fi : X → X}i∈I and G = {gi :
Y → Y }i∈I are two not essentially affine topologically conjugate systems.
Suppose also that the measures mG and mF ◦ h−1 are equivalent. If one
of these systems is 1-dimensional, then so is the other one.

Proof. Suppose on the contrary that G is not 1-dimensional. Then it
follows from Theorem 7.3.6 that there exist y ∈ JG, j ∈ I, ω ∈ I∗ and a
neighborhood W2 ⊂ CI of y such that the map

G = (D̃gj ◦ γω, D̃gj )
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is invertible onW2. Since the measuresmG andmF ◦h−1 are equivalent,
after an appropriate normalization µF = µG ◦ h meaning that Dh =
dµG◦h
dµF

= 1. Since h ◦ fτ = gτ ◦ h for all τ ∈ I∗ and since Dh = 1,

G ◦ h = F
on J , where F = (D̃fj ◦ γω, D̃fj ). Write x = h−1(y). Then h = G−1 ◦ F
onW1∩JF for some open neighborhoodW1 of x in CI such that F(W1) ⊂
G(W2). Since F ,G−1 are real-analytic, the image G−1◦F(W1∩MF ) for a
small enough suchW1 is a real-analytic curve and G−1◦F(W1∩MF )∩JG
contains an open neighborhood of y in JG. Using now Lemma 7.3.4 we
conclude that G is 1-dimensional. �

The main result of this section is contained in the following.

Theorem 7.3.8 If two conformal regular iterated function systems F =
{fi : X → X}i∈I} and G = {gi : Y → Y }i∈I} satisfying the open set
condition are not essentially affine and are conjugate by a homeomorph-
ism h : JF → JG, then the following conditions are equivalent.

(a) The conjugacy between the systems F and G extends in a con-
formal fashion to an open neighborhood of JF .

(b) The conjugacy between the systems F and G extends in a real-
analytic fashion to an open neighborhood of JF .

(c) The conjugacy between the systems F and G is bi-Lipschitz con-
tinuous.

(d) |g′ω(yω)| = |f ′ω(xω)| for all ω ∈ I∗, where xω and yω are the only
fixed points of fω : X → X and gω : Y → Y respectively.

(e) ∃S ≥ 1 ∀ω ∈ I∗

S−1 ≤ diam(gω(Y ))
diam(fω(X))

≤ S.

(f) ∃E ≥ 1 ∀ω ∈ I∗

E−1 ≤ ||g′ω||
||f ′ω||

≤ E.

(g) HD(JG) = HD(JF ) and the measures mG and mF ◦ h−1 are
equivalent.

(h) The measures mG and mF ◦ h−1 are equivalent.

Proof. The implications (a)⇒(b) and (b)⇒(c) are obvious. That
(c)⇒(d) results from the fact that (c) implies condition (1) of The-
orem 7.1.1, which in view of that theorem is equivalent with condition



194 Dynamical Rigidity of CIFSs

(2) of Theorem 7.1.1, which finally is the same as condition (d) of The-
orem 7.3.8. The implications (d)⇒(e)⇒(f)⇒(g) have been proved in
Theorem 7.1.1. The implication (g)⇒(h) is again obvious. We are left
to prove that (h)⇒(a). We shall first prove that (h)⇒(b). So, suppose
that (h) holds. Then, after an appropriate normalization µF = µG ◦ h
meaning that Dh = dµG◦h

dµF
= 1. If F is one-dimensional, then by Pro-

position 7.3.7, so is G and the implication (h)⇒(b) follows from The-
orem 7.2.4 and the fact that each real-analytic map between real-analytic
curves extends to a (complex) analytic map defined on some of their
neighborhoods in CI. Hence, we may assume that neither system F or G
is 1-dimensional. Therefore, since G is not essentially affine, there exist
y ∈ JG, j ∈ I, ω ∈ I∗ and a neighborhood W2 ⊂ CI of y such that the
map

G = (D̃gj ◦ gω, D̃gj )

is invertible on W2. Since h◦fτ = gτ ◦h for all τ ∈ I∗ and since Dh = 1,

G ◦ h = F
on W1 ∩ Jf , where F = (D̃fj ◦ gω, D̃fj ) and W1 is a neighborhood of
x = h−1(y) ⊂ CI. Since G is invertible on W2, G(y) = F(x) and F is
continuous, we may assume that F(W1) ⊂ G(W2). Hence G−1 ◦F is well
defined on W1 and G−1 ◦ F|W1∩JF = h. Consider now ω ∈ I∗ such that
fω(JF ) ⊂W1. Since

G−1 ◦ F(fω(JF )) = h ◦ fω(JF ) = gω ◦ h(JF ) = gω(JG) ⊂ gω(VG),
since gω(W2) is open, and since fω and G−1 ◦ F are continuous, there
exists an open neighborhood V1 ⊂ VF of JF such that fω(V1) ⊂W1 and
G−1 ◦ F(fω(V1)) ⊂ gω(W2). Hence, the map

g−1
ω ◦ (G−1 ◦ F) ◦ fω : V1 → CI

is well defined and by Corollary 6.1.5 is real-analytic, and g−1
ω ◦ (G−1 ◦

F) ◦ fω|JF = h. Thus, the property (b) is proved.

(b)⇒(a). Let H be this real-analytic extension of h on some neighbor-
hood WF of JF in CI. If F is one-dimensional and DF is the family
of real-analytic curves coming from the one-dimensionality of F , then,
in view of Proposition 7.3.7, G is also one-dimensional and the real-
analytic map H |MF : DF → DG has a (complex) analytic extension to
some neighborhood of DF in CI. So, we may assume that F is not one-
dimensional. We may also assume WF to be so small that H ′ is a linear



7.4 Rigidity in dimension d ≥ 3 195

isomorphism at every point of WF . Define the function ψ :WF → IR by
the formula

ψ(z) =
||H ′(z)||

||(H ′(z))−1|| .

Suppose that ψ(ξ) = 1 for some point ξ ∈WF . Since for every ω ∈ I∗

ψ(fω(ξ)) =
||H ′(fω(ξ))||

||(H ′(fω(ξ)))−1|| =
||g′ω(H(ξ)) ·H ′(ξ) · (f ′ω(ξ))−1||

||(g′ω(H(ξ)) ·H ′(ξ) · (f ′ω(ξ))−1
)−1||

=
||H ′(ξ)||

||(H ′(ξ))−1|| = ψ(ξ)

and since {fω(ξ) : ω ∈ I∗} ⊃ JF , we conclude that ψ = 1 identically
on JF . Since ψ is real-analytic and since F is not 1-dimensional, using
Lemma 7.3.4, we conclude that ψ = 1 on an open neighborhood of JF .
But this means that H is conformal. So, we may assume that ψ(z) �= 1
for every z ∈WF . Define then the field {Ez}z∈WF on WF as follows.

Ez =
{
w ∈ CI : |H

′(z)w|
|w| = |H ′(z)|

}
∪ {0}.

For every z ∈WF , the set Ez is a linear subspace of CI of dimension ≥ 1.
Its codimension is ≥ 1 since ψ(z) �= 1. In conclusion dim(Ez) = 1 for all
z ∈ WF . Obviously Ez depends continuously on z. Since the maps fi :
CI → CI, i ∈, are conformal, f ′i(z)(Ez) = Efi(z) for all i ∈ I and putting
locally γλ(z) = arg(Ez), it therefore follows from Theorem 7.3.6(ec)
that the system F is essentially affine. This contradiction finishes the
proof. �

7.4 Rigidity in dimension d ≥ 3

In this section we strengthen the rigidity results of the previous section,
cf. [U5]. We begin with the following.

Lemma 7.4.1 Suppose that φ : IRd → IRd, d ≥ 3, is a conformal
diffeomorphism that has an attracting fixed point a (φ(a) = a, |φ′(a)| <
1). If M is an open connected C1-submanifold of IRd such that φ(M) ⊂
M and a ∈M , then M is either a subset of a φ-invariant affine subspace
of the same dimension as M , or a subset of a φ-invariant geometric
sphere of the same dimension as M .

Proof. Since a is an attracting fixed point of φ, there exists a radius
r > 0 so small that φ−1

(
R
d \ B(a, r)) ⊂ R

d \ B(a, r), where R
d
is
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the Alexandrov compactification of IRd obtained by adding the point
at infinity. Since R

d \ B(a, r) is a closed topological ball, in view of
Brouwer’s fixed point theorem there exists a fixed point b of φ−1 in
R
d \B(a, r). Hence b is also a fixed point of φ and b �= a. Then the map

ψ = ib,1 ◦ φ ◦ i−1
b,1

(ib,1 equals identity if b = ∞) fixes ∞, which means that this map is
affine, and w = ib,1(a) is an attracting fixed point of ψ. In addition
ψ(M̃) ⊂ M̃ , where M̃ = ib,1(M), w ∈ M̃ , and ψ : IRd → IRd, as an
affine map, can be written in the form λA+ c, where λ > 0 and A is an
orthogonal matrix. Since ψ(M̃) ⊂ M̃ , and since ψ is a diffeomorphism,
ψ′(z)(TzM̃) = Tψ(z)M̃ . In particular ψ′(w)E = E, where E = TwM̃ .
Without looss of generality we may assume that M̃ is contained in the
basin of immediate attraction to w. We shall show that

TzM̃ = E

for every z ∈ M̃ . And indeed, take an arbitrary point point z ∈ M̃ .
Since ψ′(x) = λA for all x ∈ IRd and since λA is conformal, we get for
all n ≥ 0 that

∠(TzM̃,E) = ∠(An(TzM̃), AnE)

= ∠((ψn)′(z)TzM̃), E) = ∠(Tψn(z)M̃,E),

where ∠ denotes the angle between linear hyperspaces. Since limn→∞
Tψn(z)M̃ = TwM̃ = E, we conclude that ∠(TzM̃,E) = 0, or equivalently
TzM̃ = E. Since the only integral manifolds of a constant field of linear
subspaces are affine subspaces, we conclude that M̃ is contained in an
affine subspace. Since M̃ is an open subset of it, this affine subspace is
φ-invariant. Since M = ib,1(M̃), we are done. �

We call the system S = {φi}i∈I at most q-dimensional, 1 ≤ q ≤ d,
if there exists MS , either a q-dimensional linear subspace of IRd or a
q-dimensional geometric sphere contained in IRd, such that J ⊂ MS

and φi(MS) = MS for all i ∈ I. We call the system S = {φi}i∈I
q-dimensional if q is the minimal number with this property.

Lemma 7.4.2 If a non-empty open subset of J is contained in a q-
dimensional real-analytic submanifold, then the system S is at most q-
dimensional.



7.4 Rigidity in dimension d ≥ 3 197

Proof. The assumptions of the lemma state that there exists a point
x ∈ J , an open ball B(x) centered at x and M , a p-dimensional open
connected real-analytic submanifold M containing J ∩B(x), where 1 ≤
p ≤ q is the minimal integer with this property. Fix now an arbitrary
auxiliary point z ∈ J . Since x ∈ J , there exists ω ∈ I∗ such that
φω(z) ∈ J ∩ B(x); moreover φω(V ) ⊂ B(x). Then the set φω(V ) ∩M
contains φω(V ) ∩ J , an open neighborhood of φω(z) in J , and consists
of countably many connected p-dimensional real-analytic submanifolds.
Taking the length of ω large enough we may assume that this countable
family is a single manifold. Then N = φ−1

ω (φω(V ) ∩M) is a connected
p-dimensional real-analytic submanifold (there are no branching points
since φ−1

ω is 1-to-1) containing J and contained in V . For the purpose of
this proof it is not important whether N is in fact independent of ω or
not. Fix an arbitrary i ∈ I. Let xi ∈ J be the only attracting fixed point
of φ. Since the connected component Ci,n of φni (N)∩N containing xi is a
real-analytic manifold of dimension ≤ dim(N) ≤ dim(M) = p, it follows
from the definition of p (its minimality) that dim(Ci,n) = p. Hence, the
two connected p-dimensional real-analytic open manifolds φni (N) and
N are extensions of the same p-dimensional real-analytic manifold Ci,n.
Therefore, since limn→∞ diam(φni (N)) = 0 and since xi ∈ φni (N), we
conclude that for all n ≥ 1 so large that diam(φni (N)) < dist(xi, ∂N),
we have φni (N) ⊂ N . Hence, in view of Lemma 7.4.2 applied with
φ = φni , we gain that N is an open subset of a p-dimensional set MS ,
either an affine subset or a geometric sphere contained in IRd invariant
under φni . Now, for every j ∈ I, φj(MS) ∩ MS �= ∅ since J ⊂ MS .
Since in addition φj(MS) ∩MS is either an affine subset or a geometric
sphere contained in IRd, we conclude from the minimality of p that
φJ (MS) =MS . �

We define essentially affine systems similarly as in the plane case.

Definition 7.4.3 We say that the system S is essentially affine if S is
conjugate by a conformal homeomorphism with a system consisting only
of conformal affine contractions (i.e. of the form λA + b).

The first goal of this section is to prove the following characterizations
of essential affinity.
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Theorem 7.4.4 Suppose that the system S = {φi}i∈I is regular and
denote the corresponding conformal measure by m. Then the following
conditions are equivalent.

(a) For each i ∈ I the extended Jacobian D̃φi : U → IR is constant,
where U is the neighborhood of X produced in Corollary 2.3.

(b) There exist a continuous function u : X → IR and constants
ci ∈ IR, i ∈ I, such that

log |φ′i| = u− u ◦ φi + ci
for all i ∈ I.

(c) There exist a continuous function u : J → IR and constants
ci ∈ IR, i ∈ I, such that

log |φ′i| = u− u ◦ φi + ci
for all i ∈ I.

(d) The system S is essentially affine.
(er) There exist a real-analytic function γ : V → Lis(d) such that

γ ◦ φi · φ
′
i

|φ′i|
· γ−1 = ki ∈ LC(d)

for every i ∈ I, where Lis(d) is the group of all linear isometries
on IRd and LC(d) is the group of all linear conformal (of the form
λA) homeomorphisms of IRd. The composition of linear maps we
denote here and in the sequel either by · or we put no sign.

(ec) The same as (er) but γ is required to be continuous only.
(g) If S is not q-dimensional, then the vectors

(∇D̃φi ◦ φω(j)(z))
q
j=1

are linearly dependent for all z ∈ J , all i ∈ I and all sequnces
(ω(j))qj=1 ∈ (I∗)q.

(f) If S is q-dimensional, 1 ≤ q ≤ d, then either S is essentially
affine or there exists a field of linear subspaces in TMS of di-
mension and co–dimension greater than or equal to 1 defined on
a neighborhood of J in MS and invariant under the action of
derivatives of all maps φi, i ∈ I.

Proof. We shall prove the following implications: (a)⇒(b)⇒(c)⇒(d)⇒(a),
(d)⇒(er)⇒(ec)⇒(d) and (a)⇒(g)⇒(f)⇒(d).

• (a)⇒(b). Since for every i ∈ I, D̃φi = (ρ ◦ φi) · |φ′i|δ · ρ−1, we have

log(|D̃φi |) = log(|ρ| ◦ φi) + δ log |φ′i| − log |ρ|.
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Thus to finish the proof of the implication (a)⇒(b) it suffices to set
ci = 1

δ log(D̃φi) and u =
1
δ log |ρ|.

• The implication (b)⇒(c) is obvious.

(c)⇒(d). If all the maps φi, i ∈ I, are affine , there is nothing to
prove. So, we may assume that there exists j ∈ I such that the map
φj is not affine. For every n ≥ 1 let a(n) be the inversion center of
φnj . We shall prove that the sequence {a(n)}∞n=1 does not converge to
∞. Indeed, suppose on the contrary that this sequence converges to ∞.
Since a(n) = φ−1

jn (∞) = (φ−1
j )n(∞), we therefore get

∞ = lim
n→∞ a

(n−1) = lim
n→∞φj((φ

−1
j )n)

= φj( lim
n→∞(φ−1

j )n) = φj( lim
n→∞ a

(n)) = φj(∞)

which means that φj is affine. This contradiction shows that there exists
a subsequence {kn}∞n=1 such that a(kn) → a for some a ∈ IRd. Fix v ∈ J ,
the unique fixed point of φj : V → V . Iterating equation (c) n times,
we get for every z ∈ J that

u(z)− u(v) = log |φ′jn(z)| − log |φ′jn (v)|+ u(φjn(z))− u(φjn(v))

= −2 log ||z − a(n)||+ 2 log ||v − a(n)||+ u(φjn(z))− u(v).
Since φjn(z) converges to v and since the function u is continuous,
passing to the limit along the subsequence {kn}∞n=1, we get u(z) = u(v)−
2 log ||z − a|| + 2 log ||v − a||. Define the conformal map G : IRd → IRd

by setting

G(z) = eu(v)||v − a||2ia,1(z).
Then log |G′(z)| = u(v)+2 log ||v−a||−2 log ||z−a|| = u(z). Therefore,
using (c) again, we get for every i ∈ I that log |φ′i| = log |G′| − log |G′ ◦
φi|+ ci, or equivalently that

|(G ◦ φi ◦G−1)′(z)| = eci (7.19)

for all z ∈ G(J). Suppose that G ◦ φi ◦G−1 is not affine and let w and
λ > 0 denote respectively its inversion center and the scalar coefficient.
Then (7.19) takes the form λ||z − w||−2 = eci on G(J) or

||z − w||2 = λe−ci on G(J).

So, G(J) is contained in the sphere S(w,
√
λe−ci) centered at w and of

radius
√
λe−ci . Since for every n ≥ 0, G◦φni ◦G−1(G(J)) = G◦φni (J) ⊂

G(J), we conclude that all the descending sets G ◦ φni ◦G−1(G(J)) are
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contained in the sphere S(w,
√
λe−ci). Let H ⊂ S(w,

√
λe−ci) be a

minimal sphere (in the sense of inclusion) containing at least one of the
sets G ◦ φni ◦ G−1(G(J)), n ≥ 0. Thus there exists k ≥ 0 such that
G ◦ φki ◦G−1(G(J)) ⊂ H . Then

G ◦ φk+1
i ◦G−1(G(J)) ⊂ H ∩ (G ◦ φi ◦G−1(H)). (7.20)

Since G ◦φi ◦G−1(H) is either a sphere or an affine subspace of IRd and
since G◦φk+1

i ◦G−1(G(J)) contains at least three points (is uncountable
in fact), the intersection H ∩ (G ◦ φi ◦G−1(H)) is a sphere (at least 1-
dimensional) again. Therefore by the minimality of H and by (7.20) we
conclude that H ∩ (G ◦ φi ◦ G−1(H)) ⊃ H , which means that G ◦ φi ◦
G−1(H) ⊃ H . Therefore, since dim(G ◦ φi ◦ G−1(H)) = dim(H), we
conclude that

G ◦ φi ◦G−1(H) = H. (7.21)

Let xi be the unique fixed point of the map φi : V → V . Since G ◦ φni ◦
G−1(z) → G(xi) uniformly on G(V ) ⊂ G(J), it follows from (7.19) that
ci > 0. So, for every z ∈ S(w,√λe−ci) ⊃ H ,

|(G ◦ φi ◦G−1)′(z)| = λi||z − w||−2 = λiλ−1
i eci = eci .

This implies that G◦φi◦G−1 is a uniform contraction onH and therefore
G◦φni ◦G−1(z) → G(xi) uniformly onH . This however contradicts (7.21)
and finishes the proof of the implication (c)⇒(d).

• (d)⇒(a). Let G : IRd → IRd be a conformal homeomorphism provid-
ing conjugacy of S with a system consisting only of conformal affine
contractions. Then for every i ∈ I

gi = |(G ◦ φi ◦G−1)′(z)|

is a number independent of z ∈ G(V ). By the chain rule we have for
every z ∈ V

Ln(11)(z) =
∑
|ω|=n

|φω(z)′|h =
∑
|ω|=n

|G′(z)|h|G′(φω(z))|−δ
n∏
i=1

ghωi
.
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Fix now j ∈ I. Then for every n ≥ 1 and all z ∈ V we get

Ln(11)(φj(z))
Ln(11)(z) |φ′j(z)|δ =

∑
|ω|=n |G′(φj(z))|δ|G′(φω(φj(z)))|−δ

∏n
i=1 g

δ
ωi∑

|ω|=n |G′(z)|δ|G′(φω(z))|−δ
∏n

i=1 g
δ
ωi

× gδj |G′(z)|δ|G′(φj(z))|−δ

=

∑
|ω|=n |G′(φω(z))|δ∑

|ω|=n |G′(φω(φj(z))|δ g
δ
j .

Since ||φω(x) − xω|| ≤ const s|ω|, where xω is the only fixed point of
φω : V → V , we conclude that

Ln(11)(φj(z))
Ln(11)(z) |φ′j(z)|h → ghj

uniformly on V . Hence, applying Theorem 7.1.1, we conclude that

D̃φj = ρ(φj(z))ρ(z)|φ′j(z)|h = lim
n→∞

Ln(11)(φj(z))
Ln(11)(z) |φ′j(z)|h = ghj

on X . Since D̃φj is real-analytic on U , we conclude that D̃φj = ghj on
U . The proof of the implication (d)⇒(a) is complete.

• (d)⇒(er). Define

γ =
G′

|G′| .

Since for every i ∈ I, G ◦ φi ◦G−1 is affine, we conclude that G′ ◦ φi ◦
G−1 · φ′i ◦G−1 · (G′)−1 ◦G−1 = ki ∈ LC(d). Hence((

G′

|G′|
)
◦ φi ·

(
φ′i
|φ′i|

)
·
(
G′

|G′|
)−1

)
◦G−1 =

ki
|ki|

and it suffices to take γ = G′
|G′| . Thus the proof of the implication

(d)⇒(er) is complete.

• The implication (er)⇒(ec) is obvious.

• (ec)⇒(d). If all the maps φi, i ∈ I are affine, there is nothing to prove.
So, assume that there is j ∈ I such that φj is not affine. Then no iterate
φjn is affine. Let a(n) denote the inversion center of φjn . Fix v ∈ J . By
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(ec) the following holds for every z ∈ V and every n ≥ 1

(γ(v))−1γ(z)

=

(
φ′jn(v)
|φ′jn(v)|

)−1

· (γ ◦ φjn(v)
)−1
knj k

−n
j

(
γ ◦ φjn(z)

) (
φ′jn(z)
|φ′jn(z)|

)

=

(
φ′jn(v)
|φ′jn(v)|

)−1

· (γ ◦ φjn(v)
)−1(

γ ◦ φjn(z)
) (

φ′jn(z)
|φ′jn(z)|

)
= (Tn(v))−1

(
γ ◦ φjn(v)

)−1(
γ ◦ φjn(z)

)
Tn(z),

where Tn(w) = Id− 2Q(w− a(n)) and in the canonical coordinates Q is
given by the matrix

Q(x) =
xixj
||x||2 .

We shall now prove that the sequence {a(n)}∞n=1 does not converge to
∞. Indeed, suppose on the contrary that limn→∞ a(n) = ∞. Since
a(n) = φ−1

jn (∞) = (φ−1
j )n(∞), we therefore get

∞ = lim
n→∞ a

(n−1) = lim
n→∞φj((φ

−1
j )n) = φj( lim

n→∞(φ−1
j )n)

= φj( lim
n→∞ a

(n)) = φj(∞)

which means that φj is affine. This contradiction shows that there exists
a subsequence {kn}∞n=1 such that a(kn) → a for some a ∈ IRd. Then for
every n ≥ 1,

(γ(v))−1γ(z) = (Tkn(v))
−1

(
γ ◦ φjnk (v)

)−1(
γ ◦ φjnk (z)

)
Tkn(z),

and taking the limit when n→ ∞, we obtain

(γ(v))−1γ(z) =
(
Id− 2Q(v − a))−1(Id− 2Q(z − a))

or, equivalently,

γ(z) = γ(v)
(
Id− 2Q(v − a))−1(Id− 2Q(z − a)).

Define

G = γ(v)
(
Id− 2Q(v − a))−1 ◦ ia,1.

Then

G′(z) = γ(v)
(
Id− 2Q(v − a))−1 1

||z − a||2
(
Id− 2Q(z − a)).
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Hence

G′(z)
|G′(z)| = γ(v)

(
Id− 2Q(v − a))−1(Id− 2Q(z − a)). = γ(z)

Therefore for every i ∈ I, (ec) takes the form
G′ ◦ φi(z)
|G′ ◦ φi(z)| ·

φ′i(z)
|φ′i(z)|

·
(
G′(z)
|G′(z)|

)
= ki.

Suppose that G ◦φi ◦G−1 is not affine. Then for y, the inversion center
of G ◦ φi ◦G−1, we get in canonical coordinates that

δmn − 2
(zm − ym)(zn − yn)

||z − y||2 = (ki)mn

for all z ∈ V and all m,n ∈ {1, 2, . . . , d}, where δ denotes the Kronecker
symbol here. But this is impossible and we conclude that G ◦ φi ◦G−1

is affine. The proof of the implication (ec)⇒(d) is complete.

• The implication (a)⇒(g) follows from the implication (a)⇒(d).

• (g)⇒(f). Conjugating the system S by a conformal diffeomorphism
we may assume that MS = IRq. Given i ∈ I and (ω(j))qj=1 ∈ (I∗)q let

A = (i, ω(1), . . . , ω(q))

and let HA : IRq → IRq be the map defined by the formula

HA(z) =
(
D̃φi ◦ φω(1)(z), . . . , D̃φi ◦ φω(q)(z)

)
.

Suppose first that for every i ∈ I there exists A such that H ′
A = 0 on

J . Since S is not (q − 1)-dimensional, this implies that H ′
A = 0 on a

neighborhood of J in IRq. But then D̃φi is constant on an open subset
of IRq having a non-empty intersection with J . Since by Corollary 6.1.5
D̃φi is real-analytic, it is therefore constant on the appropriate set Uq
produced in this corollary. Hence, in view of already proved implication
(a)⇒(d), the system {φi : IRq → IRq} is conjugate by a conformal
diffeomorphism ρ : Rq → IRq with an affine system. Since ρ extends to
a conformal diffeomorphism from IRd to IRd and since an extension of
an affine map in IRq to an affine map in IRd is also affine (if q ≤ 1 we
need to be certain that these extensions are of the form λA+ b), we are
done in this case.
So, suppose that there exists i ∈ I such that for every A with the

first element equal to i there exists x ∈ J such that H ′
A(x) �= 0. Choose

w ∈ J and A = (i, ω(1), . . . , ω(q)) such that dimKerH ′
A(w) is minimal,
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say equal to p ≤ q − 1. By the assumptions of (g), dimKerH ′
A(w) ≥ 1.

So

1 ≤ dimKerH ′
A = p ≤ q − 1

on W , a neighborhood of w in IRq. By the definition of the limit set J ,
for every z ∈ V there exists τ ∈ I∗ such that φτ (z) ∈ W . Then define

l(z) = (φ−1
τ )′φτ (z)(KerH

′
A(φτ (z))),

where, temporarily changing notation, (φ−1
τ )′φτ (z) denotes the derivative

of the map φ−1
τ evaluated at the point φτ (z). We want to show first that

we define in this manner a line field on V . So, we need to show that if
φτ (z), φη(z) ∈ W , then

(φ−1
τ )′φτ (z)(l(φτ (z))) = (φ−1

η )′φη(z)(l(φη(z))). (7.22)

Suppose on the contrary that (7.22) fails with some z, τ, η as required
above. Then there exists a point x ∈ W and γ ∈ I∗ (in fact for every
x ∈ W there exists γ) such that φγ(x) is so close to z that

(φ−1
τ )′φτ (φγ(x))(l(φτ (φγ(x)))) �= (φ−1

η )′φη(φγ(x))(l(φη(φγ(x)))).

Hence

(φ−1
τγ )

′
φτγ(x)l(φτγ(x)) �= (φ−1

ηγ )
′
φηγ(x)l(φηγ(x)).

So, either

(φ−1
τγ )

′
φτγ(x)l(φτγ(x)) �= KerH ′

A(x)

or

(φ−1
ηγ )

′
φηγ (x)l(φηγ(x)) �= KerH ′

A(x).

Without loss of generality we may assume that the first inequality holds.
Since (HA◦φτγ)′(x) = H ′

A(φτγ(x))φ
′
τγ(x), we get Ker

(
(HA◦φτγ)′(x)

)
=

φ′τγ(x)
−1(KerH ′

A(φτγ(x))) and therefore

Ker
(
(HA ◦ φτγ)′(x)

) �= KerH ′
A(x). (7.23)

If now φγ(x) is sufficiently close to z, then φτγ(x) is so close to φτ (z)
that φτγ(x) ∈ W . Then

+dim
(
KerH ′

A(φτγ(x))
)
= p = dim(KerH ′

A(x)). (7.24)

Consider now linearly independent vectors
(∇D̃φi◦φω(k1)(x), . . . ,∇D̃φi◦

φω(kt)(x)
)
, t = q − dim(KerH ′

A(x)). If v ∈ KerH ′
A(x), then < ∇D̃φi ◦

φ
ω(kj )(x), v >= 0 for all j = 1, 2, . . . , t. Suppose that each vector

∇D̃φi ◦ φω(j)τγ(x), j = 1, . . . , q, is a linear combination of the vectors
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)
, t = q−dim(KerH ′

A(x)). Then
< ∇D̃φi ◦ φω(j)τγ(x), v >= 0 for all j = 1, . . . , q and all v ∈ KerH ′

A(x).
Hence Ker

(
(HA ◦ φτγ)′

)
(x) ⊃ KerH ′

A(x). Thus using (7.24) we con-
clude that Ker

(
(HA ◦ φτγ)′

)
(x) = KerH ′

A(x). This contradicts (7.23)
and shows that there exists 1 ≤ u ≤ q such that the vectors

(∇D̃φi ◦
φ
ω(kj )(x)

)t
j=1

together with the vector ∇D̃φi ◦ φω(u)τγ(x) form a lin-
early independent set. Hence, if B = (i, ω(u)τγ, ω(k1), . . . , ω(kt), i, . . . , i)
((q − (t + 1)) i’s at the end), then the rank of H ′

B(x) is greater than
or equal to t + 1. Thus KerH ′

B(x) = q − rank(H ′
B(x)) ≤ q − (t + 1) =

q − q + dim(KerH ′
A(x)) − 1 = p − 1, which is a contradiction with the

definition of p and finishes the proof of the implication (g)⇒(f).

• (f)⇒(d). In order to prove this implication suppose that there exists
a field of linear subspaces Ex in TMS of dimension and co–dimension
greater than or equal to 1 defined on a neighborhood of J in MS and
invariant under the action of derivatives of all maps φi, i ∈ I. Con-
jugating our system by a conformal diffeomorphism, we may assume
that MS = IRq. Fix an element j ∈ I. In the course of the proof
of Lemma 7.4.1 we have shown that besides one attracting fixed point
xj ∈ X , the map φj has a different fixed point yj ∈ IRd. Conjugate the
system S by the inversion iyj ,1 (equal to the identity if yj = ∞) and
denote the resulting system by S1. Put ψi = iyj,1 ◦φi ◦ iyj,1 for all i ∈ I.
The field Fx = i′yj,1(Ex) is defined on a neighborhood W of JS1 and it
is S1-invariant. Since ψj : IRq → IRq is linear, inspecting the appropri-
ate part of the proof of Lemma 7.4.1 we see that the field {Fx}x∈W is
constant, say equal to F . So, the field of affine subspaces {x+ F}x∈W ,
as the unique field of integral manifolds of the S1-invariant field {F} of
linear subspaces, is S1-invariant, which means that ψ(x+F ) = ψi(x)+F
for every i ∈ I and every x ∈ W . So, if ψi is not affine for some i ∈ I,
then x+F must contain ψ−1

i (∞), the center of inversion of ψi, for every
x ∈ W . Since W is open in IRq and since dim(F ) ≤ q − 1, this is im-
possible and proves that ψi is affine. The implication (f)⇒(d) is thus
proved. �

Our next result is the following rather unexpected fact.

Proposition 7.4.5 Suppose that F = {fi : X → X}i∈I and G = {gi :
Y → Y }i∈I are two not essentially affine topologically conjugate systems.
If the measures mG and mF ◦ h−1 are equivalent, then the systems F
and G are of the same dimension.
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Proof. Suppose on the contrary that the dimensions of F and G are not
equal. Without loss of generality we may assume that p = dimF < q =
dimG. Since G is not essentially affine, it follows from Theorem 7.4.4
that there exist y ∈ JG, i ∈ I, a sequence (ω(j))qj=1 ∈ (I∗)q and a
neighborhood WG ⊂MG of y such that the map

G =
(
D̃gi ◦ gω(1) , . . . , D̃gi ◦ gω(q)

)
is invertible onWG. Since the measuresmG andmF ◦h−1 are equivalent,
after an appropriate normalization µF = µG ◦h which means that Dh =
dµG◦h
dµF

= 1. Since h ◦ fτ = gτ ◦ h for all τ ∈ I∗ and since Dh = 1,

G ◦ h = F
on JF , where F =

(
D̃fi ◦ fω(1) , . . . , D̃fi ◦ fω(q)

)
. Write x = h−1(y).

Then h = G−1 ◦ F on WF ∩ JF for some open neighborhood WF of x
in MF such that F(WF ) ⊂ G(WG). Since by Corollary 6.1.5, the maps
F and G−1 are real-analytic, the image G−1 ◦ F(WF ) for an adequate
WF small enough, is a real-analytic submanifold of dimension ≤ q and
G−1 ◦ F(WF ) ∩ JG contains an open neighborhood of y in JG. So,
invoking Lemma 7.4.2, we conclude that G is at most p-dimensional.
This contradiction finishes the proof. �

The main result of this section, concerning of course smooth conjugacies
is contained in the following.

Theorem 7.4.6 If two conformal regular iterated function systems F =
{fi : X → X : i ∈ I} and G = {gi : Y → Y : i ∈ I} both satisfy-
ing the open set condition are not essentially affine and are conjugate
by a homeomorphism h : JF → JG, then the following conditions are
equivalent.

(a) The conjugacy between the systems F and G extends in a con-
formal fashion to an open neighborhood of X.

(b) The conjugacy between the systems F and G extends in a real-
analytic fashion to an open neighborhood of X.

(c) The conjugacy between the systems F and G is bi-Lipschitz con-
tinuous.

(d) |g′ω(yω)| = |f ′ω(xω)| for all ω ∈ I∗, where xω and yω are the only
fixed points of fω : X → X and gω : Y → Y respectively.

(e) ∃S ≥ 1 ∀ω ∈ I∗

S−1 ≤ diam(gω(Y ))
diam(fω(X))

≤ S.
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(f) ∃E ≥ 1 ∀ω ∈ I∗

E−1 ≤ ||g′ω||
||f ′ω||

≤ E.

(g) HD(JG) = HD(JF ) and the measures mG and mF ◦ h−1 are
equivalent.

(h) The measures mG and mF ◦ h−1 are equivalent.

Proof. The implications (a)⇒(b) and (b)⇒(c) are obvious. That
(c)⇒(d) results from the fact that (c) implies condition (1) of The-
orem 7.1.1, which in view of that theorem is equivalent with condition
(2) of Theorem 7.1.1 which finally is the same as condition (d) of The-
orem 7.4.6. The implications (d)⇒(e)⇒(f)⇒(g) have been proved in
Theorem 7.1.1. The implication (g)⇒(h) is again obvious. We are left
to prove that (h)⇒(a). We shall first prove that (h)⇒(b). So, suppose
that (h) holds. Then, after an appropriate normalization µF = µG ◦ h,
which means that Dh = dµG◦h

dµF
= 1. Since G is not essentially affine, it

follows from Theorem 7.4.4 that there exist y ∈ JG, i ∈ I, a sequence
(ω(j))qj=1 ∈ (I∗)q and a neighborhoodWG ⊂MG of y such that the map

G =
(
D̃gi ◦ gω(1) , . . . , D̃gi ◦ gω(q)

)
is invertible onWG. Since h◦fτ = gτ ◦h for all τ ∈ I∗ and since Dh = 1,
we have

G ◦ h = F
on JF , where F =

(
D̃fi ◦ fω(1) , . . . , D̃fi ◦ fω(q)

)
. Fix WF , an open

neighborhood of x = h−1(y) in MF so small that F(W1) ⊂ G(W2).
Hence G−1 ◦ F is well defined on W1 and G−1 ◦ F|W1∩JF = h. Consider
now ω ∈ I∗ such that fω(JF ) ⊂W1. Since

G−1 ◦ F(fω(JF )) = h ◦ fω(JF ) = gω ◦ h(JF ) = gω(JG) ⊂ gω(VG),
since gω(VG) is open and since fω and G−1 ◦ F are continuous, there
exists an open neighborhood V ′

F ⊂ VF of X such that fω(V ′
F ) ⊂W1 and

G−1 ◦ F(fω(V ′
F )) ⊂ gω(VG). Hence, the map

g−1
ω ◦ (G−1 ◦ F) ◦ fω : V ′

F → CI

is well defined, by Corollary 6.1.5 is real-analytic, and g−1
ω ◦ (G−1 ◦ F) ◦

fω|JF = h. Thus, property (b) is proved.
The last step of the proof of Theorem 7.4.6, that is the implication

(b)⇒(a), can be carried out using ideas from the proof of Lemma 7.2.7



208 Dynamical Rigidity of CIFSs

in [Pr] as follows. Let H be this real-analytic extension of h on a neigh-
borhood of WF of JF in MF . We may assume WF to be so small that
H ′ is a linear isomorphism at every point of WF . Define the function
ψ :WF → IR by the formula

ψ(z) =
||H ′(z)||

||(H ′(z))−1|| .

Suppose that ψ(ξ) = 1 for some point ξ ∈ WF . Since for every ω ∈ I∗

ψ(fω(ξ)) =
||H ′(fω(ξ))||

||(H ′(fω(ξ)))−1|| =
||g′ω(H(ξ)) ·H ′(ξ) · (f ′ω(ξ))−1||

||(g′ω(H(ξ)) ·H ′(ξ) · (f ′ω(ξ))−1
)−1||

=
||H ′(ξ)||

||(H ′(ξ))−1|| = ψ(ξ)

and since {fω(ξ) : ω ∈ I∗} ⊃ JF , we conclude that ψ = 1 identically
on JF . Since ψ is real-analytic and since F is q-dimensional, using
Lemma 7.4.2 we conclude that ψ = 1 on an open neighborhood of JF .
But this means that H is conformal. So, we may assume that ψ(z) �= 1
for every z ∈WF . Define the field {Ez}z∈WF on WF as follows.

Ez =
{
w ∈ IRq :

||H ′(z)w||
||w|| = ||H ′(z)||

}
∪ {0}.

For every z ∈ WF , the set Ez is a linear subspace of IRq of dimen-
sion ≥ 1. Its codimension is ≥ 1 since ψ(z) �= 1. Obviously Ez de-
pends continuously on z. Since the maps fi : IRq → IRq are conformal,
f ′i(z)(Ez) = Efi(z) and it thereofore follows from Theorem 7.4.4 that the
system F is essentially affine. This contradiction finishes the proof. �
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Parabolic Iterated Function Systems

In this chapter we develop the general theory of conformal parabolic
iterated function systems (see [MU7]).

8.1 Preliminaries

Our setting is this. Let X be a compact connected subset of a Euclidean
space IRd. Suppose that we have countably many conformal maps φi :
X → X , i ∈ I, where I has at least two elements satisfying the following
conditions.

(1) (Open set condition) φi(Int(X)) ∩ φj(Int(X)) = ∅ for all i �= j.
(2) |φ′

i(x)| < 1 everywhere except for finitely many pairs (i, xi), i ∈ I, for
which xi is the unique fixed point of φi and |φ′

i(xi)| = 1. Such pairs
and indices i will be called parabolic and the set of parabolic indices
will be denoted by Ω. All other indices will be called hyperbolic.

(3) ∀n ≥ 1 ∀ω = (ω1, ..., ωn) ∈ In if ωn is a hyperbolic index or ωn−1 �=
ωn, then φω extends conformally to an open connected set W ⊂ IRd

and maps W into itself.
(4) If i is a parabolic index, then

⋂
n≥0 φin(X) = {xi} and the diameters

of the sets φin(X) converge to 0.
(5) (Bounded distortion property) ∃K ≥ 1 ∀n ≥ 1 ∀ω = (ω1, ..., ωn) ∈

In ∀x, y ∈ V if ωn is a hyperbolic index or ωn−1 �= ωn, then

|φ′
ω(y)|

|φ′
ω(x)|

≤ K.

(6) ∃s < 1 ∀n ≥ 1 ∀ω ∈ In if ωn is a hyperbolic index or ωn−1 �= ωn,
then ||φ′

ω || ≤ s.

209



210 Parabolic Iterated Function Systems

(7) (Cone condition) There exist α, l > 0 such that for every x ∈ ∂X ⊂
IRd there exists an open cone Con(x, α, l) ⊂ Int(X) with vertex x,
central angle of Lebesgue measure α, and altitude l.

(8) There exists a constant L ≥ 1 such that∣∣|φ′
i(y)| − |φ′

i(x)|
∣∣ ≤ L||φ′

i|| · |y − x|
for every i ∈ I and every pair of points x, y ∈ V .

(9) For every i ∈ Ω̃ put
Xi =

⋃
j∈I\{i}

φj(X).

We will also need the following.∑
n≥0

||φ′
in ||αXi

< ∞.

We call such a system of maps S = {φi : i ∈ I} a subparabolic iterated
function system. Let us note that conditions (1),(3),(5)–(7) are modeled
on similar conditions which were used to examine hyperbolic conformal
systems. If Ω �= ∅, we call the system {φi : i ∈ I} parabolic. As declared
in (2) the elements of the set I \Ω are called hyperbolic. We extend this
name to all the words appearing in (5) and (6). By I∗ we denote the
set of all finite words with alphabet I and by I∞ all infinite sequences
with terms in I. It follows from (3) that for every hyperbolic word
ω, φω(W ) ⊂ W . Note that our conditions insure that φ′

i(x) �= 0, for
all i and x ∈ V. We provide below without proofs all the geometrical
consequences of the bounded distortion properties (5) and (8), derived
in Section 4.1 which remain true in the parabolic case. We have for all
hyperbolic words ω ∈ I∗ and all convex subsets C of W

diam(φω(C)) ≤ ||φ′
ω||diam(C) (8.1)

and

diam(φω(V )) ≤ D||φ′
ω ||, (8.2)

where the norm || · || is the supremum norm taken over V and D ≥ 1 is
a universal constant. Moreover,

diam(φω(X)) ≥ D−1||φ′
ω|| (8.3)

and

φω(B(x, r)) ⊃ B(φω(x),K−1||φ′
ω||r), (8.4)
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for every x ∈ X , every 0 < r ≤ dist(X, ∂V ), and every hyperbolic word
ω ∈ I∗. Also, there exists 0 < β ≤ α such that for all x ∈ X and for all
hyperbolic words ω ∈ I∗

φω(Int(X)) ⊃ Con
(
φω(x), β,D−1||φ′

ω||
)

⊃ Con(φω(x), β,D−2diam(φω(V ))
)
,

(8.5)

where Con
(
φω(x), β,D−1||φ′

ω||
)
and Con

(
φω(x), β,D−2diam(φω(V ))

)
de-

note cones with vertices at φω(x), angles β, and altitudes D−1||φ′
ω|| and

D−2diam(φω(V )) respectively. In addition, for every ω ∈ I∗ (not ne-
cessarily hyperbolic) and every x ∈ X , there exists l(ω, x) > 0 such
that

φω(Int(X)) ⊃ Con
(
φω(x), β, l(ω, x)

)
. (8.6)

The important point in (8.6) is that by conformality we can get a cone
with vertex x and opening angle β lying in φω(X), but we cannot say
anything about the height of this cone unless ω is a hyperbolic word, in
which case we have (8.5). For each ω ∈ I∗ ∪ I∞, we define the length
of ω by the uniquely determined relation ω ∈ I |ω|. If ω ∈ I∗ ∪ I∞ and
n ≤ |ω|, then by ω|n we denote the word ω1ω2 . . . ωn. Our first aim in
this section is to prove the existence of the limit set. More precisely, we
begin with the following lemma.

Lemma 8.1.1 For all ω ∈ I∞ the intersection
⋂
n≥0 φω|n(X) is a

singleton.

Proof. Since the sets φω|n(X) form a nested sequence of compact sets,
the intersection

⋂
n≥0 φω|n(X) is not empty. Moreover, it follows from

(4) that if ω is of the form τi∞, τ ∈ I∗, i ∈ Ω, then the diameters of the
intersection

⋂k
n=0 φω|n(X) tend to 0 and, in the other case, the same

conclusion follows immediately from (6). In any case,
⋂
n≥0 φω|n(X) is

a singleton. �
Improving slightly the argument just given, we get the following.

Lemma 8.1.2 limn→∞ sup|ω|=n{diam(φω(X))} = 0.
Proof. Let g(n) = maxi∈Ω{diam(φin(X))}. Since Ω is finite it follows

from (4) that limn→∞ g(n) = 0. Let ω ∈ I∞. Given n ≥ 0 consider
the word ω|n. Look at the longest block of the same parabolic element
appearing in ω|n. If the length of this block exceeds √n then, since due
to (2) all the maps φj , j ∈ I, are Lipschitz continuous with a Lipschitz
constant ≤ 1, we have diam(φω|n(X)) ≤ g(

√
n). Otherwise, we can find
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in ω|n at least n−
√
n√
n
=

√
n−1 distinct hyperbolic indices. It then follows

from (6) (and Lipschitz continuity with a Lipschitz constant ≤ 1 of all
the maps φi, i ∈ I) that diam(φω|n(X)) ≤ s

√
n−1. �

We introduce on I∞ the standard metric d(ω, τ) = e−n, where n is the
largest number such that ω|n = τ |n. The corollary below is now an
immediate consequence of Lemma 2.2.

Corollary 8.1.3 The map π : I∞ → X, π(ω) =
⋂
n≥0 φω|n(X), is

uniformly continuous.

The limit set J = JS of the system S = {φi}i∈I satisfies

J = π(I∞) =
⋃
i∈I

φi(J).

We recall that the set J is not compact if the index set I is infinite. This
of course is one of the main technical issues to handle.

Lemma 8.1.4 If X is a topological disk contained in CI, then every
parabolic point lies on the boundary of X.

Proof. Suppose on the contrary that a parabolic point xi ∈ Int(X).
Let D1 = {z ∈ CI : |z| < 1} and let R : D1 → Int(X) be the Riemann
map (conformal homeomorphism) such that R(0) = xi. Consider the
composition R−1 ◦ φi ◦ R : D1 → D1. Then |(R−1 ◦ φi ◦ R)′(0)| =
|R′(0)|−1|R′(0)| = 1. Thus by Schwarz’s lemma R−1◦φi◦R is a rotation.
Since φi = R ◦ (R−1 ◦ φi ◦R) ◦R−1, it follows that φi(X) = R ◦ (R−1 ◦
φi ◦R) ◦R−1(X) = X . This contradiction finishes the proof. �

8.2 Topological pressure and associated parameters

Our first goal is to relate the pressure of the “volume potential” func-
tion ζ to the way pressure was defined in Section 3.1. We consider the
function : I∞ → IR given by the formula

ζ(ω) = − log |φ′
ω1
(π(σ(ω)))|.

Using heavily condition (8), we shall prove the following.

Proposition 8.2.1 The function ζ defined above is acceptable.
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Proof. Fix n ≥ 1 and ω, τ ∈ I∞ such that ω|n = τ |n. It then follows
from (8) that

|g(ω)− g(τ)| = ∣∣log |φ′
ω1
(π(σ(ω)))| − log |φ′

ω1
(π(σ(τ)))|∣∣

≤
∣∣|φ′
ω1
(π(σ(ω)))| − |φ′

ω1
(π(σ(τ)))|∣∣

min{|φ′
ω1
(π(σ(ω)))|, |φ′

ω1
(π(σ(ω)))|}

≤ L
||φ′
ω1
||

min{|φ′
ω1
(π(σ(ω)))|, |φ′

ω1
(π(σ(ω)))|}

× |π(σ(ω)) − π(σ(τ))|.

If ω1 is a hyperbolic index, then using the bounded distortion property,
we get

|g(ω)− g(τ)| ≤ LK|π(σ(ω))− π(σ(τ))|α.

On the other hand, since there are only finitely many parabolic indices,
there is a positive constant M such that if ω1 is parabolic, then

|g(ω)− g(τ)| ≤ LM |π(σ(ω))− π(σ(τ))|α.

Let L′ = Lmax{K,M}. Since X being compact is bounded, taking
n = 1, it follows from the last inequalities that maxi∈I{sup

(
g|[i]

) −
inf

(
g|[i]

)} ≤ L′diamα(X) < ∞. The uniform continuity of g follows from
inequality |g(ω) − g(τ)| ≤ L′|π(σ(ω)) − π(σ(τ))|α and Corollary 8.1.3.
�

We define for each W ⊂ X

PW (t) = lim
n→∞

1
n

∑
|ω|=n

||φ′
ω ||tW ,

where ||φ′
ω ||W = sup{|φ′

ω(x)| : x ∈ W}. Let us note that

PW (t) = inf{s :
∑
n≥1

∑
|ω|=n

||φ′
ω ||tW e−sn < ∞}.

We now introduce some notation. For each i ∈ Ω, let Ipgi = {ω ∈ Ip :
ωp �= i}.

Lemma 8.2.2 P(σ,−tζ) = P(t).
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Proof. First, we show P(t) = PJ (t). Clearly, PJ(t) ≤ P(t). To prove
the converse inequality, suppose PJ (t) < s. Then using (5)∑
n≥1

∑
|ω|=n

||φ′
ω||te−sn

=
∑
n≥1

∑
|ω|=n,ωn /∈Ω

||φ′
ω ||te−sn +

∑
n≥1

∑
i∈Ω

n∑
k=1

∑
ω∈In−k

gi

||φ′
ωik ||te−sn

≤ Kt
∑
n≥1

∑
|ω|=n,ωn /∈Ω

||φ′
ω ||tJe−sn +Kt

∑
n≥1

∑
i∈Ω

n∑
k=1

∑
ω∈In−k

gi

||φ′
ωi||tJe−sn

≤ Kt
∑
n≥1

∑
|ω|=n,ωn /∈Ω

||φ′
ω ||tJe−sn +Kt

∑
n≥1

∑
i∈Ω

n∑
k=1

∑
ω∈In−k

gi

× ||φ′
ωi||tJe−s(n−k+1)

≤ Kt
∑
n≥1

∑
|ω|=n

||φ′
ω ||tJe−sn < ∞.

So, P(t) ≤ s and consequently P(t) ≤ PJ(t). Next, we compute

P(σ,−tζ) = lim
n→∞

1
n
log

∑
|ω|=n

exp
(
sup
τ∈[ω]

n−1∑
j=0

tg(σj(τ))
)

= lim
n→∞

1
n
log

∑
|ω|=n

exp
(
sup
τ∈[ω]

n∑
j=1

t log |φ′
ωj
(π(σj(τ)))|)

= lim
n→∞

1
n
log

∑
|ω|=n

sup
τ∈[ω]

|φ′
ω(π(σ

nτ))|t

= lim
n→∞

1
n
log

∑
|ω|=n

||φ′
ω ||J = PJ (t) = P(t).

�

Our next goal is to prove that for parabolic systems the image of all shift-
invariant measures also satisfies a measure theoretic open set condition
known for hyperbolic systems (see Theorem 4.4.1). At this point we
make essential use of the cone condition.

Theorem 8.2.3 If µ is a shift-invariant Borel probability measure on
I∞, then

µ ◦ π−1(φτ (X) ∩ φρ(X)) = 0
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for all incomparable words τ, ρ ∈ I∗.

Proof. We begin by describing a situation which we show to be im-
possible. Suppose that there exist a point x ∈ X , an integer q ≥ 1 and
an increasing sequence {nk}k≥1 of positive integers along with pairwise
different words ρ(k), τ (k) ∈ Enk such that

x ∈ φτ (k)(X) ∩ φρ(k) (X)

and ρ(k)|nk−q = τ (k)|nk−q. Passing to a subsequence we may assume
that nk+1 − nk > q for every k ≥ 1. We shall construct by induction
with respect to k ≥ 1 a sequence {Ck}k≥1 such that for every k, Ck
consists of at least k + 1 incomparable words from {ρ(j), τ (j) : j ≤ k}.
Indeed, set C1 = {ρ(1), τ (1)}. Suppose now that Ck has been defined.

If ρ(k+1) does not extend any word in Ck, then we form Ck+1 by adding
ρ(k+1) to Ck. We can do a similar thing in case τ (k+1) does not extend
any word in Ck. If, on the other hand, ρ(k+1) extends some word κ in
Ck and τ (k+1) extends a word η in Ck, then κ and η are both exten-
ded by ρ(k+1) since for j ≤ k, |ρ(j)|, |τ (j)| ≤ nj ≤ nk, nk+1 > nk + q,
and ρ(k+1)|nk+1−q = τ (k+1)|nk+1−q. Since the words in Ck are incom-
parable, κ = η and this is the only word in Ck which is extended by
both ρ(k+1) and τ (k+1). In this case we form Ck+1 by taking away κ and
adding both ρ(k+1) and τ (k+1). Now the sets {φκ(X) : κ ∈ Ck} are non-
overlapping since the words are incomparable. By (8.6) we get k+1 pair-
wise disjoint open cones each with vertex x and opening angle β. This is
clearly impossible if k is large enough. So it is impossible to have such a
point x.
Let µ be a shift-invariant probability measure and suppose that µ ◦

π−1(φτ (X)∩φρ(X)) > 0 for some incomparable words τ, ρ ∈ I∗. Without
loss of generality we may assume that |τ | = |ρ|. Put E = φτ (X)∩φρ(X)
and set

E∞ =
∞⋂
k=0

∞⋃
n=k

⋃
|ω|=n

φω(E).

In view of what we have just proved E∞ = ∅. On the other hand,
by (8.6), for every n ≥ 0, each element of X belongs to at most 1/β
elements of φω(X), ω ∈ In (we assume that λd−1(Sd−1) = 1). Using
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this and the σ-invariance of measure µ, we get for every n ≥ 0

µ ◦ π−1


 ⋃

|ω|=n
φω(E)


 ≥ β−1

∑
|ω|=n

µ ◦ π−1
(
φω(E)

)

≥ β−1
∑
|ω|=n

µ
(
ωπ−1(E)

)
= β−1µ ◦ π−1(E),

where ωA = {ωκ : κ ∈ A} for every set A ⊂ I∞. Hence, for every k ≥ 0,

µ ◦ π−1


 ∞⋃
n=k

⋃
|ω|=n

φω(E)


 ≥ β−1µ ◦ π−1(E),

and therefore µ ◦ π−1(E∞) ≥ β−1µ ◦ π−1(E) > 0. This contradiction
finishes the proof. �

Let

θ = θ(S) = inf{t ≥ 0 : P(t) < ∞}.
Following the previous chapter we call θ the finiteness parameter of the
system S. Recall that α = {[i] : i ∈ I} is the partition of I∞ into
initial cylinders of length 1. The following result has been proved in the
hyperbolic context as Theorem 4.4.2.

Theorem 8.2.4 If µ is a shift-invariant ergodic Borel probability meas-
ure on I∞ such that Hµ(α) < ∞, χµ(σ) =

∫
ζdµ < ∞ and either

χµ(σ) > 0 or hµ(σ) > 0 (hµ(σ) > 0 implies χµ(σ) > 0), then

HD(µ ◦ π−1) =
hµ(σ)
χµ(σ)

.

The same proof goes through. Let

β = β(S) = sup{HD(µ ◦ π−1)},
where the supremum is taken over all ergodic finitely supported (so shift-
invariant) measures of positive entropy. Of course there are many such
measures. We shall prove the following.

Proposition 8.2.5 The pressure function P(t) has the following prop-
erties:

(1) P(t) ≥ 0 for all t ≥ 0
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(2) P(t) > 0 for all 0 ≤ t < β.

(3) P(t) = 0 for all t ≥ β.

(4) P(t) is non-increasing.

(5) P(t) is strictly decreasing on [θ, β].

(6) P(t) is continuous and convex on (θ,∞).

Proof. (1) Let i be a parabolic index and let xi be the correspond-
ing parabolic point. Then π(i∞) = xi. Let µ be the Dirac meas-
ure supported on i∞. Of course, µ is ergodic, finitely supported, and∫
tg dµ = t log |φ′

i(xi)| = 0. Hence, by Theorem 2.1.6 and Proposi-
tion 8.2.1, P (σ, tg) ≥ hµ(σ) +

∫
tgdµ = 0 and (1) is proved.

(2) Suppose that 0 ≤ t < β. Then there exists an ergodic, σ-invariant,
and finitely supported measure µ of positive entropy such that HD(µ ◦
π−1) > t. So, Theorem 8.2.4 applies to give t < HD(µ ◦ π−1) ≤
hµ(σ)/χµ(σ) which due to Theorem 2.1.6 and Proposition 8.2.1 implies
that P(σ, tg) ≥ hµ(σ) +

∫
tg dµ > 0.

(3) Suppose that P(t) > 0 for some t ≥ 0. Then in view of Theorem 2.1.6
and Proposition 8.2.1 there exists an ergodic σ-invariant finitely suppor-
ted measure µ such that hµ(σ) − tχµ(σ) > 0. Therefore hµ(σ) > 0 and
hence, by Theorem 8.2.3, t < hµ(σ)

χµ(σ) = HD(µ ◦ π−1) ≤ β. We are done.

(4) Suppose that t1 < t2. It is clear from the definition of pressure that
P(t2) =∞ implies P(t1) =∞. So, we may assume θ ≤ t1 < t2. Fix ε >
0. By Theorem 2.1.6 and Proposition 8.2.1 there exists an ergodic finitely
supported measure µ2 such that hµ2(σ)+

∫
t2gdµ2 ≥ P(σ, t2g)−ε. Then

by Theorem 2.1.6 and Proposition 8.2.1, P(σ, t1g) ≥ hµ2(σ)+
∫
t1gdµ2 =

hµ2(σ) +
∫
t2gdµ2+

∫
(t1 − t2)gdµ2 ≥ hµ2(σ) +

∫
t2gdµ2 ≥ P(σ, t2g)− ε.

Letting ε ↘ 0, we are done.

(5) Suppose θ ≤ t1 < t2 < β. Since P(σ, t2g) > 0, in view of The-
orem 2.1.6 and Proposition 8.2.1 there exists an ergodic σ-invariant and
finitely supported measure µ2 such that

hµ2(σ) +
∫

t2gdµ2 ≥ max
{
1
2
, 1− t2 − t1

4β

}
P(σ, t2g). (8.7)

Then hµ2(σ) ≥ P(σ, t2g)/2 > 0 and therefore by Theorem 8.2.4, hµ2 (σ)

χµ2 (σ) =
HD(µ2 ◦ π−1) ≤ β. Hence

∫ −gdµ2 ≥ hµ2(σ)/β ≥ P(σ, t2g)/2β. Thus,
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using (8.7), Theorem 2.1.6 and Proposition 8.2.1, we get

P(σ, t1g) ≥ hµ2(σ) +
∫

t1gdµ2 = hµ2(σ) +
∫

t2gdµ2 +
∫
(t1 − t2)gdµ2

≥ P(σ, t2g)− P(σ, t2g) t2 − t1
4β

+ P(σ, t2g)
t2 − t1
2β

= P(σ, t2g) + P(σ, t2g)
t2 − t1
4β

> P(σ, t2g).

An application of Hölder’s inequality shows that each function

t �→
∑
|ω|=n

exp
(
sup
τ∈[ω]

n−1∑
j=0

g(σj(τ))
)

is log convex. Therefore the map t �→ P(t), t ∈ (θ,∞), is convex and
consequently continuous. �

Let us remark that it is possible that β = θ. We will call such systems
“strange” and deal with them in more detail in sections 8.4 and 8.5.
Also, although it can happen that θS = 0, we always have P (0) ≥ log 2
and therefore h > 0.

8.3 Perron–Frobenius operator, semiconformal measures
and Hausdorff dimension

It follows from Proposition 8.2.5 that β is the first zero of the pressure
function. We shall provide below more characterizations of this number.
Given t > θ(S) we define in a familiar fashion the associated Perron–
Frobenius operator acting on C(X) as follows

Lt(f)(x) =
∑
i∈I

|φ′
i(x)|tf(φi(x)).

Notice that the nth composition of L satisfies
Lnt (f)(x) =

∑
|ω|=n

|φ′
ω(x)|tf(φω(x)).

Consider the dual operator L∗
t acting on the space of finite Borel meas-

ures on X as follows

L∗
t (ν)(f) = ν(Lt(f)).

Notice that the map ν �→ L∗
t (ν)/L∗

t (ν)(1) sending the space of Borel
probability measures into itself is continuous and by the Schauder-
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Tikhonov theorem it has a fixed point. In other words L∗
t (ν) = λν,

for some probability measure ν, where λ = L∗
t (ν)(1) > 0. A probability

measurem is said to be (λ, t)-semiconformal provided that L∗
t (m) = λm.

If λ = 1 we simply speak about t-semiconformal measures. Repeating
a short argument from the proof of Theorem 3.6 of [MU1] we shall first
prove the following.

Lemma 8.3.1 If m is a (λ, t)-semiconformal measure for the system S

with λ > 0, then m(J) = 1.

Proof. For each n ≥ 1 let Xn =
⋃

|ω|=n φω(X). The sets Xn form
a descending family and

⋂
n≥1 Xn = J . Notice that 11X|ω| ◦ φω = 11X

for all ω ∈ I∗ and therefore, using the (λ, t)-semiconformality of m, we
obtain for every n ≥ 1

λnm(Xn) =
∫
11XndL∗n

t (m) =
∫

Lnt (11Xn)dm

=
∫ ∑

|ω|=n
|φ′
ω |t(11Xn ◦ φω)dm

=
∫ ∑

|ω|=n
|φ′
ω |tdm =

∫
11XdL∗n

t (m)

=
∫

λn11Xdm = λn.

Thus, m(Xn) = 1 and therefore m(J) = m
(⋂
n≥1 Xn) = 1. �

We set

ψn(t) =
∑
|ω|=n

||φ′
ω ||t.

We note that θ(S) = inf{t : ψ(t) = ψ1(t) < ∞}. In order to demon-
strate the existence of (eP(t), t)-semiconformal measures we shall prove
the following.

Lemma 8.3.2 If t > θ(S) and L∗
t (m) = λm for some measure m on

X, then λ = eP(t).
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Proof. We first show the easier part that λ ≤ eP(t). Indeed, for all
n ≥ 1

λn =
∫

Lnt (11X)dm =
∫ ∑

|ω|=n
|φ′
ω(x)|tdm(x)

≤
∫ ∑

|ω|=n
||φ′
ω ||tdm =

∑
|ω|=n

||φ′
ω ||t

and therefore

logλ ≤ lim
n→∞

1
n
log

∑
|ω|=n

||φ′
ω||t = P(t). (8.8)

In order to prove the opposite inequality, for each p ≥ 1, let Tp =∑
ω∈Ip

g
||φ′
ω ||t, where Ipg is the set of those words ω ∈ Ip such that

ωp−1, ωp are not the same parabolic element. For each n,

ψn(t) =
∑
|ω|=n

||φ′
ω ||t ≤

∑
ω∈In

g

||φ′
ω||t +

∑
i∈Ω

∑
ω∈In−1

g

||φ′
ω ||t||φ′

i||t

+
∑
i∈Ω

∑
ω∈In−2

g

||φ′
ω||t||φ′

ii||t + · · ·+
∑
i∈Ω

||φ′
in ||t ≤

n∑
k=0

#ΩTk,

where T0 = 1. Take 0 ≤ q(n) ≤ n that maximizes Tk. Then ψn ≤
(n+ 1)#ΩTq(n) and therefore

P(t) = lim
n→∞

1
n
logψn

≤ lim inf
n→∞

(
log(n+ 1)

n
+
q(n)
n

· 1
q(n)

logTq(n) +
1
n
log#Ω

)

≤ max
{
0, lim sup
n→∞

1
n
logTn

}
.

(8.9)

Let

L̃nt (1) =
∑
ω∈In

g

|φ′
ω |t.

It follows from condition (5) of a subparabolic iterated function system
that for all n ≥ 1, ω ∈ Ing and all x ∈ X

||φ′
ω ||t ≤ Kt|φ′

ω(x)|t.
Summing we have Tn ≤ KtL̃nt (1)(x) and integrating this inequality with
respect to the measure m, we get

Tn ≤ Kt
∫

L̃nt (1)(x)dm(x) ≤ Ktλn.
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Thus, by (8.9)

P(t) ≤ max{0, lim sup
n→∞

1
n
logTn} ≤ max{0, logλ}.

If now t < β(S), then by Proposition 8.2.5(2), P(t) > 0, and we therefore
get P(t) ≤ logλ. Thus, we are done in this case. So, suppose that
t ≥ β(S). Then by Proposition 8.2.5(3), P(t) = 0 and in view of (8.8)
we are left to show that λ ≥ 1. In order to do it fix an arbitrary
0 < η < 1. It follows from conditions (4) and (2) that for all n large
enough, say n ≥ n0, |φ′

in(x)| ≥ ηn for all i ∈ Ω and all x ∈ X . Fix
j ∈ Ω. We then have for all n ≥ n0

λn =
∫
11dL∗n(m) =

∫ ∑
|ω|=n

|φ′
ω|tdm ≥

∫
|φ′
jn |tdm ≥

∫
ηtndm = ηtn.

Thus λ ≥ ηt and letting η ↗ 1 we get λ ≥ 1. �

Lemma 8.3.3 For every t > θ(S) a (P(t), t)-semiconformal measure
exists.

Proof. In view of Lemma 8.3.2 it suffices to prove the existence of an
eigenmeasure of the conjugate operator L∗

t . But this has been done in
the paragraph preceding Lemma 8.3.1. �

Let e = e(S) be the infimum of the exponents for which a t-semiconformal
measure exists. We shall shortly see this infimum is a minimum. Also,
let h = hS be the Hausdorff dimension of the limit set J . As an imme-
diate consequence of Proposition 8.2.5(3) and Lemma 8.3.3 we get the
following.

Lemma 8.3.4 e(S) ≤ β(S).

Now, suppose that m is t-semiconformal, or equivalently∫ ∑
ω∈In

|φ′
ω |t(f ◦ φω) dm =

∫
f dm, (8.10)

for every continuous function f : X → IR. Since this equality extends
to all bounded measurable functions f , we get

m(φω(A)) =
∑
τ∈In

∫
|φ′
τ |t(1φω(A) ◦ φτ ) dm ≥

∫
A

|φ′
ω |t dm (8.11)

for all n ≥ 1, ω ∈ In and all Borel subsets A of X .
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Our next task in this section is to note that h ≤ e. But this follows
immediately from the following lemma whose proof, using (8.10), is the
same as the proof of Theorem t4.4.1.

Lemma 8.3.5 If m is a t-semiconformal measure, then Ht|J � m and
the Radon-Nikodym derivative dH

t

dm is uniformly bounded from above.

Since obviously β ≤ h, we have thus proved the following characteriz-
ation of the Hausdorff dimension of the limit set; cf. Theorem 4.2.13,
which is true in the hyperbolic context, and the discussion preceding it.

Theorem 8.3.6 e = β = h = the minimal zero of the pressure function.

As an immediate consequence of Lemma 8.3.5, Lemma 8.3.3, Proposi-
tion 8.2.5(3) and Theorem 8.3.6 we get the following.

Corollary 8.3.7 The h-dimensional Hausdorff measure of the limit set
J is finite.

8.4 The associated hyperbolic system. Conformal and
invariant measures

In this section we describe how to associate to our parabolic system a
new system which is hyperbolic and whose properties we applyto study
the original system, in particular to prove the existence of h-conformal
measures. However, we begin this section with a result describing the
structure of t-semiconformal measures with exponents t > h. Let

Ω∗ = {φω(xi) : i ∈ Ω, ω ∈ I∗}.

So, Ω∗ is the set of orbits of parabolic points. The following the-
orem allows us to conclude that a t-semiconformal measure is conformal
provided the parabolic orbits do not mix.

Theorem 8.4.1 If t > h and mt is a t-semiconformal measure, then mt
is supported on Ω∗, that is mt(Ω∗) = 1. If for every ω ∈ I∗ and every
i ∈ Ω, π−1(φω(xi)) = ωi∞, then each t-semiconformal measure (t > h)
is t-conformal.
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Proof. For every r > h let mr be an r-semiconformal measure. Note
that the existence of at least one such measure (for every r > h) has been
proved in Lemma 8.3.3, cf. also Proposition 8.2.5(3) and Theorem 8.3.6.
It is then not difficult to see that for every r > h there exists a Borel
probability measure m̃r on I∞ such that m̃r ◦ π−1 = mr and m̃r([ω]) =∫ |φ′

ω|rdmr, for all ω ∈ I∗. Now, fix t > h and h < s < t. Let Ω̃∗ =
{ωi∞ : i ∈ Ω, ω ∈ I∗}. If ω /∈ Ω̃∗, then there exists an increasing infinite
sequence {nk}∞k=1 such that either ωnk

/∈ Ω or ωnk−1 �= ωnk
. In either

case, using condition (5) we get

mt([ω|nk
]) =

∫
|φ′
ωnk

|tdmt ≤ ||φ′
ωnk

||t = ||φ′
ωnk

||t−s||φ′
ωnk

||s

≤ ||φ′
ωnk

||t−sKs
∫

|φ′
ωnk

|sdms
= K−s||φ′

ωnk
||t−sms([ω|nk

]).

(8.12)

It immediately follows from conditions (6) and (2) that limk→∞ ||φ′
ωnk

|| =

0. Combining this and (8.12) we conclude that m̃t(I∞ \ Ω̃∗) = 0 or
equivalently mt(Ω̃∗) = 1. Since π−1(Ω∗) ⊃ Ω̃∗, we get mt(Ω∗) =
m̃t◦π−1(Ω∗) ≥ m̃t(Ω̃∗) = 1. The proof of the first part of Theorem 8.4.1
is complete. The second part is an immediate consequence of (8.10) ap-
plied to the indicator functions of the sets of the form φω(A), where
ω ∈ I∗ and A is a Borel subset of X . �

Consider now the system S∗ generated by I∗, where

I∗ = {φinj : n ≥ 1, i ∈ Ω, i �= j} ∪ {φk : k ∈ I \ Ω}.

It immediately follows from our assumptions that the following is
true.

Theorem 8.4.2 The system S∗ is a hyperbolic conformal iterated func-
tion system.

Proof. The conditions (4a)–(4d) immediately follow from our assump-
tions and the definition of the system S∗. We only need to prove condi-
tion (4e). So, fix i ∈ Ω̃ and j ∈ I \ {i}. Consider arbitrary n ≥ 1 and
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x, y ∈ X . Write t = min{|φ′
i(x)| : i ∈ Ω̃, x ∈ X} > 0. We then get∣∣∣∣|φ′

inj(y)| − |φ′
inj(x)|

∣∣∣∣
= |φ′

inj(x)|
∣∣∣∣∣1− |φ′

inj(y)|
|φ′
inj(x)|

∣∣∣∣∣ ≤ ||φ′
inj ||

∣∣∣∣∣log |φ
′
inj(y)|

|φ′
inj(x)|

∣∣∣∣∣
≤ ∣∣log |φ′

j(y)| − log |φ′
j(x)|

∣∣+ n−1∑
k=0

∣∣log |φ′
i(φikj(y))| − log |φ′

i(φikj(x))|
∣∣

≤
(

K

‖φ′
j‖

∣∣∣∣|φ′
j(y)| − |φ′

j(x)|
∣∣∣∣+

n−1∑
k=0

1
t

∣∣|φ′
i(φikj(y))| − |φ′

i(φikj(x))|
∣∣)

≤
(
KL|y − x|+ 1

t

n−1∑
k=0

L|φikj(y)− φikj(x)|
)

≤
(
KL|y − x|+ L

t

n−1∑
k=0

||φ′
ik ||Xi |φj(y)− φj(x)|

)

≤
(
KL+

L

t

∞∑
k=0

||φ′
ik ||Xi

)
|y − x|

≤ L

(
K +

T

t

)
|y − x|.

�

In particular all the families tLog = {t log |φ′
b|}b∈I∗ are Hölder.

The limit set generated by the system S∗ is denoted by .

The next lemma shows that as long as we are interested in the fractal
geometry of the limit set JS , we can replace this set by J∗

S .

Lemma 8.4.3 The limit sets J and J∗ of the systems S and S∗ respect-
ively differ only by a countable set: J∗ ⊂ J and J \ J∗ is countable.

Proof. Indeed, it is obvious that J∗ ⊂ J. On the other hand, the only
infinite words generated by S but not generated by S∗ are of the form
ωi∞, where ω is a finite word and i is a parabolic element of S. �

Definition 8.4.4 If S is an iterated function system with limit set J,
then a measure ν supported on J is said to be invariant for the system
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S provided

ν(E) = ν

(⋃
i∈I

φi(E)

)

and ν is said to be ergodic for the system S provided ν(E) = 0 or ν(J \
E) = 0 whenever ν(E � ⋃

i∈I φi(E)) = 0.

Let us set up some notation. Let J0 ⊂ J consist of all points with a
unique code under S. For each x = π(ω) ∈ J0 express ω = inτ , where
i is a parabolic element, n ≥ 0, τ1 �= i and define n(x) = n. For each
k ≥ 0, put

Bk = {x ∈ J0 : n(x) = k} and Dk = {x ∈ J0 : n(x) ≥ k}.

The next theorem shows how to obtain invariant (σ-finite) measures for
the parabolic system S provided that a probability S∗-invariant measure
is given.

Theorem 8.4.5 Suppose that µ∗ on J∗ is a probability measure invari-
ant under S∗ and µ∗(J0) = 1. Define the measure µ by setting for each
Borel set E ⊂ J0,

µ(E) =
∑
k=0

∑
|ω|=k

µ∗(φω(E)∩Dk) =
∑
k≥1

∑
i∈Ω

µ∗(φik (E))+µ∗(E). (8.13)

Then µ is a σ-finite invariant measure for the system S and µ∗ is ab-
solutely continuous with respect to µ. If, for each i ∈ I, the measure
µ∗ ◦ φi is absolutely continuous with respect to the measure µ∗, then µ

and µ∗ are equivalent; and if µ∗ is ergodic for the system S∗, then µ is
ergodic for the system S. Moreover, in this last case µ is unique up to a
multiplicative constant.

Proof. Let us check first that µ is S-invariant. Indeed,

µ


⋃
j∈I

φj(E)


 =

∞∑
k≥1

∑
i∈Ω

µ∗


φik (

⋃
j∈I

φj(E))


+∑

j∈I
µ∗(φj(E))

=
∞∑
k=1

∑
i∈Ω

∑
j∈I

µ∗(φikj(E)) +
∑
j∈I

µ∗(φj(E))
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=
∞∑
k=1

∑
i∈Ω

∑
j∈I

µ∗(φikj(E) ∩Dk+1)+
∞∑
k=1

∑
i∈Ω

∑
j∈I

µ∗(φikj(E) ∩Bk)

+
∑
j∈I

µ∗(φj(E))

=
∞∑
k=2

∑
i∈Ω

µ∗(φik (E)) +
∞∑
k=1

∑
i∈Ω

∑
j �=i

µ∗(φikj(E)) +
∑
j∈I

µ∗(φj(E))

=
∞∑
k=2

∑
i∈Ω

µ∗(φik (E)) + µ∗(E) +
∑
j∈Ω

µ∗(φj(E)) = µ(E),

where the last equality holds due to the invariance of µ∗ under S∗. The
invariance of µ has been proved. Since J0 =

⋃
n≥0 Bn, in order to show

that µ is σ-finite it suffices to demonstrate that µ(Bn) < ∞ for every
n ≥ 0. And indeed, given n ≥ 0 we have

µ(Bn) =
∑
k≥1

∑
i∈Ω

µ∗(φik (Bn)) + µ∗(Bn). (8.14)

Now, for every i ∈ Ω,

φik (Bn) ⊂ Bk ∪Bn+k.

Hence, µ(Bn) ≤ 2#Ω
∑∞
k=0 µ

∗(Bk) = 2#Ωµ∗ (
⋃∞
k=0 Bk) = 2#Ωµ

∗(X) =
2#Ω. Thus, µ is σ-finite. It follows in turn from (8.13) that µ(E) = 0
implies µ∗(E) = µ∗(E ∩D0) = 0. So, µ∗ is absolutely continuous with
respect to µ.
Now suppose that for each i ∈ I, the measure µ∗◦φi is absolutely con-

tinuous with respect to the measure µ∗. If µ∗(E) = 0, then µ∗(φω(E)) =
0 for all ω ∈ I∗. Thus, it follows from (8.13) that µ(E) = 0 and the
equivalence of µ and µ∗ is shown. Suppose now that E is S-invariant,
implying that

⋃
i∈I φi(E) ⊂ E. Then

⋃
ω∈I∗ φω(E) ⊂ E and since µ∗ is

ergodic, either µ∗(E) = 0 or µ∗(Ec) = 0. Since µ is absolutely continu-
ous with respect to µ∗, this implies that either µ(E) = 0 or µ(Ec) = 0.
Hence µ is ergodic and the proof is complete. �

We can provide the following necessary and sufficient condition for the
S-invariant measure produced in this theorem to be finite.
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Theorem 8.4.6 If the assumptions of Theorem 8.4.5 are satisfied, then
the σ-finite measure µ produced there is finite if and only if∑

n≥1

nµ∗(Bn) < ∞.

Proof. Let us set Bin = {x ∈ J0 : x = π(jnτ), j ∈ Ω\{i}, τ ∈ I∞, τ1 �= j}
and Di =

⋃
n≥0 B

i
n. By (8.14), we can write

µ(J) =
∑
n≥0

µ(Bn) =
∑
n≥0

∑
k≥0

∑
i∈Ω

µ∗(φik (Bn))

=
∑
k≥0

∑
n≥0

µ∗(Bk+n) +
∑
k≥0

∑
n≥0

∑
i∈I

µ∗(φik (B
i
n))

=
∑
k≥0

∑
n≥0

µ∗(Bk+n) +
∑
k≥0

∑
i∈Ω

µ∗(φik(D
i))

=
∑
n≥0

(n+ 1)µ∗(Bn) +
∑
n≥0

µ∗(Bn) =
∑
n≥0

(n+ 2)µ∗(Bn).

�

The main result of this section, relating conformal measures of the sys-
tems S and S∗, is provided by the following.

Theorem 8.4.7 Suppose that S is a parabolic conformal iterated func-
tion system and the associated hyperbolic system S∗ is regular. Then m,
the h-conformal measure for S∗, is also h-conformal for S and m is the
only h-semiconformal measure for S.

Proof. We will first show that m is h-conformal for the system S

over the limit set J . We will then associate with S one more hyperbolic
system S∗∗ and use some properties of this system to verify that m is
h-conformal for S. Since m(J∗) = 1, the probability measure m clearly
satisfies the first condition for conformality: m(J) = 1. Next, we will
show that m satisfies equation (4.30) for all Borel subsets A of J. Since
J \ J∗ is countable and m is atomless, it suffices to show that (4.30f)
holds for Borel subsets of J∗. Also, since (4.30) holds whenever i is a
hyperbolic index even for Borel subsets of X , we only need to verify
(4.30) for parabolic indices. Let

G = {A : A is a Borel subset of J∗ and (4.30) holds ∀i ∈ Ω}.
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Since G is closed under monotone limits, it suffices to show that (4.30)
holds for every subset U of J∗ which is relatively open. Let

Γ = {ω ∈ I∞∗ : ω

= (a1b1), (a2b2), (a3b3), . . . ; ∀n an, bn ∈ Ω, bn �= an, an+1}.
Let W = π(Γ). Using Theorem 2.2.4, Theorem 3.2.3, Proposition 4.2.5
and Birkhoff’s ergodic theorem, we see thatm(W ) = 0 andm(φi(W )) =
0, ∀i ∈ Ω. Let us demonstrate that if i ∈ Ω and ω = (ω1, ω2, ω3, . . .) ∈
I∞∗ \ Γ, then there is some l such that for every k ≥ l, (ω1, . . . , ωk) ∈ I∗∗
and the concatenation i∗ω1∗· · ·∗ωk can be parsed (or regrouped) so that
it represents an element of I∗∗ . To see this, first suppose that ω1 ∈ I \Ω.
Then l = 1 since i ∗ ω1 ∗ · · · ∗ ωk can be parsed as iω1, ω2, . . . , ωk which
is an element of I∗∗ . Now, suppose ω1 = pnq where p ∈ Ω and p �= q.

If p = i, then again l = 1, since i ∗ ω1 ∗ · · · ∗ ωk can be parsed as
in+1q, ω2, . . . , ωk which is an element of I∗∗ . If i �= p and n > 1, then
i ∗ ω1 ∗ · · · ∗ ωk can be parsed as (ip, pn−1q, ω2, ω3, . . . , ωk) ∈ I∗∗ and
also in this case l = 1. If, on the other hand, n = 1 and p = i, then
ω1 = a1b1, where a1 ∈ Ω and b1 �= a1. If b1 ∈ I \Ω, then i ∗ ω1 ∗ · · · ∗ ωk
can be parsed as (ia1, b1, ω2, ω3, . . . , ωk) ∈ I∗∗ and l = 1. So, suppose
that b1 ∈ Ω. Now, consider ω2. If ω2 ∈ I \ Ω, then the concatenation
i ∗ ω1 ∗ · · · ∗ ωk can be parsed as (ia1, b1ω2, ω3, . . . , ωk) ∈ I∗∗ and l = 2.
Otherwise ω2 = pnq, where p ∈ Ω, q �= p and n ≥ 1. If p = b1,
then i ∗ ω1 ∗ · · · ∗ ωk can be parsed as (ia1, b

n+1
1 q, ω3, . . . , ωk) ∈ I∗∗ and

l = 2. If p �= b1 and n > 1, then i ∗ ω1 ∗ · · · ∗ ωk can be parsed as
(ia1, b1p, p

n−1q, ω3, . . . , ωk) ∈ I∗∗ and l = 2. If, on the other hand, n = 1,
then ω2 = a2b2, where a2 �= b1, b2. If b2 ∈ I \ Ω, then i ∗ ω1 ∗ · · · ∗ ωk
can be parsed as (ia1, b1a2, b2, ω3, . . . , ωk) ∈ I∗∗ and l = 2. So, we may
assume that b2 ∈ Ω. Now, excluding inductively in this manner the
cases when i ∗ ω1 ∗ · · · ∗ ωk can be parsed in such a fashion that it
would belong to I∗∗ , we would end up with the conclusion that ω ∈ Γ,
contrary to our assumption. Now, let U ⊂ J∗ be relatively open. Then
there is a set M ⊂ I∗∗ , consisting of incomparable words and such that
U \W ⊂ ⋃

τ∈M φτ (J∗) ⊂ U, and if τ ∈ M then i ∗ τ ∈ I∗∗ . Thus,

m(φi(U)) = m(φi(
⋃

φτ (J∗))) ∪ (U \
⋃

φτ (J∗)) =
∑
τ

m(φi(φτ (J∗)))

=
∑
τ

∫
J∗

|(φi ◦ φτ )′|hdm =
∑
τ

∫
φτ (J∗)

|φ′
i|hdm =

∫
U

|φ′
i|hdm,

where the third equality follows since m is h-conformal for the system
S∗ and in the fourth equality we additionally employed the change of
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variables formula. Now, we want to show

m(φi(J) ∩ φj(J)) = 0

whenever i �= j. Again, it suffices to verify this when J is replaced
by J∗ and at least one of the indices i and j is parabolic. As before
there is a set Mi ⊂ I∗∗ of incomparable words and such that J

∗ \W ⊂⋃
τ∈Mi

φτ (J∗) ⊂ J∗, and if τ ∈ Mi then i ∗ τ ∈ I∗∗ . Also, let Mj ⊂ I∗∗
have similar properties with respect to the index j. Then

m(φi(J) ∩ φj(J)) = m(
⋃

τ,ρ∈Mi×Mj

φiτ (J∗) ∩ φjρ(J∗))

≤
∑
Mi×Mj

m(φiτ (J∗) ∩ φjρ(J∗)) = 0.

Finally, to show that m is conformal, we must demonstrate that (4.30)
and (4.31) hold whenever A is a Borel subset of X . Note that it suffices
to show that m(A) = 0 implies m(φi(A)) = 0, for all Borel subsets A of
X and all parabolic indices i. In order to prove this, we introduce a new
hyperbolic system. The index set for this system is I∗∗ = I3 \ {(i, i, i) :
i ∈ Ω} ∪ {pnq : p ∈ Ω, q �= p, n ≥ 2}. Let us prove that the system
S∗∗ satisfies the bounded distortion property. To see this, read a word
ω ∈ I∗∗∗ as a word in I∗ : ω = (ω1, ω2, . . . , ωn). If ωn ∈ I \ Ω, then we
have bounded distortion by property (5) of the system S. If ωn ∈ Ω and
ωn−1 �= ωn, then again by property (5) we have bounded distortion with
constant K. If ωn−1 = ωn, then ωn−2 �= ωn−1, by the definition of I∗∗∗.
Then the word ω|n−1 satisfies the hypothesis of condition (5) and so

|φ′
ω(y)|

|φ′
ω(x)|

=
|φ′
ω|n−1

(φωn(y))||φ′
ωn
(y)|

|φ′
ω|n−1

(φωn(y))||φ′
ωn
(y)|

≤ Kmax
{ ||φ′

i||
min{φ′

i(x) : x ∈ X} : i ∈ Ω
}
,

where the last number is finite since Ω is. To see that S∗∗ satisfies the
open set condition, notice that φijk(Int(X)) ∩ φpqr(Int(X)) = ∅ for all
ijk �= pqr. Next consider φinj(Int(X)) ∩ φpmq(Int(X)), where n,m ≥ 2.
If i �= p, this intersection is empty. Also if i = p and n �= m, the
intersection is empty. Otherwise, q �= j and the intersection is empty.
Finally, consider φinj(Int(X))∩φpqr(Int(X)), where n ≥ 2. If i �= p or if
i = p and q �= i, the intersection is empty. Otherwise, i = p = q and in
this case r �= i since the word (i, i, i) is not allowed in I∗∗. Finally, the
hyperbolicity of the system S∗∗ is an immediate consequence of property
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(6). So, S∗∗ is a hyperbolic conformal iterated function system. Also,
since each element of I∞∗ can be parsed into an element of I∞∗∗ , we have
J∗∗ = J∗ = J \ {eventually parabolic points}. Also notice that if the
system S∗ is regular, then the system S∗∗ is regular. To see this note
that we have already shown that if m is conformal for S∗, then m is
conformal for S over J . Thus m is conformal for S∗∗ over J . So, for
each n, 1 =

∫
J
dm =

∫
J

∑
ω∈In∗∗

|φ′
ω(x)|dm. But, for each x ∈ J , we

have ∑
ω∈In∗∗

||φ′
ω ||h ≥

∑
ω∈In∗∗

|φ′
ω(x)|h ≥ (K∗∗)−h

∑
ω∈In∗∗

||φ′
ω ||h,

where K∗∗ is the distortion constant for the system S∗∗ over X . Integ-
rating this formula against the measure m we get∑

ω∈In∗∗

||φ′
ω ||h ≥ 1 ≥ (K∗∗)−h

∑
ω∈In∗∗

||φ′
ω ||h.

From this it immediately follows that P∗∗(h) = 0. But, this is equivalent
to saying that there is an h-conformal measure m∗∗ for the system S∗∗

over X. We only need to prove that m∗∗ = m. Let G be open relative
to J∗. Let W be a collection of incomparable words in I∗∗ such that
G =

⋃
ω∈W φω(J∗). Since m is conformal for S∗∗ over J ,

m(G) =
∑
ω∈W

∫
J

|φ′
ω |dm ≤

∑
ω∈W

Kh||φ′
ω || ≤

∑
ω∈W

KhK∗∗h
∫
J

|φ′
ω|dm∗∗

= KhK∗∗hm∗∗(G).

Interchanging m and m∗∗ in the above estimate, we get

(KhK∗∗h)−1m∗∗(G) ≤ m(G) ≤ KhK∗∗hm∗∗(G).

From this it follows that m and m∗∗ are equivalent. To show that
m = m∗∗, let A be a Borel subset of X . Then m(φω(A)) = m(φω(A ∩
J)) +m(φω(A \ J)). But, since m∗∗ is conformal over X , m∗∗(A \ J) =∫
A\J |φ′

ω |hdm∗∗ = 0. So, since m is conformal for S over J, we have
m(φω(A)) =

∫
A∩J |φ′

ω |hdm =
∫
A |φ′

ω |hdm. Also, one can show that
(4.30) holds using the same procedure. Thus, m is conformal for S∗∗

over X. Finally, to see that m is conformal for the entire system S over
X, let i ∈ Ω and choose an arbitrary q �= i, q ∈ I. Then iq ∈ I∗ and
iqi ∈ I∗∗. Thus,∫

φi(A)

|φ′
iq |hdm = m(φiq(φi(A)) = m(φiqi(A))) =

∫
A

|φ′
iqi|hdm.



8.4 The associated hyperbolic system 231

So, if m(A) = 0, then since |φ′
iq |h is positive on φi(A), we have

m(φi(A)) = 0.

In order to prove the second part of our theorem suppose that ν is an
arbitrary measure supported on J and satisfying

ν(φω(A)) ≥
∫
A

|φ′
ω |hdν (8.15)

for all Borel sets A ⊂ X and all ω ∈ I∗. We show that m is absolutely
continuous with respect to ν. Indeed, for every ω ∈ I∗∗ we have

ν(φω(X)) ≥
∫
X

|φ′
ω |hdν ≥ K−h||φ′

ω||h

≥ K−h
∫
X

|φ′
ω|hdm = K−hm(φω(X)).

Next, consider an arbitrary Borel set A ⊂ X such that ν(A) = 0. Fix
ε > 0. Since ν is regular there exists an open subset G of X such
that A ∩ J∗ ⊂ G and ν(G) ≤ ε. There now exists a family F ⊂ I∗∗ of
mutually incomparable words such that A ∩ J∗ ⊂ ⋃

ω∈F φω(X) ⊂ G.
It easily follows from Lemma 4.2.4 that there exists a universal upper
bound M on the multiplicity of the family {φω(X) : ω ∈ F}. Hence,
using the fact that m is supported on J∗, we obtain

m(A) = m(A ∩ J∗) ≤ m

( ⋃
ω∈F

φω(X)

)
≤

∑
ω∈F

m(φω(X))

≤ Kh
∑
ω∈F

ν(φω(X)) ≤ KhMν

( ⋃
ω∈F

φω(X)

)
≤ KhMν(G)

≤ KhMε.

Thus, letting ε ↘ 0, we get m(A) = 0, which finishes the proof of the
absolute continuity of m with respect to ν. Our next aim is to show
that ν(J \ J∗) = 0. Suppose on the contrary that ν(J \ J∗) > 0. Set
P = {φω(xi) : i ∈ Ω, ω ∈ I∗}. Since J \ J∗ ⊂ P , ν(P ) > 0. Write
ν = ν0 + ν1, where ν0|X\P = 0 and ν1|P = 0. Thus ν0(P ) = ν(P ) > 0.
Since φω(P ) ⊂ P for all ω ∈ I∗, we get for every Borel set A ⊂ X and
every ω ∈ I∗

ν0(φω(A)) ≥ ν0(φω(A ∩ P )) = ν(φω(A ∩ P ))

≥
∫
A∩P

|φ′
ω|hdν =

∫
A

|φ′
ω|hdν0.



232 Parabolic Iterated Function Systems

Hence, multiplying ν0 by 1/ν0(X), we conclude from what has been
proved that m is absolutely continuous with respect to ν0. Since ν0(X \
P ) = 0, this implies that m(X \ P ) = 0, and consequently m(P ) = 1.
This is a contradiction since any conformal measure of a hyperbolic
system is continuous. Thus ν(J∗) = 1. Suppose now in addition that
ν is h-conformal for S. Then, as we have just proved, ν is h-conformal
for S∗ (this statement includes that fact that ν(J∗) = 1). The equality
ν = m follows now from Theorem 4.2.9.
Finally, notice that using the argument from the proof of Lemma 3.10

from [MU1] and proceeding as in the proof of Theorem 5.7 from [MU7]
one could prove that m is the unique h-semiconformal measure for S. �

Following the case of hyperbolic systems we call a parabolic system
regular if there exists an h-conformal measure for S supported on J∗.
Since such a measure is h-conformal for S∗, as an immediate consequence
of Theorem 8.4.7 we get the following.

Corollary 8.4.8 The parabolic system is regular if and only if the as-
sociated system S∗ is regular.

In trying to say something about parabolic systems which are not reg-
ular, we are led to introduce the class of “strange” systems, which by
definition are those systems for which there is no t with 0 < P(t) < ∞.
In the hyperbolic case the strange systems coincide with systems which
are not strongly regular or equivalently with those with θ = h. This last
characterization continues to be true also for parabolic systems and this
class may also be characterized by the requirement of the existence of a
number α (which then turns out to be θ = h) such that P(t) =∞ for all
t < α and P(t) = 0 for all t ≥ α. Let us remark that we do not want to
call the strange systems “irregular” since the irregular hyperbolic sys-
tems are precisely those for which no conformal measure exists whereas
for a strange parabolic system the following questions remain open.

Questions. Can there exist a strange parabolic system such that the
associated hyperbolic system is regular? Can there exist a strange para-
bolic system with a purely atomic h-conformal measure?

Let

ψ∗(t) := ψS∗(t).
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We shall prove the following.

Proposition 8.4.9 If the system S is strange, then so is S∗.

Proof. Since hS∗ = hS , P∗(t) ≤ 0 for all t ≥ hS. So, we are only left
to show that P∗(t) = ∞ for all t < hS . And indeed, fix t < hS . Since
S is strange, P(t) = ∞ and therefore ψ(t) = ∞. Since Ω is finite, this
implies that

∑
i∈I\Ω ||φ′

i||t = ∞. But then ψ∗(t) ≥ ∑
i∈I\Ω ||φ′

i||t = ∞.
Hence P∗(t) =∞. �

Let us briefly touch on the packing measure of J . Since J∗ is dense in
J , as an immediate consequence of Theorem 4.5.2 and Theorem 8.4.7
we get the following.

Corollary 8.4.10 Suppose that S is a parabolic iterated function system
and the associated hyperbolic system S∗ is regular. If J∩Int(X) �= ∅ (that
is, if the strong open set condition is satisfied), then the h-dimensional
packing measure of J is positive.

Let us remark here that in Corollary 8.3.7 we have proved that the
h-dimensional Hausdorff measure of J is finite.

Finally, let us give some results about equivalent ergodic invariant meas-
ures for regular systems. As a consequence of Theorem 8.4.7 we have
the following.

Corollary 8.4.11 Suppose that S is a parabolic iterated function sys-
tem and the associated hyperbolic system S∗ is regular. Let m be the
corresponding h-conformal measure for S∗. Then there exists a unique
probability measure µ∗ equivalent with m with Radon-Nikodym deriv-
atives bounded away from 0 and infinity. The measure µ∗ is ergodic
and invariant under S∗ and, up to a multiplicative constant, there ex-
ists a unique σ-finite measure µ equivalent with m and ergodic invariant
under S.

Proof. The first part of this corollary is an immediate consequence
of Theorem 2.2.4. That m is h-conformal for S follows from The-
orem 8.4.7. The last part is a consequence of this conformality (the
measures µ∗ ◦φi are therefore absolutely continuous with respect to µ∗)
and Theorem 8.4.5. �
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Corollary 8.4.12 If the assumptions of Corollary 8.4.11 are satisfied,
then the σ-invariant measure µ produced there is finite if and only if

∑
i∈Ω

∞∑
n=1

n

∫
Xi

|φ′
in |hdm < ∞,

where, let us recall, Xi =
⋃
j �=i φj(X).

Proof. Since by Corollary 8.4.11 the measuresm and µ∗ are equivalent
with Radon-Nikodym derivatives bounded away from 0 and infinity, it
therefore follows from Theorem 8.4.6 that µ is finite if and only if the
series

∑
n≥1 nm(Bn) converges. Since m(Bn) =

∑
i∈Ω

∫
Xi

|φ′
in |hdm, the

proof is complete. �

Corollary 8.4.13 If for every i ∈ Ω there exists some βi and a constant
Ci ≥ 1 such that for all n ≥ 1 and for all z ∈ Xi

C−1
i n

− βi+1
βi ≤ |φ′

in(z)| ≤ Cin
− βi+1

βi ,

then the σ-finite invariant measure µ produced in Corollary 8.4.11 is
finite if and only if

h > 2max
{

βi
βi + 1

: i ∈ Ω
}
.

Proof. The proof is an immediate consequence of Corollary 8.4.12. �

8.5 Examples

This section contains examples illustrating some of the ideas developed
in this chapter.

Example 8.5.1 Apollonian packing.

Consider on the complex plane the three points zj = e2πij/3, j = 0, 1, 2
and the following additional three points: a0 =

√
3 − 2, a1 = (2 −√

3)eπij/6 and a2 = (2 −
√
3)e−πij/6. Let f0, f1, and f2 be the Möbius

transformations determined by the following requirements: f0(z0) = z0,
f0(z1) = a2, f0(z2) = a1, f1(z0) = a2, f1(z1) = z1, f1(z2) = a0, f2(z0) =
a1, f2(z1) = a0, and f2(z2) = z2. Set X = B(0, 1), the closed ball
centered at the origin of radius 1. It is straightforward that the images
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f0(X), f1(X) and f2(X) are mutually tangent (at the points a0, a1

and a2, respectively) disks whose boundaries pass through the triples
(z0, a1, a2), (z1, a0, a2) and (z2, a0, a1) respectively. Of course all the
three disks f0(X), f1(X) and f2(X) are contained in X and are tangent
to X at the points z0, z1 and z2 respectively. Let S = {f0, f1, f2} be the
iterated function system on X generated by f0, f1 and f2. Notice that
all the maps f0, f1 and f2 are parabolic with parabolic fixed points z0, z1
and z2 respectively. It is not difficult to check that all the requirements
of a parabolic system are satisfied. Observe that the limit set J of the
parabolic system S coincides with the residual set of the Apollonian
packing generated by the curvilinear triangle with vertices z0, z1, z2. In
[MU8], using a slightly different iterated function system, we have dealt
with geometrical properties of J , proving that 1 < h = HD(J) < 2,
0 < Hh < ∞ and Ph(J) = ∞. In this paper we want to study its
dynamical properties. Let us first notice that the system S∗ is regular.
Indeed, changing bi-holomorphically the system of coordinates so that
1 is sent to ∞ it is not difficult to show (see [MU8] for details, cf. the
next chapter) that

fn0 (z) =
(
√
3− n)z + n

−nz + n+
√
3

and

(fn0 )
′(z) =

3
(−nz + n+

√
3)2

.

By the symmetry of the situation this implies that

|(fni ◦ fj)′(z)| # 1
n2

for all i �= j. Hence ψ∗(t) # ∑
n≥1

1
n2t . Thus θ(S∗) = 1/2 and

ψ∗(1/2) = ∞. This means the system is hereditarily regular. Thus,
the assumptions of Theorem 8.4.7 and Corollary 8.4.11 are satisfied in
our case. Let m be the h-conformal measure for S and let µ be an
S-invariant σ-finite measure equivalent with m. We shall prove the fol-
lowing central dynamical property of our system.

Theorem 8.5.2 The invariant measure µ of the Apollonian system
{f0, f1, f2} is finite.

Proof. In the proof of regularity of S∗, we have observed that |(fni )′| #
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1/n2 on Xi, i = 0, 1, 2. Since h > 1 = 2 1
1+1 , it therefore follows from

Corollary 8.4.13 that µ is finite. �

Example 8.5.3

A large class of examples appears already in the case when X is a
compact subinterval of the real line IR. We call such systems one-
dimensional. If the parabolic elements φi of a one-dimensional system
S have, around parabolic fixed points xi, a representation of the form

φi(x) = x+ a(x− xi)1+βi + o((x− xi)1+βi) (8.16)

then (see e.g., [U4])

|φ′
in(x)| # n

−βi+1
βi (8.17)

outside every open neighborhood of xi. Hence the following theorem is
a consequence of Theorem 8.4.7 and Corollary 8.4.13.

Theorem 8.5.4 If S is a one-dimensional parabolic system with finite
alphabet and satisfying (8.16), then S is regular and any S-invariant
measure µ equivalent with the hS-conformal measure is finite if and only
if h > 2max{ βi

βi+1 : i ∈ Ω}.
Proof. The regularity of S∗ is checked in exactly the same way as in

Example 8.5.1. So, the system S is regular by Corollary 8.4.8. Since the
other assumptions of Corollary 8.4.13 are satisfied by (8.17), the proof
of this theorem is an immediate consequence of Corollary 8.4.13. �

Corollary 8.5.5 If S is a one-dimensional parabolic system with finite
alphabet, and if for all i ∈ Ω, βi ≥ 1 (or equivalently if all φi’s are twice
differentiable at xi), then S is regular and the corresponding invariant
measure µ equivalent with the hS-conformal measure is infinite.

Proof. The proof is an immediate consequence of Theorem 8.5.4 and
the fact that h ≤ 1. �

We would like to close this section with some examples of strange sys-
tems.

Example 8.5.6

Our aim here is to describe a class of one-dimensional systems which
are strange. Towards this end consider an arbitrary hyperbolic system
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S = {φi : i ∈ I} on the interval X = [0, 1] such that ψ(θ(S)) < ∞
or equivalently P(θ(S)) < ∞ (examples of such systems may be found
in the section Examples of [MU1]); we may assume that there is an
interval G = [0, γ) with G ⊂ X \ ⋃

i∈I φi(X). Consider also a parabolic
map φ : X → G such that 0 is its parabolic point and φ has the following
representation around 0:

φ(x) = x− axβ+1 + o(xβ+1),

where θ(S)β+1
β > 1 and a > 0. We shall prove the following.

Theorem 8.5.7 If F ⊂ I is a sufficiently large finite set, then the system
SF = {φ} ∪ {φi : i ∈ I \ F} is strange.

Proof. In view of (6.2) and the relation between θ(S) and β there
exists a constant C ≥ 1 such that for each i ∈ I,

∑
n≥1 ||(φn◦φi)′||θ(S) ≤

C||φ′
i||θ(S). Since ψS(θ(S)) < ∞, for every sufficiently large finite set

F ⊂ I we have (C + 1)
∑
i∈I\F ||φ′

i||θ(S) < 1. Hence

ψ∗
SF
(θ(S)) =

∑
i∈I\F

||φ′
i||θ(S) +

∑
i∈I\F

∑
n≥1

||(φn ◦ φi)′||θ(S)

≤
∑
i∈I\F

||φ′
i||θ(S) + C

∑
i∈I\F

||φ′
i||θ(S)

= (C + 1)
∑
i∈I\F

||φ′
i||θ(S) < 1.

Hence P∗
SF
(θ(S)) < 0 and therefore, as hS∗

F
= hSF , PSF (t) = 0 for all

t ≥ θ(S). On the other hand, since for every t < θ(S), ψS(t) = ∞
and since F is finite, ψSF (t) = ||φ′||t + ∑

i∈I\F ||φ′
i||t = ∞. Hence

PSF (t) =∞. �
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Parabolic Systems: Hausdorff and Packing
Measures

In this chapter we continue our studies of a parabolic iterated function
system S = {φi}i∈I , following closely [MU9]. We keep all the notation
introduced in the previous chapter. Our main goal is to characterize con-
formal measures of finite parabolic systems in terms of Hausdorff and
packing measures. This simultaneously provides the answer to the ques-
tion about necessary and sufficient conditions for these two geometric
measures to be finite and positive.

9.1 Preliminaries

For every integer q ≥ 1 we denote

Sq = {φω : ω ∈ Iq}.

Of course JSq = JS and sometimes in the sequel it will be more con-
venient to consider an appropriate iterate Sq of S rather than S itself.
The following proposition is an immediate consequence of condition (4)
from the previous chapter.

Proposition 9.1.1 If the alphabet I is finite, then

S∗(∞) = {xi : i ∈ Ω}, the set of parabolic fixed points.

In Section 4 we shall prove the following.

Theorem 9.1.2 If S is a finite parabolic IFS, then the system S∗ is
hereditarily regular and consequently an h-conformal measure for S∗

exists.

238
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From now, unless otherwise stated, we will assume that the alphabet I
is finite and m will denote the h-conformal measure produced in The-
orem 9.1.2. Combining this theorem along with Corollary 8.3.7 and
Corollary 8.4.10 (due to the existence of parabolic elements the strong
open set condition is satisfied) we get the following.

Theorem 9.1.3 If S is a finite parabolic IFS satisfying the strong open
set condition, then Ht(J) <∞ and Ph(J) > 0.

The following main theorem of this chapter contains a complete descrip-
tion of the h-dimensional Hausdorff and packing measures of the limit
set of a finite parabolic IFS.

Theorem 9.1.4 Suppose that S is a finite parabolic IFS satisfying the
strong open set condition. Then

(a) If h < 1, then 0 < Ph(J) <∞ and Hh(J) = 0.
(b) If h = 1, then 0 < Hh(J),Ph(J) <∞.
(c) If h > 1, then 0 < Hh(J) <∞ and Ph(J) = ∞.,

This sort of theorem has appeared in the context of Kleinian groups in
[Su4], in the context of parabolic rational functions in [DU3], for rational
functions with no recurrent critical points in the Julia set in [U6] and
for parabolic Cantor sets (which comprise 1-dimensional parabolic IFS)
in [U4]. The idea of our proofs is different. It is based on the neces-
sary and sufficient conditions for the Hausdorff and packing measures to
be positive and finite, provided by Theorem 4.5.3 and Theorem 4.5.5.
The inducing procedures proposed in [UZd] indicate that in the case of
parabolic rational functions and perhaps even in the case of maps with
no recurrent critical points in the Julia set, one can demonstrate appro-
priate versions of Theorem 9.1.4 as a corollary of Theorem 9.1.4 proved
here. We shall also prove in Section 4 the following.

Theorem 9.1.5 If S is a finite parabolic IFS, then

BD(J) = HD(J),

where BD(J) denotes the upper ball-counting dimension called also box-
counting dimension, Minkowski dimension or capacity.

The dynamical properties of the parabolic IFS proved in Sections 2 and
3 and needed for the proofs of Theorem 9.1.4 and Theorem 9.1.5 are
provided in the beginning of Section 4 in a unified fashion. Therefore
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the reader interested in Theorem 9.1.4 and Theorem 9.1.5 only may
actually read Section 4 independently of Section 2 and Section 3.
Section 2 mainly deals with dynamical properties of a single parabolic

conformal diffeomorphism and can also be viewed as an introduction to
the technically more complicated Section 3, which deals with dynamical
properties of a single simple parabolic holomorphic map. Both sections
provide a compact systematic description of the quantitative behaviour
of parabolic maps needed for the proofs in Section 4. The qualitative
behavior of a single parabolic holomorphic map considered in Section 3
is known as Fatou’s flower theorem (see [Al] for additional historical in-
formation). Some quantitative results can be also found in these papers.
At the ends of both Sections 2 and 3 some facts about parabolic iterated
function systems are proved. We want to end this section with a short
terminological convention. Given two sets A,B ⊂ IRd we denote

dist(A,B) = inf{||a− b|| : (a, b) ∈ A×B} and

Dist(A,B) = sup{||a− b|| : (a, b) ∈ A×B}.

9.2 The Case d ≥ 3

Definition 9.2.1 We call a conformal map A : IRd → IRd parabolic if it
has a fixed point ω ∈ IRd and a point ξ ∈ IRd \ {ω} such that |A′(ω)| = 1
and limn→∞Anξ = ω.

Let

Ã = i−1
ω,1 ◦A ◦ iω,1 = iω,1 ◦A ◦ iω,1−1 .

Then Ã(∞) = ∞ and therefore

Ã = λD + c,

where λ > 0, D is an orthogonal matrix, and c ∈ IRd. From now on,
without loss of generality, we will assume that ω = 0, i.e., ω is the origin,
and we will write i for i0,1.

Lemma 9.2.2 If A : IRd → IRd is a parabolic conformal map and if λ
is the scalar involved in the formula for Ã, then λ = 1.

Proof. If λ < 1, then Ã : IRd → IRd is a strict contraction and due
to Banach’s contraction principle, it has a fixed point b ∈ IRd such that
limn→∞ Ãn(z) = b for every z ∈ IRd. However, this is a contradiction,
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since limn→∞ Ãn(i(ξ)) = ∞. Thus, λ ≥ 1. Assume λ > 1. Then for
every z ∈ IRd \ {0},

||A′(z)|| = ||i′(Ã(i(z))Ã′(i(z))i′(z)|| = λ||Ã(i(z))||−2||z||−2

= λ||z||−2||λD(||z||−2(z)) + c||−2

= λ||(λ||z||−1D(z) + c||z||)||−2

= λ−1[||D(z/||z||) + (||z||/λ)c||]−2.

Since limz→0 ||z|| = 0 and since ||D(z)|| = ||z||, we deduce that ||A′(0)|| =
limz→0 ||A′(z)|| = λ−1 < 1. This contradiction shows that λ ≤ 1, and
consequently λ = 1. �

Next, we want to estimate the rate at which Ãn(z) goes to +∞.

Lemma 9.2.3 If A : IRd → IRd is a parabolic conformal map, then there
exists a non-zero vector b ∈ IRd and a positive constant κ such that for
every z ∈ IRd and every positive integer n

||Ãnz − nb|| ≤ ||z||+ κ.
Proof. By a straightforward induction, we get

Ãnz = Dnz +
n−1∑
j=0

Dj(c).

Write c = b + a, where b is a fixed point (a priori perhaps 0) of D and
a belongs to W , the orthogonal complement of the vector space of the
fixed points of D. Since limn→∞ Ãn(i(ξ)) = ∞, W is not the trivial
subspace of IRd. In addition, D(W ) = W and D − Id : W → W is
invertible. Since

(D − Id)


n−1∑

j=0

Dj(a)


 = Dna− a

and since ||Dna−a|| ≤ 2||a||, we therefore conclude that for every n ≥ 1∥∥∥∥∥∥
n−1∑
j=0

Dj(a)

∥∥∥∥∥∥ ≤ 2||a|| · ∥∥(D − Id)|−1
W

∥∥ .
Hence,

||Ãnz − nb|| =
∥∥∥∥∥∥Dnz +

n−1∑
j=0

Dj(a)

∥∥∥∥∥∥ ≤ ||z||+ 2
∥∥(D − Id)|−1

W

∥∥ · ||a||.
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Again, since limn→∞ Ãn(i(ξ)) = ∞, we finally conclude that b �= 0. �

As an immediate consequence of this lemma we get the following.

Corollary 9.2.4 Let A : IRd → IRd be a parabolic conformal map. For
every compactum F ⊂ IRd, there exists a constant BF ≥ 1 and integer
MF ∈ IN such that for every n ≥MF and every z ∈ F

B−1
F n ≤ ||Ãnz|| ≤ BFn.

Lemma 9.2.5 Let A : IRd → IRd be a parabolic conformal map. For
every compactum L ⊂ IRd \ {0}, there exist a constant CL,1 ≥ 1 and
integer NL ∈ IN such that for every n ≥ NL and every z ∈ L

C−1
L,1n

−2 ≤ ||(An)′(z)|| ≤ CL,1n−2 and diam(An(L)) ≤ CL,1n−2.

Proof. By the chain rule, we find for every z ∈ IRd \ {0}
||(An)′(z)|| = ||i′(Ãn(i(z)))|| · ||(Ãn)′(i(z))|| · ||i′(z)||

= ||Ãn(i(z))||−2||z||−2.

For every z ∈ L, Dist−2(0, L) ≤ ||z||−2 ≤ dist−2(0, L), and in view of
Corollary 9.2.4, if n ≥ Mi(L), then B

−1
i(L)n ≤ ||Ãnz|| ≤ Bi(L)n. Con-

sequently, if z ∈ L and n ≥Mi(L), we have(
Bi(L)Dist(0, L)

)−2
n−2 ≤ ||(An)′(z)|| ≤ B2

i(L)dist
−2(0, L)n−2.

�

Lemma 9.2.6 Let A : IRd → IRd be a parabolic conformal map. For
every compactum L ⊂ IRd \ {0}, there exists a constant CL,2 ≥ 1 such
that for all integers k, n with n ≥ k ≥ 1,

Dist(Ak(L), An(L)) ≤ CL,2
∣∣k−1 − (n+ 1)−1

∣∣
and

Dist(An(L), 0) ≤ CL,2n−1.

Proof. Let us start with the second inequality. If n ≥Mi(L) and z ∈ L,
then, by Corollary 9.2.4, we get ||Anz|| = ||Ãn(i(z))||−1 ≤ Bi(L)n

−1 and
the second inequality follows provided CL,2 is sufficiently large.
Towards obtaining the first inequality, for every set Y ⊂ IRd, let

conv(Q) denote the convex hull of Y . Obviously, conv(Y ) ⊂
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B(Y, diam(Y )) and diam(conv(Y )) = diam(Y ). By using Lemma 9.2.3,
we have for every u ∈ L and n ∈ IN ,

||Ãn+1(i(u))− Ãn(i(u))||
≤ ||Ãn+1(i(u))− (n+ 1)b− (Ãn(i(u))− nb) + b||
≤ 2(||i(u)||+ κ) + ||b|| ≤ 2(Dist(0, i(L)) + κ) + ||b||.

Next, choose a positive integer N0 such that Dist(0, conv(
⋃
t≥N0

Ãt(i(L)))) = H > 0 and N0||b|| > Dist(0, i(L))+κ+||b|| :=M.We claim
there is a positive constant C such that if u, v ∈ L, k ≥ N0 and j ≥ 0,
then

||Ak+j+1(v)−Ak+j(u)|| ≤ C 1
(k + j + 1)2

.

In order to see this, note that

||Ak+j+1(v) −Ak+j(u)||
≤ ||i(Ãk+j+1(i(v))) − i(Ãk+j+1(i(u)))||
+ ||i(Ãk+j+1(i(u)))− i(Ãk+j(i(u)))||

≤ sup{||i′(w)|| : w ∈ [Ãk+j+1(i(v)), Ãk+j+1(i(u))]}||
× Ãk+j+1i(v)− Ãk+j+1i(u)||
+ sup{||i′(w)|| : w ∈ [Ãk+j(i(u)), Ãk+j+1(i(u))]}||
× Ãk+j+1i(u)− Ãk+ji(u)||

≤ diam(i(L)) sup{||w||−2 : w ∈ [Ãk+j+1(i(v)), Ãk+j+1(i(u))]}
+ 2M sup{||w||−2 : w ∈ [Ãk+j(i(u)), Ãk+j+1(i(u))]}.

Now, if w ∈ [Ãk+j+1(i(v)), Ãk+j+1(i(u))], then by Lemma 9.2.3, ||w −
(k+j+1)b|| ≤ Dist(0, i(L))+κ and ||w|| ≥ (k+j+1)[||b||−(Dist(0, i(L))+
κ)/N0]. Also, since ||Ãk+j(i(u)) − (k + j + 1)b|| ≤ ||i(u)|| + κ + ||b||, if
w ∈ [Ãk+j(i(u)), Ãk+j+1(i(u))], then ||w−(k+j+1)b|| ≤ Dist(0, i(L))+
κ + ||b|| and ||w|| ≥ (k + j + 1)[||b|| − (Dist(0, i(L)) + κ + ||b||)/N0] ≥
(k + j + 1)[||b|| −M/N0]. Combining these inequalities establishes our
claim.
Therefore, if N0 ≤ k ≤ n we have

Dist(Ak(L), An(L)) ≤
n−k−1∑
j=0

Dist
(
Ak+j+1(L), Ak+j(L)

)

≤
n−k∑
j=0

C(k + j)−2 ≤ CL,2(k−1 − (n+ 1)−1)
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for some constant CL,2 ≥ 1. Clearly, increasing CL,2 appropriately, we
see that the last inequality is also true for all 1 ≤ k ≤ n. The proof of
the first part of our lemma is thus complete. �

Lemma 9.2.7 For every compactum L ⊂ IRd\{0} there exist a constant
CL,3 ≥ 1 and an integer q ≥ 0 such that for all k ≥ 1 and all n ≥ k + q

dist(Ak(L), An(L)) ≥ CL,3
(
k−1 − n−1

)
and

dist(An(L), 0) ≥ CL,3n−1.

Proof. First, notice that it follows from Lemma 9.2.3 that if w, z ∈
i(L) and k, n ∈ N , then

(n− k)||b|| − 2(Dist(0, i(L)) + κ) ≤ ||Ãn(w) − Ãk(z)||.

Therefore, there is a positive integer q0 such that if n − k ≥ q0, then
||Ãn(w) − Ãk(z)|| ≥ (1/2)||b||(n − k). Let N0 be as in the proof of
Lemma 9.2.6 and Mi(L) be as in Corollary 9.2.4. Let k, n ≥ N1 =
max{N0,Mi(L)}. Consider two arbitrary points z, w ∈ i(L) and para-
metrize the line segment γ joining Ãk(z) and Ãn(w) as

γ(t) = Ãk(z) + t(Ãn(w)− Ãk(z)), t ∈ [0, 1].

The curve i(γ) is a subarc of either a circle or a line; let l(i(γ)) be its
length. We have

l(i(γ))

=
∫ 1

0

||(i ◦ γ)′(t)||dt =
∫ 1

0

||i′(γ(t))|| · ||γ′(t)||dt

= ||Ãn(w) − Ãk(z)||
∫ 1

0

||γ(t)||−2dt

= ||Ãn(w) − Ãk(z)||
∫ 1

0

||Ãk(z) + t(Ãn(w) − Ãk(z))||−2dt

≥ ||Ãn(w) − Ãk(z)||
∫ 1

0

(||Ãk(z)||+ t||Ãn(w)− Ãk(z)||)−2
dt
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= ||Ãn(w) − Ãk(z)|| · ||Ãn(w)− Ãk(z)||−1

×
∫ ||Ãk(z)||+||Ãn(w)−Ãk(z)||

||Ãk(z)||
u−2du

= ||Ãk(z)||−1 − (||Ãk(z)||+ ||Ãn(w) − Ãk(z)||)
=

||Ãn(w) − Ãk(z)||
||Ãk(z)|| · (||Ãk(z)||+ ||Ãn(w) − Ãk(z)||) .

(9.1)

We have

||Ãk(z)||+ ||Ãn(w) − Ãk(z)|| ≤ Bi(L)k + Ci(L),1

(
1
k
− 1
n+ 1

)
.

So, there is a constant U such that ||Ãk(z)||+ ||Ãn(w) − Ãk(z)|| ≤ Un.
In view of Corollary 9.2.4, there is a constant Q0 such that

l(i(γ)) ≥ Q0
||Ãn(w) − Ãk(z)||

kn
.

Thus, there is a constant Q such that if k ≥ N1 and n ≥ k + q0, then
l(i(γ)) ≥ Q(k−1 − n−1). (9.2)

If i(γ) is a line segment, then

||An(i(w)) −Ak(i(z))|| = l(i(γ)) ≥ Q(k−1 − n−1). (9.3)

If, however, i(γ) is an arc of a circle, then consider the ray

g(t) = Ãk(z) + t(Ãn(w)− Ãk(z)), t ∈ (−∞, 0].
Proceeding exactly as in the formula (9.2) and using the estimate
||g(t)|| ≤ ||Ãk(z)|| − t||Ãn(w)− Ãk(z)||, we get

l(i(g)) ≥
∫ ∞

||Ãk(z)||
u−2du = ||Ãk(z)||−1.

And applying Corollary 9.2.4 we get l(i(g)) ≥ B−1
i(L)k

−1 ≥ Bi(L)(k−1 −
n−1). Therefore, invoking (9.2), we deduce that both arcs joining the
points Ak(i(z)) and An(i(w)) on the circle i({Ãk(z)+t(Ãn(w)−Ãk(z)) :
t ∈ IR∪{∞}}) have the ≥ min{Bi(L), Q}(k−1−n−1). Thus, also taking
into account (9.3), we see there is a constant P0 such that if k, n ≥ N1

and n− k ≥ q0, then
dist(Ak(L), An(L)) ≥ P0(k−1 − n−1).

Since 0 is not an element of
⋃N1
j=1 A

j(L), and since it follows from
Lemma 9.2.3 that Ak(L) → 0 as k → ∞, there is a constant CL,3
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such that the first part of the conclusion of the lemma holds. Applying
the proved part of the lemma, we conclude that

dist(An(L), 0) = lim
k→∞

dist(An(L), Ak(L))

≥ lim
k→∞

CL,3(n−1 − k−1) = CL,3n−1.

�

We end this section by proving the following result concerning general
parabolic IFSs in dimension d ≥ 3. The first is a straightforward con-
sequence of Lemma 9.2.3. First, let us note that Lemma 9.2.6 shows
that a conformal parabolic map in IRd, d ≥ 3 has a unique fixed point.

Proposition 9.2.8 If {φi : X → X}i∈I is an at least three-dimensional
parabolic conformal IFS (I is allowed to be infinite), then xi, the only
fixed point of a parabolic map φi, belongs to ∂X.

Proof. In view of Lemma 9.2.3, for everyR > 0 large enough and every
n ≥ 1, the set φ̃i({z : ||z|| > R}) is not contained in {z : ||z|| > R}.
Consequently, for every neighborhood U of xi, the set φni (U) does not
converge to xi. Since however limn→∞ φni (X) = xi, the point xi cannot
belong to Int(X). �

9.3 The plane case, d = 2

We call a holomorphic map φ, defined around a point ω ∈ CI, simple
parabolic if φ(ω) = ω, φ′(ω) = 1 and φ is not the identity map. Then
on a sufficiently small neighborhood of ω, the map φ has the following
Taylor series expansion:

φ(z) = z + a(z − ω)p+1 + b(z − ω)p+2 + · · ·
with some integer p ≥ 1 and a ∈ CI \ {0}. Being in the circle of ideas re-
lated to Fatou’s flower theorem (see [Al] for extended historical informa-
tion), we now want to analyze qualitatively and especially quantitatively
the behavior of φ in a sufficiently small neighborhood of the parabolic
point ω. Let us recall that the rays coming out from ω and forming the
set

{z : a(z − ω)p < 0}
are called attracting directions and the rays forming the set

{z : a(z − ω)p > 0}
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are called repelling directions. Fix an attractive direction, say A =
ω + p

√−a−1(0,∞), where p
√· is a holomorphic branch of the pth rad-

ical defined on CI \ a−1(0,∞). In order to simplify our analysis let
us change the system of coordinates with the help of the affine map
ρ(z) = p

√−a−1 + ω. We then get

φ0(z) = ρ−1 ◦ φ ◦ ρ(z) = z − zp+1 + b p
√
−a−1zp+2 + · · ·

and ρ−1(A) = (0,∞) is an attractive direction for φ0. We want to
analyze the behavior of φ0 on an appropriate neighborhood of (0, ε), for
ε > 0 sufficiently small. In order to do it, similarly as in the previous
section, we conjugate φ0 on CI \ (−∞, 0] to a map defined “near” infinity.
Precisely, we consider p

√·, the holomorphic branch of the pth radical
defined on CI \ (−∞, 0] and leaving the point 1 fixed. Then we define the
map

H(z) =
1

p
√
z

and consider the conjugate map

φ̃ = H−1 ◦ φ0 ◦H.
Straightforward calculations show that

φ̃(z) = z + 1 +O(|z|− 1
p ) (9.4)

and

φ̃′(z) = 1 +O(|z|− p+1
p ). (9.5)

Given now a point x ∈ (0,∞) and α ∈ (0, π), let

S(x, α) = {z : −α < arg(z − x) < α}.
The formula (9.4) shows that for every α ∈ (0, π) there exists x(α) ∈
(0,∞) such that for every x ≥ x(α)

φ̃(S(x, α)) ⊂ S
(
x+

1
2
, α

)
, (9.6)

|z| ≥ Bp (9.7)

and

Re(φ̃(z)) ≥ Re(z) +
1
2

(9.8)
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for all z ∈ S(x, α), where B is the constant responsible for O(|z|− 1
p ) in

(9.4). The following lemma immediately follows from (9.7), (9.4) and
(9.8) by a straightforward induction.

Lemma 9.3.1 For every compactum F ⊂ S(x(α), α) there exists a con-
stant CF ≥ 1 such that for every z ∈ F and every n ≥ 1

C−1
F n ≤ |φ̃n(z)| ≤ CFn.

Using a straightforward induction, one gets from (9.4) and Lemma 9.3.1
that

φ̃n(z) = z + n+O
(
max{n1− 1

p , logn}) (9.9)

and

φ̃n(z) = φ̃k(z) + (n− k) +O(|n1− 1
p − k1− 1

p |), (9.10)

where the constant involved in “O′′ depends only on F and φ0. Using
Lemma 9.3.1 and (9.5) we shall prove the following.

Lemma 9.3.2 For every compactum F ⊂ S(x(α), α) there exists a con-
stant DF ≥ 1 such that for every z ∈ F and every n ≥ 1

D−1
F ≤ |(φ̃n)′(z)| ≤ DF .

Proof. For every z ∈ S(x(α), α) let g(z) = φ̃′(z) − 1. By the chain
rule, we have for every z ∈ S(x(α), α) and every n ≥ 1

(φ̃n)′(z) =
n−1∏
j=0

φ′(φ̃j(z)) = φ̃′(z)
n−1∏
j=1

(
1 + g(φ̃j(z))

)
.

Using (9.5) and and the right-hand side of of Lemma 9.3.1, we get for
every z ∈ F and every j ≥ 1 that

|g(φ̃j(z))| = O(|φ̃j(z)|− p+1
p

) ≤ C− p+1
p

F O
(
j−

p+1
p

)
.

Since the series
∑∞

j=1 j
− p+1

p converges, the proof is complete. �

For every x ∈ (0,∞) and α ∈ (0, π) let

S0(x, α) = H(S(x, α))

and

SAφ (x, α) = ρ ◦H(S(x, α)) = ρ(S0(x, α)).
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The regions S0(x, α) and SAφ (x, α) look like flower petals containing sym-
metrically a part of the ray (0,∞) and the ray A = ω + p

√−a−1(0,∞)
respectively and form with these rays two “angles” of measure α/π at
the points 0 and ω respectively. We recall from the previous section that
conv(M) denotes the convex hull of the setM . Combining Lemma 9.3.1
and Lemma 9.3.2 we deduce the following.

Lemma 9.3.3 For every α ∈ (0, π/2) and for every compactum F ⊂
S(x(α), α) there exists a constant CF ≥ 1 such that for every n ≥ 1

C−1
F n ≤ dist(0, conv(φ̃n(F ))) ≤ Dist(0, conv(φ̃n(F ))) ≤ CFn.

Let us now use the properties of the map φ̃ and establish useful facts
about the map φ.

Lemma 9.3.4 For every compactum L ⊂ SAφ (x, α) there exists a con-
stant CL ≥ 1 such that for every z ∈ L and every n ≥ 1

C−1
L n−

p+1
p ≤ |(φn)′(z)|, diam(φn(L)) ≤ CLn−

p+1
p .

Proof. It of course suffices to prove this lemma for φ replaced by
φ0. Since H−1(L) is a compact subset of S(x(α), α) and since H ′(z) =
− 1

pz
−p+1

p , using the chain rule along with Lemma 9.3.1, Lemma 9.3.2,
and (9.7), we deduce that for every z ∈ L and every n ≥ 1

|(φn0 )′(z)| = |(H ◦ φ̃n ◦H−1)′(z)|
= |H ′(φ̃n(H−1(z))| · |(φ̃n)′(H−1(z))| · |(H−1)′(z)|
=

1
p
|φ̃n(H−1(z))|− p+1

p |(φ̃n)′(H−1(z))|p|z|−(p+1)

≤ D
p+1

p

H−1(L)CH−1(L)(dist(0, H−1(L)))−(p+1)n−
p+1

p

and

|(φn0 )′(z)| ≤ D
− p+1

p

H−1(L)C
−1
H−1(L)Dist(0, H

−1(L))−(p+1)n−
p+1

p .

�

Lemma 9.3.5 For every compactum L ⊂ SAφ (x, α) there exists a con-
stant CL,1 ≥ 1 such that for all k, n ≥ 1

Dist(φk(L), φn(L)) ≤ CL,1
∣∣∣min(k, n)−

1
p − (max(k, n) + 1)−

1
p

∣∣∣
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and

Dist(φn(L), ω) ≤ CL,1n− 1
p .

Proof. It suffices again to prove this lemma for φ replaced by φ0. Let
us prove the first inequality. Without loss of generality we may assume
that n ≥ k. Since H−1(L) and conv(H−1(L)) are compact subsets of
S(x(α), α), using (9.4), Lemma 9.3.3, Lemma 9.3.1, and Lemma 9.3.2,
we can estimate for every j ≥ 0 and all z, ξ ∈ L as follows.

|φk+j+1
0 (ξ)− φk+j

0 (z)|
≤ |φk+j+1

0 (ξ) − φk+j+1
0 (z)|+ |φk+j+1

0 (z)− φk+j
0 (z)|

≤ sup{|H ′(w)| : w ∈ conv
(
φ̃k+j+1(H−1(L))

)}
× diam

(
conv

(
φ̃k+j+1(H−1(L))

))
+

(
1 +B|φ̃k+j(H−1(z))|− 1

p
)
sup{|H ′(w)| : w ∈ [φ̃k+j(H−1(z)),

× φ̃k+j+1(H−1(z))]}
≤ 1
p
sup{|w|− p+1

p : w ∈ conv
(
φ̃k+j+1(H−1(L))

)}
× diam(φ̃k+j+1(H−1(L)))

+
2
p
sup{|w|− p+1

p : w ∈ [φ̃k+j(H−1(z)), φ̃k+j+1(H−1(z))]}

≤ 1
p
DH−1(L)CH−1(L)diam(H−1(L))(k + j + 1)−

p+1
p

+
2
p

(|φ̃k+j+1(H−1(z))| − |φ̃k+j(H−1(z))|)− p+1
p

≤ 1
p
DH−1(L)CH−1(L)diam(H−1(L))(k + j + 1)−

p+1
p

+
2
p

(
CH−1(L)(k + j + 1)−B(|φ̃k+j(H−1(z))|− 1

p + 1
))− p+1

p

≤ 1
p
DH−1(L)CH−1(L)diam(H−1(L))(k + j + 1)−

p+1
p

+
2
p

(
CH−1(L)(k + j + 1)−B(

C
1
p

H−1(L)(k + j)
− 1

p + 1
))

≤ 1
p
DH−1(L)CH−1(L)diam(H−1(L))(k + j + 1)−

p+1
p

+
4
p
C

p+1
p

H−1(L)(k + j + 1)−
p+1

p

=
1
p

(
DH−1(L)CH−1(L)diam(H−1(L)) + 4C

p+1
p

H−1(L)

)
(k + j + 1)−

p+1
p
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where the last inequality has been written assuming that k ≥ 1 is large
enough, say k ≥ q, and B is the constant coming from (9.4). Denote the
constant appearing in the last line of the above formula by C′

L. Using
also Lemma 9.3.4 we then get

Dist(φk0(L), φ
n
0 (L)) ≤

n−k−1∑
j=0

Dist(φk+j
0 (L), φk+j+1

0 (L))

+
n−k∑
j=0

diam(φk+j
0 (L)) ≤

n−k∑
j=0

C′
L(k + j)

− p+1
p

= CL,1(k−
1
p − (n+ 1)−

1
p )

for some constant CL,1 ≥ 1. Clearly, increasing the constant CL,1 ap-
propriately, we see that the last inequality is also true for all 1 ≤ k ≤ q.
The proof of the first part of Lemma 9.3.5 is thus complete. The second
part is a straightforward consequence of the first one. Indeed, it follows
from (9.6) that φk(L) converges to ω if k → ∞. Hence, applying the
first part of the lemma, we get

Dist(φn(L), ω) = lim
k→∞

Dist(φn(L), φk(L))

≤ lim
k→∞

CL,1(n−
1
p − (k + 1)−

1
p ) = CL,1n−

1
p .

�

Lemma 9.3.6 For every compactum L ⊂ SAφ (x, α) there exist a constant
CL,2 ≤ 1 and an integer q ≥ 0 such that for all k ≥ 1 and n ≥ k + q,

dist(φk(L), φn(L)) ≥ CL,2|n− 1
p − k− 1

p |

and

dist(φn(L), ω) ≥ CL,2n− 1
p .

Proof. It suffices of course to prove this lemma with φ replaced by
φ0. Consider two arbitrary points z, ξ ∈ H−1(L) and the line segment
γ joining φ̃k(z) and φ̃n(ξ). Parametrize it as

γ(t) = φ̃k(z) + t(φ̃n(ξ)− φ̃k(z)), t ∈ [0, 1].
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Let l(H(γ)) be the length of the curve (a subarc of either a circle or a
line) H(γ). We have

l(H(γ)) =
∫ 1

0

|(H ◦ γ)′(t)|dt =
∫ 1

0

|H ′(γ(t))| · |γ′(t)|dt

= |φ̃n(ξ)− φ̃k(z)|
∫ 1

0

|H ′(γ(t))|dt

=
1
p
|φ̃n(ξ)− φ̃k(z)|

∫ 1

0

|γ(t)|− p+1
p dt

=
1
p
|φ̃n(ξ)− φ̃k(z)|

∫ 1

0

(
φ̃k(z) + t(φ̃n(ξ)− φ̃k(z)))−p+1

p dt

≥ 1
p
|φ̃n(ξ)− φ̃k(z)|

∫ 1

0

(|φ̃k(z)|+ t|φ̃n(ξ)− φ̃k(z)|)− p+1
p dt

=
1
p

∫ |φ̃k(z)|+|φ̃n(ξ)−φ̃k(z)|

|φ̃k(z)|
u−

p+1
p du

=
(
|φ̃k(z)|− 1

p − (|φ̃k(z)|+ |φ̃n(ξ)− φ̃k(z)|)− 1
p

)

=

(|φ̃k(z)|+ |φ̃n(ξ)− φ̃k(z)|) 1
p − |φ̃k(z)| 1p

|φ̃k(z)| 1p (|φ̃k(z)|+ |φ̃n(ξ)− φ̃k(z)|) 1
p

≥ C− 1
p

H−1(L)(3CH−1(L))
− 1

p

(|φ̃k(z)|+ |φ̃n(ξ)− φ̃k(z)|) 1
p − |φ̃k(z)| 1p

k
1
pn

1
p

,

(9.11)
where the last inequality has been written due to Lemma 9.3.1. By the
mean value theorem there exists η ∈ [|φ̃k(z)|, |φ̃k(z)| + |φ̃n(ξ) − φ̃k(z)|]
such that(|φ̃k(z)|+ |φ̃n(ξ)− φ̃k(z)|) 1

p − |φ̃k(z)| 1p =

=
1
p
|φ̃n(ξ)− φ̃k(z)|η 1−p

p

≥ 1
p
|φ̃n(ξ)− φ̃k(z)|(|φ̃k(z)|+ |φ̃n(ξ)− φ̃k(z)|) 1−p

p

≥ 1
p
(3CH−1(L))

1−p
p |φ̃n(ξ)− φ̃k(z)|.

(9.12)

Now, in view of (3.6), φ̃n(ξ) − φ̃k(z) = ξ − z + O(max{n1− 1
p , logn}).

Hence

|φ̃n(ξ) − φ̃k(z)| ≥ diam(H−1(L)) + (n− k)−O(
max{n1− 1

p , logn})
≥ 1

2
(n− k)
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if only n−k is large enough, say n−k ≥ q. Using this, (9.11) and (9.12),
if n ≥ k + q, then

l(H(γ)) ≥ 1
2p

(3CH−1(L))
1−p

p
(n− k)n1− 1

p

k
1
pn

1
p

. (9.13)

Since t ≤ t
1
p for t ∈ [0, 1], we get 1 − t ≥ 1 − t 1p for these t, and

consequently 1 − k
n ≥ 1 − (

k
n

) 1
p or n−k

n ≥ 1 − (
k
n

) 1
p . Multiplying this

last inequality by n
1
p , we get (n − k)n 1−p

p ≥ n 1
p − k 1

p . Combining this
and (9.13) yields

l(H(γ)) ≥ 1
2p

(3CH−1(L))
1−p

p
(
k−

1
p − n− 1

p
)
. (9.14)

If H(γ) is a line segment, then

|φk0(H(z))− φn0 (H(ξ))| = l(H(γ)) ≥ 1
2p

(3CH−1(L))
1−p

p
(
k−

1
p − n− 1

p
)
.

(9.15)
If however H(γ) is an arc of a circle, then consider the curve

g(t) = φ̃k(z) + t(φ̃n(ξ)− φ̃k(z)), t ∈ (−∞, 0].

Proceeding exactly as in the formula (9.11) with the estimate |g(t)| ≤
|φ̃k(z)| − t|(φ̃n(ξ)− φ̃k(z)|, we get

l(H(γ)) ≥ 1
p

∫ ∞

|φ̃k(z)|
u−

p+1
p du = |φ̃k(z)|− 1

p .

Applying now Lemma 9.3.1 this gives

l(H(γ)) ≥ (CH−1(L))
− 1

p k−
1
p ≥ (CH−1(L))

− 1
p
(
k−

1
p − n− 1

p
)
.

Therefore, invoking (9.14), we deduce that both arcs joining the points
φk0(H(z)) and φn0 (H(z)) on the circle H({φ̃k(z) + t(φ̃n(ξ)− φ̃k(z)) : t ∈
IR ∪ {∞}) have length ≥ C(

(
k−

1
p − n−

1
p
)
, where C =

min
{

1
2p (3CH−1(L))

1−p
p , CH−1(L))

− 1
p

}
. Hence |φk0(H(z)) − φn0 (H(ξ))| ≥

C
π

(
k−

1
p − n− 1

p
)
. This and (9.15) imply that

dist
(
φk0(H(z)), φn0 (H(ξ))

) ≥ C

π

(
k−

1
p − n− 1

p
)

and the proof of the first part of our lemma is complete. Since it follows
from (9.6) that φk(L) converges to ω if k → ∞, applying the proved
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part of the lemma, we conclude that

dist(φn(L), ω) = lim
k→∞

dist(φn(L), φk(L))

≥ lim
k→∞

CL,2
(
n−

1
p − k− 1

p
)
= CL,2n−

1
p .

�

Remark 9.3.7 We would like to remark that all statements proved in
this section about the map φ continue to be true if we replace the as-
sumption L ⊂ SAφ (x(α), α) by the assumption φj(L) ⊂ SAφ (x(α), α) for
some j ≥ 0.

Lemma 9.3.8 If L ⊂ CI \ ω is a compactum and limn→∞ φn(L) = ω,
then there exists an attracting direction A such that for every α ∈ (0, π),
φn(L) ⊂ SAφ (x(α), α) for every n ≥ 0 large enough.

Proof. First notice that due to (9.6), if φk(L) ⊂ SAφ (x(α), α), then
φn(L) ⊂ SAφ (x(α), α) for all n ≥ k. Suppose now on the contrary that
our lemma is not true. Since the set of attracting directions is finite,
there thus exist β ∈ (0, π) and such that for every n ≥ k

φn(L) ∩
p⋃

i=1

S
A+

i

φ (x(β), β) = ∅, (9.16)

where {A+
1 , A

+
2 , . . . , A

+
p } is the set of all attracting directions for φ at

ω. Taking now γ ∈ (π − β, π) we see that the union
p⋃
i=1

S
A+

i

φ (x(β), β) ∪
p⋃

i=1

S
A−

i

φ−1(x(γ), γ)

(A−
i being attracting directions for φ−1) forms a deleted neighborhood

of ω. Along with (9.16) this implies that φn(L) ⊂ S
A−

i

φ−1(x(γ), γ) for
some i ∈ {1, 2, . . . , p} and all n ≥ k. But since, by (9.6), limn→∞ φ−n

(SA
−
i

φ−1(x(γ), γ)) = ω, we conclude that L = limn→∞ φ−n(φ(L)) = ω.
This contradiction finishes the proof. �
We end this section with a result concerning parabolic IFSs in dimension
d = 2.

Proposition 9.3.9 If S = {φi : X → X}i∈I is a parabolic IFS and
d = 2, then the fixed point of each parabolic element φi belongs to the
boundary of X. In addition, the derivative of each parabolic element
evaluated at the corresponding parabolic fixed point is a root of unity.
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Proof. Suppose that i ∈ I is a parabolic index and that the cor-
responding fixed point xi is in Int(X). Let Ci be the component of
Int(X) containing xi. So, Ci is an open connected subset of CI miss-
ing at least three points, since X is a compact subset of CI. Therefore,
by the uniformization theorem, there exists a holomorphic covering map
R : D → Ci sending 0 to xi, whereD = {z ∈ CI : |z| < 1} is the open unit
disk in CI. Since φi(xi) = xi, φi(Ci) ⊂ Ci. Considering, if necessary, the
second iterate of φi we may assume that φi is holomorphic. Hence, all
its lifts to D i.e. satisfying the equality φi ◦R = R◦ψ) are holomorphic.
Take ψ : D → D, the lift fixing the point 0. Then ψ′(0) = φ′i(xi),
whence |ψ′(0)| = 1. Therefore, in view of Schwarz’s lemma, ψ : D → D

is a rotation with center at 0. In particular

φi(Ci) = φi ◦R(D) = R ◦ ψ(D) = R(D) = Ci.
This contradicts condition (4) from Section 8.1. Finally, suppose i is a
parabolic index. If φ′i(xi) were not a root of unity, then the images of
finitely many iterates of φi of an open cone witnessing the cone condition
at xi would cover a punctured neighborhood of X . This contradicts the
fact the the boundary of X has no isolated points. �

9.4 Proofs of the main theorems

In order to apply the results of Sections 8.2 and 8.3 we need the following.
Recall that for each parabolic index i, xi is the unique fixed point of the
map φi.

Proposition 9.4.1 If {φi : X → X}i∈I is a parabolic IFS (I is allowed
to be infinite), then for every parabolic index i ∈ I and every j ∈ I \ {i},
we have xi /∈ φj(X).

Proof. Suppose on the contrary that xi ∈ φj(X) for some parabolic
index i ∈ I and some j ∈ I \ {i}. Then by the cone condition and
conformality of φj , the set φj(X) contains a central cone with positive
measure and vertex xi. On the other hand, since φi is conformal, X \
φi(X) contains no central cone with positive measure and vertex xi.
This is a contradiction since, by the open set condition, Int(φi(X)) ∩
Int(φj(X)) = ∅. �

Consider a parabolic IFS, S = {φi : X → X}i∈I . If S is two-dimensional,
then dealing with the family of second iterates S2 = {φij : i, j ∈ I}, in-
stead of S, we may assume that all the parabolic maps are holomorphic.
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Also, from Proposition 9.3.9 the derivative of each parabolic element
evaluated at the corresponding parabolic fixed point is a root of unity.
Therefore, for some appropriate positive integer q, the derivative of each
parabolic element of Sq evaluated at the corresponding parabolic fixed
point is equal to 1. Thus, without loss of generality, we may assume
that in case d = 2, all the parabolic elements of S are simple parabolic
mappings in the sense of Section 8.3. Grouping together now the results
of Sections 8.2 and 8.3, we deduce that for any given d ≥ 2, there exists
a constant Q ≥ 1 and an integer q ≥ 0 such that for every parabolic
index i ∈ I there exists an integer pi ≥ 1 such that for every j ∈ I \ {i}
and all n, k ≥ 1 we have

Q−1n
− pi+1

pi ≤ inf
X
{||φ′inj(x)||}, ||φ′inj ||, diam(φinj(X)) ≤ Qn−

pi+1
pi ,

(9.17)

Q−1n
− 1

pi ≤ dist(xi, φinj(X)) ≤ Dist(xi, φinj(X)) ≤ Qn− 1
pi , (9.18)

Dist(φinj(X), φikj(X)) ≤ Q
∣∣∣min{k, n}− 1

pi − (max{k, n}+ 1)−
1

pi

∣∣∣
(9.19)

and, furthermore, if |n− k| ≥ q, then
dist(φinj(X), φikj(X)) ≥ Q|n− 1

pi − k− 1
pi |. (9.20)

We also need the following.

Theorem 9.4.2 If {φi : X → X}i∈I is a parabolic IFS (I is allowed to
be infinite), then

HD(JS) > max
{

pi
pi + 1

: i is parabolic
}
,

where pi is the integer indicated in (9.20).

Proof. Using (9.17), if we take t slightly larger than pi

pi+1 , then ψ(t) can
be made as large as we like. Since P∗(t) ≥ −t logK+logψ(t), P∗(t) > 0.
Therefore, h = HD(JS∗) > pi

pi+1 . It therefore immediately follows from
Lemma 8.4.3 that

HD(JS) = HD(JS∗) > max
{

pi
pi + 1

: i is parabolic
}
.

�
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If in addition S is finite, then we conclude from (9.17) that

θS∗ = max
{

pi
pi + 1

: i is parabolic
}

and ψ(θS∗) = ∞. This means that the system S∗ is hereditarily regular
and we have proved Theorem 9.1.2.

Lemma 9.4.3 For every parabolic index i ∈ I, there exists an open cone
Ci ⊂ X with vertex xi and such that xi ∈ J ∩ Ci.

Proof. In case d ≥ 3 this is an immediate consequence of Lemma 9.2.3.
In case d ≥ 3 this is an immediate consequence of (9.9) and Lemma 9.3.8.
�
In view of Theorem 9.1.3, in order to prove Theorem 9.1.4 it suffices
to demonstrate the following four lemmas assuming the finite parabolic
system S satisfies the strong open set condition.

Lemma 9.4.4 If h < 1, then Hh(J) = 0.

Lemma 9.4.5 If h ≤ 1, then Ph(J) <∞.

Lemma 9.4.6 If h > 1, then Ph(J) = ∞.

Lemma 9.4.7 If h ≥ 1, then Hh(J) > 0.

Proof of Lemma 9.4.4. Let i ∈ I be a parabolic index. Fix j ∈ I \ {i}.
Since φinj(X) ⊂ B(xi, r) if and only if Dist(xi, φinj(X)) < r, it follows
from (9.18) that if Qn−

1
pi < r, then φinj(X) ⊂ B(xi, r). Hence using

(9.17) and the conformality of m, we get

r−hm(B(xi, r)) ≥ r−h
∑

n:Qn
− 1

pi <r

m(φinj(X))

≥ r−h
∑

n>(Qr−1)pi

Q−hn−
pi+1

pi
h

≥ Q−h(const) r−h(Qpir−pi )1−
pi+1

pi
h

≥ (const) r−hr−pi+(pi+1)h

= (const) rpi(h−1).
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Since h < 1, this implies that limr→0 r
−hm(B(xi, r)) = ∞. By Pro-

position 9.1.1, xi ∈ S∗(∞). It therefore follows immediately from The-
orem 4.5.3 that Hh(JS) = Hh(JS∗) = 0. �

Proof of Lemma 9.4.5. Fix a parabolic index i ∈ I, j ∈ I \{i}, n ≥ 1 and
fix r, 2diam(φinj(X)) < r ≤ 1. Take an arbitrary point x ∈ φinj(X).
It follows from (9.19) and the inequality r > 2diam(φinj(X)) that if
k ≤ n and Q

(
k
− 1

pi −n− 1
pi

)
< r, where we take an appropriate constant

Q ≥ Q, then B(x, r) ⊃ φikj(X). Hence, using (9.17) andTheorem 9.4.2
and letting E(x) denote the greatest integer in x, we get

m(B(x, r)) ≥
n∑

k=E

((
Q

−1
r+n

− 1
pi

)−pi
)

+1

m(φikj(X))

≥
n∑

k=E

((
Q

−1
r+n

− 1
pi

)−pi
)

+1

Q
−h
k
− pi+1

pi
h

≥ (const)

((
Q

−1
r + n−

1
pi

)−pi

(
1− pi+1

pi
h

)
− n1− pi+1

pi
h

)

≥ (const)
((
Q

−1
r + n−

1
pi

)(pi+1)h−pi − n− 1
pi

((pi+1)h−pi)

)
.

(9.21)

It follows from the mean value theorem that there exists some η with
n
− 1

pi ≤ η ≤ Q−1
r + n−

1
pi such that

(
Q

−1
r + n−

1
pi

)(pi+1)h−pi − n− 1
pi

((pi+1)h−pi)

= ((pi + 1)h− pi)(Q−1
r)η(pi+1)h−pi−1

= ((pi + 1)h− pi)Q−1
rη(pi+1)(h−1)

≥ ((pi + 1)h− pi)Q−1
r
(
Q

−1
r + n−

1
pi

)(pi+1)(h−1)

.

(9.22)

But, by our constraints on r and by (9.17), n−
1

pi ≤ Q
1

pi+1diam
1

pi+1

(φinj(X)) ≤ (1/2)Q
3

pi+1 r
1

pi+1 . Thus, combining this, (9.22) and (9.21),
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we get

m(B(x, r)) ≥ (const) r
(
Q

−1
r + n−

1
pi

)(pi+1)(h−1)

≥ (const) r
(
r

1
pi+1

)(pi+1)(h−1)

= (const) rh.

Therefore, the proof follows by applying Theorem 4.5.5 with ξ = 1 and
γ = 1. �

Proof of Lemma 9.4.6. Fix a parabolic index i ∈ I. Since the system is
finite, by applying Proposition 9.4.1, there is some R > 0 such that if
0 < r < R, then B(xi, r) does not intersect φj(X), for any j �= i. Fix
such a radius r. Using (9.18) and (9.17), we derive

r−hm(B(xi, r)) ≤ r−h
∑
j 	=i

∑
n:Q−1n

− 1
pi <r

m(φinj(X))

≤ r−h
∑
j 	=i

∑
n>(Qr)−pi

Qh||φ′inj ||h

≤ Qhr−h
∑
j 	=i

∑
n>(Qr)−pi

n
− pi+1

pi
h

≤ (const)#IQh

(
pi + 1
pi

h− 1
)
r−h(Qr)(−pi)

(
1− pi+1

pi
h

)

= (const) r−h+(pi+1)h−pi = (const) rpi(h−1).

Since h > 1, this implies that limr→0 r
−hm(B(xi, r)) = 0. Applying

Theorem 4.5.5 along with Lemma 9.4.3 and Proposition 9.1.1, we con-
clude that Ph(J) = ∞. �

Proof of Lemma 9.4.7. Fix a parabolic index i ∈ I, j ∈ I \ {i}, n ≥
max{2q, q + 1} and x ∈ φinj(X). Given 1 ≥ r > diam(φinj(X)) and
using (9.17) twice we obtain

Σ1 :=
∑
a	=i

n+q∑
k=n−q

m(φika(X)) ≤
∑
a	=i

n+q∑
k=n−q

||φ′ika||h

≤
∑
a	=i

n+q∑
k=n−q

Qhk
−pi+1

pi
h ≤ #IQh2q(n− q)−

pi+1
pi

h

(9.23)
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= 2#IqQh

(
n

n− q
) pi+1

pi
h

n
− pi+1

pi
h

≤ 2qQh#I2
pi+1

pi
h
Qdiamh(φinj(X)) ≤ 2qQh+12

pi+1
pi

h#Irh.

Put l = E
((
n
− 1

pi −Qr
)−pi

)
+ 1 if Qr < n−

1
pi and l = ∞ otherwise.

Using (9.17) we get

Σ2 :=
∑
a	=i

∑
k:|n− 1

pi −k− 1
pi |<Qr

m(φika(X))

≤
∑
a	=i

l∑
k=E

((
Qr+n

− 1
pi

)−pi
) Q

hk
− pi+1

pi
h

≤ #IQh
l∑

k=E

((
Qr+n

− 1
pi

)−pi
) k

− pi+1
pi

h
.

Suppose first that Qr < n−
1

pi . Then

Σ2 ≤ #IQh

(
pi + 1
pi

h− 1
) ((

Qr + n−
1

pi

)−pi+(pi+1)h

−
(
n
− 1

pi −Qr
)−pi+(pi+1)h

)
.

It follows now from the mean value theorem that there exists η ∈ [n−
1

pi −
Qr, n

− 1
pi +Qr] such that(
Qr + n−

1
pi

)−pi+(pi+1)h

−
(
n
− 1

pi −Qr
)−pi+(pi+1)h

= ((pi + 1)h− pi)2Qrη(pi+1)(h−1).

Since by (9.17)

n
− 1

pi ≤ Q 1
pi diam(φinj(X))

1
pi ≤ Q 1

pi r
1

pi ,

we therefore find

Σ2 ≤ (const) rη(pi+1)(h−1) ≤ (const) r
(
Qr + n−

1
pi

)(pi+1)(h−1)

≤ (const) r
(
Q

1
pi r

1
pi +Qr

)(pi+1)(h−1)

≤ (const) r
(
r

1
pi

)(pi+1)(h−1)

= (const) rh.
(9.24)
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Suppose in turn that Qr ≥ n− 1
pi . Then

Σ2 ≤ Qh#I
∞∑

k=E

((
Qr+n

− 1
pi

)−pi
) k

− pi+1
pi

h

≤ Qh#I
(
pi + 1
pi

h− 1
) (
Qr + n−

1
pi

)−pi

(
1− pi+1

pi
h

)

= Qh#I
(
pi + 1
pi

h− 1
) (
Qr + n−

1
pi

)(pi+1)h−pi ≤ (const) r(pi+1)h−pi

= (const) rhrpi(h−1) ≤ (const) rh.
(9.25)

Since, by (9.20), m(B(x, r)) ≤ Σ1 + Σ2, it follows from (9.23)–(9.25)
that m(B(x, r) ≤ (const) rh. Finally, applying Theorem 4.5.3 completes
the proof. �

Proof of Theorem 9.1.5. It is a straightforward consequence of formulae
(9.18), (9.19) and (9.20) that for every parabolic index i ∈ I, every
j ∈ I \ {i} and every x ∈ X , BD ({φinj(x)}n≥1) = 1

1
pi

+1
= pi

pi+1 . Hence,

it follows from Theorem 4.2.18 along with Theorem 4.2.14 that BD(J) =
dimH(J). �



Appendix 1

Ergodic theory

If (X,F , µ) is a probability space, then a map T : X → X is called
measure-preserving (or the measure µ is called T -invariant) if for every
A ∈ F , T−1(A) ∈ F and µ(T−1(A)) = µ(A). A set A ∈ F is called
T -invariant if T−1(A) = A. The measure-preserving map T : X → X is
said to be ergodic if the measure µ of every T -invariant set A is either
0 or 1. The most significant property of ergodic measure-preserving
mappings is contained in the following.

Theorem A1.0.8 (Birkhoff’s Ergodic Theorem) If T : X → X is an er-
godic measure-preserving endomorphism of a probability space (X,F , µ)
and g : X → IR is an integrable function then

lim
n→∞

1
n

Sng(x) =
∫

fdµ for µ-a.e. x ∈ X.

Let α be a countable partition of the set X by elements in F . For every
1 ≤ n ≤ ∞ let

αn = {A1 ∩ A2 ∩ · · · ∩ An : Ai ∈ α for all i = 1, 2 . . . , n}.

Of course αn is again a countable partition of X . The partition α is
called generating if after subtracting from X a set of measure zero, all
the elements of α∞ become singletons. By Hµ(a), the entropy of the
partition α, we mean the following quantity.

Hµ(α) = −
∑
A∈α

µ(A) log(µ(A)).
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It can be proved (see e.g. [Par], [Wa], [KH], or [PU]) that the limit

hµ(T, α) = lim
n→∞

1
n
Hµ(αn)

exists and hµ(T ), the entropy of the endomorphism T , is defined to be
the supremum of the numbers hµ(T, α) taken over all countable parti-
tions with finite entropy. Two basic facts we use in this book to deal
with the concept of entropy are the following.

Theorem A1.0.9 (Kolmogorov–Sinai) If α is a generating partition
with finite entropy, then hµ(T ) = hµ(T, α).

Given x ∈ X let α(x) be the only element of the partition α containing
x.

Theorem A1.0.10 (Shannon–McMillan–Breiman) If α is a generating
partition with finite entropy, then

lim
n→∞

−1
n

logµ(αn(x)) = hµ(T ) for µ-a.e. x ∈ X.



Appendix 2

Geometric measure theory

We start with Hausdorff measures and dimensions. Let g : [0,∞) →
[0,∞) be a non-decreasing function continuous at 0, positive on (0,∞)
and such that g(0) = 0. Let (X, ρ) be a metric space. For every δ > 0
define

Hδ
g(A) = inf

{ ∞∑
i=1

g(diam(Ui))
}

where the infimum is taken over all countable covers {Ui : i = 1, 2, . . .}
of A of with the diameter of each Ui not exceeding δ. The following
limit

Hg(A) = lim
δ→0

Λδ
φ(A) = sup

δ>0
Λδ

φ(A)

exists, but may be infinite, since Hδ
g(A) increases as δ decreases. Since all

the functions Hδ
g are outer measures, Hg is an outer measure. Moreover,

Hg turns is a metric outer measure and therefore all Borel subsets of
X are Hg-measurable. A particular role is played by functions g of the
form t �→ tα, t, α > 0 and in this case the corresponding outer measure
Hg is denoted by Hα. It is easy to see that there exists a unique value,
HD(A), called the Hausdorff dimension of A, such that

Ht(A) =

{
∞ if 0 ≤ t < HD(A)

0 if HD(A) < t < ∞.

Note that like Hausdorff measures, Hausdorff dimension is consequently
an intrinsic property of a subset of a given metric space in that in only
depends on the metric restricted to the subset. Hausdorff dimension is
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an increasing function with respect to inclusion of sets and is σ-stable,
meaning that the following is true.

Theorem A2.0.11 If {An}n≥1 is a countable family of subsets of X

then

HD(
⋃
n

An) = sup
n
{HD(An)}.

Passing to packing measures and dimensions, a collection {(xi, ri) : i ∈
I} is a packing of A ⊂ X if and only if for any pair i 	= j

ρ(xi, xj) ≥ ri + rj

and each xi ∈ A. This property is not generally equivalent to the require-
ment that all the balls B(xi, ri) are mutually disjoint. It is obviously so
if X is a Euclidean space. For every A ⊂ X and every r > 0 let

Π∗r
g (A) = sup

{ ∞∑
i=1

g(ri)
}

where the supremum is taken over all packings {(xi, ri) : i = 1, 2, . . .}
of A of radius not exceeding r, where the radius of a packing is sup{ri :
i ∈ I}. Let

Π∗
g(A) = lim

r→0
Π∗r

g (A) = inf
r>0

Π∗r
g (A)

The limit exists since Π∗r
φ (A) decreases as r decreases. Π∗

g need not be
an outer measure. In order to construct an outer measure, called the
packing measure associated with the function g, we put

Πφ(A) = inf{
∑

Π∗
φ(Ai)}.

It is this two stage process involved in the definition of packing measure
that makes it more complicated to deal with (cf. [MM]). Now, in exactly
the same way as Hausdorff dimension HD, one can define the packing∗

dimension PD∗ and packing dimension PD using respectively Π∗
t (A) and

Πt(A) instead of Ht(A). One has monotonicity and σ-stability for the
packing dimension also.

Some basic sufficient conditions for finiteness and positivity of Haus-
dorff and packing measures are described as follows. Let ν be a Borel
probability measure on X and let t ≥ 0 be a real number. Define the
function ρ = ρt(ν) : X × (0,∞)→ (0,∞) by

ρ(x, r) =
ν(B(x, r))

rt
.
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The following two theorems are for our aims some key facts from geo-
metric measure theory.

Theorem A2.0.12 Assume that X is a compact subspace of a d-dimen-
sional Euclidean space. Then for every t ≥ 0 there exist constants h1(t)
and h2(t) with the following properties.

(1) If A is a Borel subset of X and C > 0 is a constant such that for
all (but countably many) x ∈ A

lim sup
r→0

ρ(x, r) ≥ C−1,

then for every Borel subset E ⊂ A we have Ht(E) ≤ h1(t)Cν(E)
and, in particular, Ht(A) < ∞.

(2) If A is a Borel subset of X and C > 0 is a constant such that for
all x ∈ A

lim sup
r→0

ρ(x, r) ≤ C−1,

then for every Borel subset E ⊂ A we have Ht(E) ≥ Ch2(t)ν(E).

Theorem A2.0.13 Assume that X is a compact subspace of a d-dimen-
break sional Euclidean space. Then for every t ≥ 0 there exist constants
p1(t) and p2(t) with the following properties.

(1) If A is a Borel subset of X and C > 0 is a constant such that for
all x ∈ A

lim inf
r→0

ρ(x, r) ≤ C−1,

then for every Borel subset E ⊂ A we have Πt(E) ≥ Cp1(t)ν(E).

(2) If A is a Borel subset of X and C > 0 is a constant such that for
all x ∈ A

lim inf
r→0

ρ(x, r) ≥ C−1,

then for every Borel subset E ⊂ A we have Πt(E) ≤ p2(t)Cν(E)
and, consequently, Πt(A) < ∞.

(1’) If ν is non–atomic then (1) holds under the weaker assumption
that the hypothesis of part (1) is satisfied on the complement of
a countable set.
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Passing to ball-counting dimensions, for every r > 0 consider the family
of all collections {B(xi, r)} which coverA and are centered atA, meaning
that all xi are in A. Put N(A, r) =∞ if this family is empty. Otherwise
define N(A, r) to be the minimum of all cardinalities of elements of
this family. The lower ball-counting dimension and upper ball-counting
dimension of A are defined respectively by

BD(A) = lim inf
r→0

logN(A, r)
− log r

and BD(A) = lim sup
r→0

logN(A, r)
− log r

.

If BD(A) = BD(A), the common value is called simply the ball-counting
dimension of A and is denoted by BD(A). In the literature the names
box-counting dimension, Minkowski dimension and capacity are also fre-
quently used for the ball-counting dimension. The basic relation between
the dimensions we have introduced is provided by the following.

Theorem A2.0.14 For every set A ⊂ X

HD(A) ≤ min{PD(A),BD(A)}
≤ max{PD(A),BD(A)} ≤ BD(A) = PD∗(A).

We finish this section with the following definition.

Definition A2.0.15 Let µ be a Borel measure on (X, ρ). Then the
Hausdorff dimension HD(µ) of the measure µ is defined as

HD(µ) = inf{HD(Y ) : µ(X \ Y ) = 0}
and an analogous definition can be formulated for packing dimension.

An extended exposition of the material contained in this section can be
found for example in [Fa2] or [Ma1]. An appropriate tool useful for cal-
culating Hausdorff dimensions of measures is provided by the following.

Theorem A2.0.16 Suppose that µ is a Borel probability measure on
IRn, n ≥ 1.

(a) If there exists θ1 such that for µ-a.e. x ∈ IRn

lim inf
r→0

logµ(B(x, r))
log r

≥ θ1

then HD(µ) ≥ θ1.
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(b) If there exists θ2 such that for µ-a.e. x ∈ IRn

lim inf
r→0

logµ(B(x, r))
log r

≤ θ2

then HD(µ) ≤ θ2.



Glossary of Notation

AI(m̃) set of densities of absolutely continuous invariant probability
measures, 39

αn standard partition into cylinders of length n, 10
TzQ approximate tangent k-plane, 167

CGDMS abbreviation for conformal graph directed Markov system, 71
χµ(σ) characteristic Lyapunov exponent, 90
Con(x,α, u) central cone with vertex x, measure α and the axis parallel to

the vector U , 69
λA ◦ ia,r + b form of any conformal map in IRd with d ≥ 3, 62

dα metric on coding space, 4
Dist(A,B) sup{||a − b|| : (a, b) ∈ A×B}, 240
dist(A,B) inf{||a − b|| : (a, b) ∈ A×B}, 240

E∞
F admissible words with entries form the set F , 5

E∗
A finite admissible words on an alphabet A, 1

E∞
A infinite admissible words on an alphabet A, 1

En
A admissible words of length n on an alphabet A, 1

Hµ̃(β) entropy of µ over the partition β, 10
Eω

n set of words of length n whose last entry connects to the first
entry of ω, 13

EZZ two-sided shift space, 119

Fin(I) family of all finite subsets of I , 81
Fin(F ) finite set of the one-parameter family generated by F , 124
Fin(q) inf{t : LGq,t (11) < ∞}, 124
Fix(L0) set of integrable functions fixed by L0, 39
fµ(α) Hausdorff dimension of the level set Kµ(α), 126
F (S) finiteness interval, 78

Gq,t family of functions {g(i)
q,t := qf (i) + t log |φ′

i|} appearing in mul-
tifractal analysis, 123

G(d, k) Grassmannian manifold, 167

Hα functions in H0 with finite α variation, 32
Hs

α summable functions inHα, 32

269
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HD(ν) Hausdorff dimension of the measure ν, 90
H0 bounded continuous complex valued functions on E∞, 32
H0

β functions in Hβ with integral 0, 36

H0,1
β unit ball in H0

β , 36

H0
0 functions in H0 with integral 0, 36

inversion, 62
ia,r inversion with respect to the sphere centered at the point a and

with radius r, 62
I∗ the alphabet of the hyperbolic system associated with a para-

bolic system, 223

J∗ limit set generated by the hyperbolic system associated with a
parabolic system, 224

Jv the part of the limit set coded by words starting with vertex v,
2

Kβ complex H́’older continuous functions of order β on E∞ , 43
Ks

β summable functions in Kβ , 43
Kµ(α) α-level set of the measure µ, 126

J = JS the limit set, 2
L0 normalized Perron–Frobenius operator, 29

Nr(E) minimum number of balls of radius ≤ r covering a se t E., 83
µF S-invariant version of mF , 61

γd,k natural measure on the Grassmannian manifold G(d, k), 167
||g||α norm on Hα, 32

OD(S) maximum of upper box-counting dimensions of first level orbits
of points in X, 85

|ω| length of the word ω, 1
[ω]nm cylinder generated by ω with coordinates between m and n, 119
ω|n the word ω restricted to its first n entries, 1
Ω∗ the set of orbits of parabolic points, 222
ω ∧ τ the longest initial block common to ω and τ , 4
osc(f) the sup of the variation of f over basic cylinders, 8
Dµ(x) upper local cylindrical dimension of the measure µ at the point

x, 126
dµ(x) upper local dimension of the measure µ at the point x, 126
µF Rokhlin’s natural extension of the invariant measure µ̃F , 119

Lf (g) Perron–Frobenius operator on space of bounded continuous func-
tions, 27

Ln
f (g) nth composition of the Perron–Frobenius operator on space of

continuous functions, 27
L∗

f conjugate Perron–Frobenius operator acting on dual space of
continuous functions, 27

PF (f) the topological pressure of f over the subsytem determined by
F, 7

φω the map coded by the word ω, 2
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π the coding map from the coding space to the limit set, 2
P(F ) pressure of the family F , 54
IPIRd d− 1 dimensional projective space, 162
ψ∗(t) ψ function of the hyperbolic system associated with a parabolic

system, 232

R lower bound on sums of iterates of 11, 29

S(∞) the asymptotic boundary of the system, 2
Sv(∞) the asymptotic boundary from the vertex v, 2
Snf the nth partial orbit sum of f, 7
Sω(F ) iterated sum of the family F , 55
S(ω,K) preparatory quantitity needed to define scaling functions, 176
S∗ hyperbolic system associated with a parabolic system, 223
Sw({ωn}∞0 , i) weaker scaling function, 177

T (g) bounding constant, 26
θ(F ) infimum of Fin(F ), 124
θ(q) infimum of Fin(q), 124
θ(S) finiteness parameter, 78
T (F ) bounded distortion constant, 56
T (q) temperature function associated with the family Gq,t, 125
TD topological dimension, 165
TT : H0 → H0 weighted normalized operator, 36

un(ω) balancing function for the nth iterate of TT , 36
Dµ(x) lower local cylindrical dimension of the measure µ at the point

x, 126
dµ(x) lower local dimension of the measure µ at the point x, 126

Vα(f) total variation of order α, 19
Vα,n(f) variation of order α on cylinder sets of length n, 19

ζ distinguished potential funcion associated with a conformal
graph directed Markov system, 90

Zn(F, f) nth partition function, 6
Zn(t) partition function, 78
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[HeU], S. Heinemann, M. Urbański, Hausdorff dimension estimates for
infinite conformal iterated function systems, Nonlinearity, 15 (2002),
727–734.

[Hu] J. E. Hutchinson, Fractals and self-similarity, Indiana Math. J. 30
(1981), 713–747.

[IL] I. A. Ibragimov, Y. V. Linnik, Independent and Stationary Sequences
of Random Variables, Wolters-Noordhoff Publ,̇ Groningen 1971.
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